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One of the methods of proving existence theorems for elliptic formally adjoint
operators in bounded domains is the method based on self-adjoint extensions
(see, for example, (1)). In the present article a class of singular partial differential
operators is indicated for which existence theorems can also be obtained by the
method of self-adjoint extensions.

Counsider, in the (n + 1)-dimensional Euclidean space of points z = (z,y) (z =
(21,...,2,)), a domain QF situated in the half-space y > 0 and adjacent to the
hyperplane y = 0. The boundary 9Q* of the domain Q7 is divided into a part
I'°, lying in the hyperplane y = 0, and a part I'", lying in the half-space y > 0.
Let C§°(Q7) denote the set of functions each of which is infinitely differentiable
and has compact support contained in Q7.

On the indicated set of functions we introduce for consideration a linear differ-
ential operator of order 2m, having the form

Lu=(-1)" Y C'Dg ( > cﬁr%aﬁ(z)[)gu(z)) +

la]=m |Bl=m.

lal=m 18|=m
0
+ 3 O a0 )aDéu@}
18|=m
Here we put
a=(a,2a,,,), o = (ag,..,q,),
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o] = o/ + 20,1 = ay + -+ a, +20,,,, Dy =Dy =D¥ B, (2)

DY =91l jaz - a=(a,2a,,,+1), la| = oy ++a,+2a, +1,
07(7?) _ m! , 057? _ m! )
ap !l a, (20, 1)! a0, (20, +1)!

An analogous meaning is assigned to other symbols similar to them. The symbol
B,, as usual, denotes the Bessel operator

”? ko
S+ 22 k>0, y>0).
R (k>0,y>0)

As regards the coefficients a,4(z) and a&B(z), it is assumed that they are
bounded and are continuously differentiable a sufficient number of times in
QF, in the sense of applying the corresponding number of times the operators
occurring in (1).

In addition, it is assumed that they are real and symmetric. The real homoge-
neous form

a8 = Y a1+ Y ag0moene (3)

lee|=Bl=m |al=|8|=m

of the real variables &, ...,&,,, &, is positive definite.

Moreover, it is assumed that for any position of the point z in the domain Q7
the inequality

a(z,€) > p ( oo+ Y CL?I&“I"‘) = Y o, @

la]=m la|=m [rl=m

holds, where p is a positive constant,

. _ n 20y, () _ m!
§= (& i bprbun)s =0 G, Ol L
_ 2o+l
¥ =gl g
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Condition (4) is called the condition of B-ellipticity of the operator £ (2). We
shall consider the operator £ as an operator acting in the space £, ;,(2"). Here
£ 1,(27) denotes the space of square-summable functions with weight y* (k > 0)
in the domain Q". Form the scalar product

(ﬁu,u)k:/ uLuytdz. (5)
(95

Integrating m times by parts and taking into account that u € C§°(Q2"), we
obtain

(Cuu), = / S s ()OO Dy Dy et
0" ol 2Bl

A @c® 9 pa O sk
4—/9+ Z as3(2)Cm C, a—yDBua—yDBuy dz. (6)

Hence, by virtue of inequality (4), we have

|0 o [
(Lu,u), > p (/ Z C’,(,§“>|D%u|2y’C der/ Z ciy a—DaBu ykdz) .
Q QF |al=m Yy

*lal=m

Put

n

2_§ 2 2

= ‘rz—i_yv
i=1

and let Ap denote the singular Beltrami operator

n 82
;@ +B,.

In [3] it was proved that the fundamental solution of the operator A% with
singularity at the origin has the form

(®)

(1) Cir*™ Y1Inr, if 2m > v and 7 is even,
U l‘? = .
Y Cor?™m=7, in all other cases,

where y =n+k+ 1.
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To obtain a fundamental solution with singularity at an arbitrary point, one
must apply to the function u(z,y) the generalized shift operator T;}¥ (see [3]).
Then the fundamental solution will have the form

(2m—v)/2
] y

E(z,y;s,t) = 03/ [Z(ﬂﬁz - Si)z +1% + 12 —2ytcosa
0

=1
N 1/2

X In [Z(l‘z — 5,2 +y* + 12 — 2yt cos a] sin" ! ada,
=

if 2m > v and ~ is an even number;

2m—y
2

E(x,y;s,t) = 04/ [z:(xz —8;)% +y* +t? — 2yt cos a] sin" !t ada (9)
0

i=1

in all other cases.

It is proved that for any u € C§°(Q27) the integral representation

1
u(z,y) = W/ Z Cﬁ,ff)D%uD“BEtk ds dt+
m,n Y

*Jal=m
1 (a) 9 a 9 « k
+C’T<nk)n/ﬂ ‘(;mc’m EDB’UJ EDBEt dsdt. (10)
Here s = (sq,...,5,), t =0, and (s,t) is a point of (n+1)-dimensional Euclidean

space.

Estimates of the fundamental solution and its derivatives, when the singularity
of the fundamental solution lies inside the domain (see (4)), show that the
kernels of the integral operators standing on the right in representation (10) are
either bounded or have a weak singularity. If, however, the point z approaches
the part of the boundary I'°, then the singularity of the kernels increases. The
presence of the weight t* in the integral representation (10) compensates for the
excessive singularity arising in this case. But then from representation (10) we
find that

ul2, @y <C Y / DSt ds di-+

ja=m @

+C Y o /
Q+

lae|=m

2
tF dsdt. (11)

9 «a
aDBU
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The latter inequality, together with inequality (7), shows that

(Lu,u)y > *HUIIk (12)

It is not hard to verify that the operator £ is a symmetric operator. Inequality
(12) shows that it is also positive definite.

Let now £ be a formally self-adjoint operator of B-elliptic type such that its
restriction £y (D(L,) = C§°(21)) is a positive definite operator, i.e. (Lyu, u);, >
p(u,u), for any u € C§°(27) with a positive constant g independent of w.
We now consider the self-adjoint positive definite Friedrichs extension of the
operator £y: (L) = £ D £,.

It is known that the range of the operator £ coincides with the whole space (in
our case with £, ;(2%)). Consequently, the equation

Lu=f (13)

is uniquely solvable. As for functions from the domain of the operator ZIV,
i.e. from the set D(Z), we shall say that they satisfy the generalized Dirichlet
condition, without specifying here for the time being whether this should mean
the fulfillment of boundary conditions on the entire boundary Q" or on a part
of it. The solution of equation (13) is an element of the space £y k(Q*) Above
we showed that the restriction £, of the operator £ to mﬁmtely differentiable
functions with compact supports lying in Q% is positive definite.

Let H, be the completion of the set D(£) = C5°(2") in the metric Jul% =

(Lou,u);,. Then the domain of definition of the Friedrichs extension £ of the
operator £ is described by the relation

D(£) = D(£y) N Hy, . (14)
Apparently, the norm |u| , will be equivalent to the norm

P 2
[leell4 :/ Z |D%u\2ykdz+/ Z ’%D%u yFdz. (15)
Qf |a|l=m

Q* |a|=m

We note that a description of the domain of definition of the fractional power
£ of the extended operator Zis given in terms of spaces that were introduced
by the author earlier in [5].
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