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Abstract
Full Text
UDC 62.506

CYBERNETICS AND CONTROL THEORY
S. D. ZEMLYAKOV, V. Yu. RUTKOVSKII

SYNTHESIS OF ALGORITHMS FOR CHANG-
ING ADJUSTABLE COEFFICIENTS IN A
SELF-TUNING CONTROL SYSTEM WITH A
REFERENCE MODEL
(Presented by Academician B. N. Petrov, June 28, 1966)

Consider a search-free self-tuning system with a model (1,2), whose motion is
described by the equations:

object

𝑚
∑
𝜈=0

𝑞𝜈(𝑡)𝜑(𝜈) = 𝑑(𝑡)𝜇, (1)

actuator

𝑟
∑
𝑗=0

𝑙𝑗𝜇(𝑗) = −𝜎, (2)

control law

𝜎 = 𝑘∗ [
𝑛−1
∑
𝑠=0

𝑘∗
𝑠𝜑(𝑠) − 𝑘∗

𝑔𝑔(𝑡)] , (3)

where 𝜑 is the controlled coordinate; 𝜇 is the regulator coordinate; 𝑞𝜈(𝑡), 𝑑(𝑡) are
time-varying coefficients of the object; 𝑙𝑗 are constants; 𝑘∗, 𝑘∗

𝑠, 𝑘∗
𝑔 are adjustable

coefficients of the regulator; 𝑔(𝑡) is the control action; 𝑛 = 𝑚 + 𝑟.

Without loss of generality one may take 𝑞𝑚 = 1. Then (1)–(3) can be represented
in the form

𝜑(𝑛) +
𝑛−1
∑
𝑖=0

[𝑏𝑖(𝑡) + 𝑘∗𝑑(𝑡)
𝑙𝑟

𝑘∗
𝑖 ] 𝜑(𝑖) = 𝑘∗𝑑(𝑡)

𝑙𝑟
𝑘∗

𝑔𝑔(𝑡), (4)
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where 𝑏𝑖(𝑡) satisfy the identical equality

1
𝑙𝑟ℎ

𝑟
∑
𝑗=0

𝑙𝑗
𝑗

∑
𝛾=0

[𝐶𝛾
𝑗 ℎ(𝛾)] [

𝑚
∑
𝜈=0

𝑗−𝛾
∑
𝑦=0

𝐶𝑦
𝑗−𝛾𝑞(𝑦)

𝜈 (𝑡) 𝜑(𝜈+𝑗−𝛾−𝑦)] ≡
𝑛

∑
𝑖=0

𝑏𝑖(𝑡)𝜑(𝑖); ℎ = 1
𝑑(𝑡) .

(5)

Denote 𝑘∗𝑑(𝑡)/𝑙𝑟 = 𝑎; 𝑘∗
𝑖 𝑎 = 𝑘𝑖; 𝑘∗

𝑔𝑎 = 𝑘𝑔. The variability of the efficiency of the
regulating element 𝑑(𝑡) has a substantial effect on the control processes in system
(1)–(3) and on the adaptation processes. However, there exist various methods
of adjusting the overall gain coefficient 𝑘∗ in such a way as to maintain, with
sufficient accuracy, 𝑘∗𝑑(𝑡) = const (2). Without considering such adjustment in
detail, we shall assume 𝑎 = const.

Represent the coefficients 𝑏𝑖(𝑡) and 𝑘𝑖 in the form 𝑏𝑖(𝑡) = 𝑏̄𝑖 + Δ𝑏𝑖(𝑡), 𝑘𝑖 =
𝑘̄𝑖 + Δ𝑘𝑖, where 𝑏̄𝑖, 𝑘̄𝑖 are constant quantities; Δ𝑏𝑖(𝑡) are variable components;
Δ𝑘𝑖 are adjustable components. Denote 𝑏̄𝑖 + 𝑘̄𝑖 = 𝑎𝑖. Then equation (4) is
written

𝜑(𝑛) +
𝑛−1
∑
𝑖=0

[𝑎𝑖 + Δ𝑏𝑖(𝑡) + Δ𝑘𝑖] 𝜑(𝑖) = 𝑘𝑔𝑔(𝑡). (6)

As the reference model, we shall choose the filter described by differential equa-
tion (6) for Δ𝑏𝑖(𝑡) = Δ𝑘𝑖 ≡ 0. We shall denote the output coordinate of the
model by 𝜑m.

In the laws governing the variation of the adjustable coefficients, we shall con-
sider only the integral components

Δ𝑘𝑖 = 𝑧𝑖, 𝑧𝑖 = ∫
𝑡

0
𝜓𝑖 (𝑡, 𝜀, ̇𝜀, … , 𝜀(𝑛−1)) 𝑑𝑡. (7)

It is required to synthesize the algorithms 𝜓𝑖 (𝑡, 𝜀, ̇𝜀, … , 𝜀(𝑛−1)), where 𝜀 = 𝜑 −
𝜑m, from the condition of stability of the motion of system (6) relative to the
motion of the model, and stability of the motion of the coefficients of equation
(6) relative to the corresponding coefficients of the model 𝑎𝑖, in the case of a
quasi-stationary regime, i.e., Δ𝑏𝑖(𝑡) = const for 𝑡 ≥ 0, for any form of the control
action 𝑔(𝑡).
The equation of the system with respect to the error 𝜀 will be

𝜀(𝑛) +
𝑛−1
∑
𝑖=0

𝑎𝑖𝜀(𝑖) = −
𝑛−1
∑
𝑖=0

[Δ𝑏𝑖(𝑡) + Δ𝑘𝑖] 𝜑(𝑖). (8)
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Let us denote 𝜀(𝑖) = 𝑥𝑖+1, Δ𝑏𝑖(𝑡) + Δ𝑘𝑖 = 𝑦𝑖+1 (𝑖 = 0, 1, … , 𝑛 − 1), and write
(8) in the form of a system of two equations in matrix form, taking into account
Δ𝑏𝑖(𝑡) = const:

ẋ = 𝐴x + u, ẏ = 𝜓,

where

x =
∥
∥
∥
∥

𝑥1
𝑥2
⋮

𝑥𝑛

∥
∥
∥
∥

, y =
∥
∥
∥
∥

𝑦1
𝑦2
⋮

𝑦𝑛

∥
∥
∥
∥

,

𝐴 =
∥
∥
∥
∥
∥

0 1 0 ⋯ 0
0 0 1 ⋯ 0
⋯ ⋯ ⋯ ⋯ ⋯
0 0 0 ⋯ 1

−𝑎0 −𝑎1 −𝑎2 ⋯ −𝑎𝑛−1

∥
∥
∥
∥
∥

, ⃗𝜓 =
∥
∥
∥
∥

𝜓0(𝑡, x)
𝜓1(𝑡, x)

⋮
𝜓𝑛−1(𝑡, x)

∥
∥
∥
∥

, (9)

u =
∥
∥
∥
∥

0
⋮
0

𝑓(𝑡, y)

∥
∥
∥
∥

, 𝑓(𝑡, y) = −
𝑛−1
∑
𝑖=0

𝜑(𝑖)𝑦𝑖+1 (𝑖 = 0, 1, … , 𝑛 − 1).

When choosing 𝜓𝑖(𝑡, x), we shall impose the condition 𝜓𝑖(𝑡, x) ≡ 0 for x = 0.
From (9), evidently, u ≡ 0 when y = 0. Consequently,

x = 0,

y = 0 (10)

are a solution of system (9). In accordance with the statement of the problem, we
shall synthesize the vector 𝜓 from the condition of stability of the zero solution
(10). We note that the condition y = 0 means compensation of the change in
the variable coefficients of the plant by means of the adjustable coefficients of
the regulator.

To solve the problem, choose a Lyapunov function in the form of a positive-
definite quadratic form (3,4)

𝑉 (x, y) = x′𝑃 x + y′𝐸y, (11)

where
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𝑃 =
∥
∥
∥
∥

𝑝11 ⋅ ⋅ 𝑝1𝑛
⋮ ⋮
⋮ ⋮

𝑝𝑛1 ⋅ ⋅ 𝑝𝑛𝑛

∥
∥
∥
∥

,

and 𝐸 is the identity matrix of order 𝑛.

The derivative of 𝑉 (x, y) by virtue of (9) has the form

̇𝑉 (x, y) = x′𝑄x + 2[x′𝑃 u + 𝜓′𝐸y]. (12)

Under the condition that 𝐴 is a nonsingular matrix whose characteristic equa-
tion roots have negative real parts, |𝐴−𝜆𝐸| = 0, the negative-definite quadratic
form x′𝑄x, where 𝑄 = 𝐴′𝑃 +𝑃𝐴, is always associated with the positive-definite
quadratic form x′𝑃 x (3). In this case, the stability condition for the zero solution
of (10) reduces to satisfying the nonpositivity of the expression

𝜇(x, y, 𝑡) = x′𝑃u + 𝜓′𝐸y ⩽ 0. (13)

Carrying out the corresponding transformations, we find that condition (13) is
satisfied when

𝜓𝑖(𝑡, x) = 𝜑(𝑖)
𝑛

∑
𝛽=1

𝑥𝛽𝑝𝛽𝑛 (𝑖 = 0, 1, … , 𝑛 − 1). (14)

Thus, the following may be formulated.

Theorem. A sufficient condition for stability of the motion of system (6) with
respect to the motion of the model, as well as of the coefficients of the differential
equation of system (6) with respect to the corresponding coefficients of the model
in the quasi-stationary regime (Δ𝑏𝑖(𝑡) = const for 𝑡 ⩾ 0) with laws of variation
of the adjustable coefficients (7), for any form of the control action 𝑔(𝑡), is
that the algorithms 𝜓𝑖(𝑡, x) belong to class (14), where the parameters 𝑝𝛽𝑛 are
determined by the matrix in (11).
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