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PHYSICS

Yu. I. Yalamov, I. N. Ivchenko,
Corresponding Member of the Academy of Sciences of the USSR B. V. Deryagin

THE VELOCITY DISTRIBUTION FUNCTION
OF GAS MOLECULES NEAR A SOLID WALL
IN A NONUNIFORMLY HEATED GAS
In our work (1) it was shown that, for the most rigorous determination of the
thermal slip velocity of a gas along a solid wall in the presence of a temperature
gradient tangential to the latter, it is necessary to compute the velocity distri-
bution function of the gas molecules by solving the Boltzmann kinetic equation.

In (1) an attempt was made to carry out this task by a rough approximation
of the collision integral in the Boltzmann kinetic equation by the Bhatnagar–
Gross–Krook method (2). In this case the distribution function, as is to be
expected, depends on the distance to the solid wall, but the slip velocity turns
out to be equal to

𝑢 = 3/4 𝑣 𝑑 ln 𝑇 /𝑑𝑦, (1)

which exactly coincides with the result obtained earlier by Maxwell (3).
In the present work the distribution function is determined considerably more
correctly than in (1). The distribution function will be determined as the sum
of three terms, each of which satisfies the Boltzmann equation. This approach
is more convenient (in the sense of overcoming mathematical difficulties) than
the Gross–Ziering method (4,5).
Let us consider a gas situated in the field of a temperature gradient tangential
to an infinite wall. We choose the origin of coordinates on the surface of the
wall. The 𝑥-axis is directed perpendicular to the wall, and the 𝑦-axis along the
surface. Along the 𝑦-axis there is a temperature gradient in the gas. Under
these conditions the velocity distribution function of the gas molecules will,
generally speaking, depend on the coordinates 𝑥 and 𝑦, and can be found from
the Boltzmann kinetic equation, which in the stationary case has the form

(c∇)𝑓 = 𝜕𝑓/𝜕𝑡coll, (2)
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where c = (𝑚/2𝑘𝑇 )1/2v is the dimensionless velocity; 𝑓 = 𝑓(𝑥, 𝑦, c) is the
distribution function; (𝜕𝑓/𝜕𝑡)coll is the collision integral. The collision integral
in Boltzmann form is given by the expression

(𝜕𝑓
𝜕𝑡 )

coll
= ∫ 𝑑v1 ∫ 𝑔𝑏 𝑑𝑏 𝑑𝜀 (𝑓 ′𝑓 ′

1 − 𝑓𝑓1), (3)

where 𝑔 = |c1 − c| is the relative velocity of two colliding molecules; 𝑏 is the
impact parameter of the collision; 𝜀 is the azimuthal scattering angle.

At large distances from the wall the gas is described by the Chapman–Enskog
distribution (6), which may be written in the form

𝑓 = 𝑓 (0)[1 + 2𝑐𝑦𝑢 + 𝜏𝑐𝑦𝑆(1)
3/2(𝑐2) 𝜕 ln 𝑇 /𝜕𝑦], (4)

where

𝑓 (0) = 𝑛(𝑚/2𝜋𝑘𝑇 )3/2 exp(−𝑚𝑣2/2𝑘𝑇 );

𝑢 is the dimensionless mass velocity; 𝜏 = 15/16𝜆𝜋1/2 (𝜆 is the mean free path);
𝑆(1)

3/2(𝑐2) = 5/2 − 𝑐2.

It is assumed that at infinity from the wall there is a concentration gradient
𝜕𝑛/𝜕𝑦, which in relation (4) is expressed through 𝜕 ln 𝑇 /𝜕𝑦, as well as a mass
transport velocity 𝑢.

We shall seek the distribution function in the form:

𝑓± = 𝑓 (0)[1 + Ψ(∞, 𝑦, c) + Φ±(𝑥, 𝑦, c)], (5)

where the signs ± denote the distribution functions for molecules flying away
from the wall and toward the wall, respectively; 𝑓 (0)[1+Ψ(∞, 𝑦, c)] is the Chap-
man–Enskog distribution (4).

From the estimates given in work (1), it follows that

|𝜕Φ/𝜕𝑦| ≪ |𝜕Φ/𝜕𝑥|,

which makes it possible to regard Φ as a function only of 𝑥 and c.

Taking into account the form of the distribution function at large distances from
the wall (4), and the fact that at arbitrary distances the distribution function
contains terms proportional to 𝑐𝑥𝑐𝑦𝜕𝑢/𝜕𝑥, we shall seek the correction to the
distribution function in the form
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Φ±(𝑥, c) = Φ±
0 (𝑥, c) + Φ±

1 (𝑥, c) + Φ±
2 (𝑥, c) + Φ±

3 (𝑥, c), (6)

where

Φ±
0 (𝑥, c) = 𝑎±

0 (𝑥)𝑐𝑦, Φ±
1 (𝑥, c) = 𝑎±

1 (𝑥)𝑐𝑥𝑐𝑦, Φ±
2 (𝑥, c) = 𝑎±

2 (𝑥)𝑐𝑥𝑐𝑦,

Φ±
3 (𝑥, c) = 𝑎±

3 (𝑥)𝑐(1)
𝑦𝑆3/2

(𝑐2).

Substituting the distribution function (5) into equation (2), we obtain

𝑐𝑥
𝜕Φ
𝜕𝑥 + 𝑐𝑦

1
𝑓 (0)

𝜕𝑓 (0)

𝜕𝑦 = 𝐽(Φ) + 𝐽(Ψ),

where 𝐽(Φ) and 𝐽(Ψ) are the linearized collision integrals. The function
Ψ(∞, 𝑦, c) satisfies the equation

𝑐𝑦
𝜕𝑓 (0)

𝜕𝑦 = 𝑓 (0)𝐽(𝜓),

therefore Φ±(𝑥, c) will be found from the solution of the equation

𝑐𝑥𝜕Φ/𝜕𝑥 = 𝐽(Φ). (7)

We choose the functions Φ±
𝑖 (𝑥, c) so that they satisfy the equations:

𝑐𝑥
𝜕

𝜕𝑥(Φ0 + Φ1) = 𝐽(Φ0 + Φ1), (8)

𝑐𝑥
𝜕

𝜕𝑥Φ2 = 𝐽(Φ2), (9)

𝑐𝑥
𝜕

𝜕𝑥Φ3 = 𝐽(Φ3). (10)

The solution of equation (8) is contained in works (5, 7). Using the data of work
(7), it is easy to write the expressions for the functions 𝑎±

0 (𝑥) and 𝑎±
1 (𝑥):

𝑎+
0 = 𝛼0 + 𝑐1 exp(−7.56𝑥/𝜆), 𝑎−

0 = 𝑐1 exp(−7.56𝑥/𝜆), (11)

𝑎+
1 = 𝛼1 + 𝑐1 exp(−7.56𝑥/𝜆), 𝑎−

1 = 𝛼1 − 𝑐1 exp(−7.56𝑥/𝜆),
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where 𝛼+
0 = −4.487; 𝛼+

1 = 4.643; 𝛼−
1 = 1.551; 𝑐1 is a constant determined from

the boundary conditions at the wall.

Let us find the solution of equation (9). It is convenient to introduce the auxil-
iary function sign 𝑐𝑥 = +1 for 𝑐𝑥 > 0 and sign 𝑐𝑥 = −1 for 𝑐𝑥 < 0. With its aid
Φ2 is expressed through Φ+

2 and Φ−
2 as follows:

Φ2 = Φ+
2

1 + sign 𝑐𝑥
2 + Φ−

2
1 − sign 𝑐𝑥

2 = 𝑎+
2 + 𝑎−

2
2 𝑐𝑥𝑐𝑦 + 𝑎+

2 − 𝑎−
2

2 𝑐𝑥𝑐𝑦 sign 𝑐𝑥.
(12)

Since 𝐽(Φ2) is a linear operator, we have

𝐽(Φ2) = 𝑎+
2 + 𝑎−

2
2 𝐽(𝑐𝑥𝑐𝑦) + 𝑎+

2 − 𝑎−
2

2 𝐽(𝑐𝑥𝑐𝑦 sign 𝑐𝑥). (13)

Substituting (12) and (13) into equation (9), multiplying both sides of the re-
sulting equation by 𝑐𝑥𝑐𝑦(1±sign 𝑐𝑥) exp(−𝑐2) 𝑑𝑐, and integrating over the entire
velocity space, we obtain

𝑑
𝑑𝑥𝑎+

2 = 𝑎+
2

𝐼1 + 𝐼2
𝜋 + 𝑎−

2
𝐼1 − 𝐼2

𝜋 , 𝑑
𝑑𝑥𝑎−

2 = − 𝑎+
2

𝐼1 − 𝐼2
𝜋 − 𝑎−

2
𝐼1 + 𝐼2

𝜋 , (14)

where

𝐼1 = [𝑐𝑥𝑐𝑦, 𝑐𝑥𝑐𝑦] = ∫ 𝑐𝑥𝑐𝑦 exp(−𝑐2)𝐽(𝑐𝑥𝑐𝑦) 𝑑𝑐 = −0.400 𝜋
𝜆 ,

𝐼2 = [𝑐𝑥𝑐𝑦 sign 𝑐𝑥, 𝑐𝑥𝑐𝑦 sign 𝑐𝑥] = −1.698 𝜋
𝜆 .

The solution of system (14) has the form

𝑎+
2 = 2.897 𝑐2 exp(−1.65𝑥/𝜆), 𝑎−

2 = 𝑐2 exp(−1.65𝑥/𝜆), (15)

where 𝑐2 is an arbitrary constant determined from the boundary conditions at
the wall.

Equation (10) for the function Φ3 is solved in the same way. The function Φ3
is given by the expression

Φ3(𝑥, 𝑐) = 𝑎+
3 + 𝑎−

3
2 𝑐(1)

𝑦𝑆3/2
(𝑐2) + 𝑎+

3 − 𝑎−
3

2 𝑐(1)
𝑦𝑆3/2

(𝑐2) sign 𝑐𝑥, (16)

and the collision integral of Φ3 has the form
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𝐽(Φ3) = 𝑎+
3 + 𝑎−

3
2 𝐽(𝑐(1)

𝑦𝑆3/2
(𝑐2)) + 𝑎+

3 − 𝑎−
3

2 𝐽[𝑐(1)
𝑦𝑆3/2

(𝑐2) sign 𝑐𝑥] . (17)

Substituting (16) and (17) into equation (10), multiplying both sides of the
resulting equation by

𝑐(1)
𝑦𝑆3/2

(𝑐2)(1 ± sign 𝑐𝑥) exp(−𝑐2) 𝑑𝑐,

and integrating over the entire velocity space, we obtain

𝑑
𝑑𝑥𝑎+

3 = 𝑎+
3

4(𝐼3 + 𝐼4)
13𝜋 + 𝑎−

3
4(𝐼3 − 𝐼4)

13𝜋 ,

𝑑
𝑑𝑥𝑎−

3 = − 𝑎+
3

4(𝐼3 − 𝐼4)
13𝜋 − 𝑎−

3
4(𝐼3 + 𝐼4)

13𝜋 , (18)

where

𝐼3 = [𝑐(1)
𝑦𝑆3/2

(𝑐2), 𝑐(1)
𝑦𝑆3/2

(𝑐2)] = −1.333𝜋/𝜆,

𝐼4 = [𝑐(1)
𝑦𝑆3/2

(𝑐2) sign 𝑐𝑥, 𝑐(1)
𝑦𝑆3/2

(𝑐2) sign 𝑐𝑥] = −1.262𝜋/𝜆.

The solution of system (18) has the form:

𝑎+
3 = −73.09𝑐3 exp(−0.798 𝑥/𝜆), 𝑎−

3 = 𝑐3 exp(−0.798 𝑥/𝜆); (19)

𝑐3 is an arbitrary constant of the system.

The arbitrary constants of the differential equations are determined from the
boundary conditions at the wall, which for the complete distribution function
have the form (1)

𝑓+(0, 𝑐) = 𝑞𝑓 (0) + (1 − 𝑞)𝑓−(0, −𝑐𝑥, 𝑐𝑦, 𝑐𝑧), (20)

where 𝑞 is the coefficient of diffuse reflection.

Substituting the distribution function (5) into (20), it is easy to obtain the
boundary condition for the function Φ(𝑥, 𝑐)

Φ+(0, 𝑐) = −𝑞Ψ(∞, 𝑐) + (1 − 𝑞)Φ−(0, −𝑐𝑥, 𝑐𝑦, 𝑐𝑧). (21)
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Equating the coefficients of 𝑐𝑦, 𝑐𝑥𝑐𝑦, 𝑐(1)
𝑦𝑆3/2

(𝑐2) in relation (21), we obtain the
boundary conditions for the functions 𝑎±

𝑖

𝑎+
0 (0) = −𝑞 ⋅ 2𝑢 + (1 − 𝑞)𝑎−

0 (0), 𝑎+
1 (0) + 𝑎+

2 (0) =
= 𝑞 − 1[𝑎−

1 (0) + 𝑎−
2 (0)], 𝑎+

3 (0) = −𝑞𝜏 𝜕 ln 𝑇 /𝜕𝑦 + (1 − 𝑞)𝑎−
3 (0). (22)

Substituting expressions (11), (15), (19) into the boundary conditions (22), we
obtain

𝑐1 = −𝑞 2𝑢
𝑞 − 5.487 , 𝑐2 = 𝑞 2𝑢(6.194 − 1.551𝑞)

−𝑞2 + 9.384𝑞 − 21.38 ,

𝑐3 = 𝑞 𝜏
74.09 − 𝑞

𝜕 ln 𝑇
𝜕𝑦 .

(23)

The correction to the distribution function has the form

Φ(𝑥, 𝑐) =𝑎+
0 + 𝑎−

0
2 𝑐𝑦 + 𝑎+

0 − 𝑎−
0

2 𝑐𝑦 sign 𝑐𝑥 + 𝑎+
1 + 𝑎−

1
2 𝑐𝑥𝑐𝑦 + 𝑎+

1 − 𝑎−
1

2 𝑐𝑥𝑐𝑦 sign 𝑐𝑥+

+ 𝑎+
2 + 𝑎−

2
2 𝑐𝑥𝑐𝑦 + 𝑎+

2 − 𝑎−
2

2 𝑐𝑥𝑐𝑦 sign 𝑐𝑥 + 𝑎+
3 + 𝑎−

3
2 𝑐(1)

𝑦𝑆3/2
(𝑐2)+

+ 𝑎+
3 − 𝑎−

3
2 𝑐(1)

𝑦𝑆3/2
(𝑐2) sign 𝑐𝑥.

(24)

From (24), (11), (15), (19), after carrying out the calculations we shall have

Φ(𝑥, 𝑐) = − 3.487 𝑐1
2 𝑐𝑦 exp(−7.56𝑥/𝜆)−

− 5.487 𝑐1
2 𝑐𝑦 sign 𝑐𝑥 exp(−7.56𝑥/𝜆) + 6.194 𝑐1

2 𝑐𝑥𝑐𝑦 exp(−7.56𝑥/𝜆)+

+ 3.092 𝑐1
2 𝑐𝑥𝑐𝑦 sign 𝑐𝑥 exp(−7.56𝑥/𝜆) + 3.897 𝑐2

2 𝑐𝑥𝑐𝑦 exp(−1.65𝑥/𝜆)+

+ 1.897 𝑐2
2 𝑐𝑥𝑐𝑦 sign 𝑐𝑥 exp(−1.65𝑥/𝜆) − 72.09 𝑐3

2 𝑐(1)
𝑦𝑆3/2

(𝑐2) exp(−0.798𝑥/𝜆)−

− 74.09 𝑐3
2 𝑐(1)

𝑦𝑆3/2
(𝑐2) sign 𝑐𝑥 exp(−0.798𝑥/𝜆).

The distribution function obtained differs substantially from the one derived by
us earlier (1) in that the distribution function for the incident molecules depends
explicitly on the distance to the wall; consequently, one may expect that on the
basis of the distribution function obtained there should result a slip velocity
different from the expression obtained in (1). This question will be the subject
of our next paper.
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