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PHYSICS

G. V. BELYAKOV, G. G. VILENSKAYA

THE EQUATION OF STATE OF TRINITRO-
TOLUENE
(Presented by Academician M. A. Sadovskii, February 24, 1967)

This note considers the equation of state of a trinitrotoluene crystal, constructed
by the Debye—Einstein—Grüneisen method.

The equation of state of a crystal of volume 𝑉 with 𝑁 molecules, each of which
consists of 𝑠 atoms, was represented in the form
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(1)

here 𝐸𝑥(𝑉 /𝑁) is the interaction energy between atoms when they are in equi-
librium positions; 𝑘 is Boltzmann’s constant; 𝑁 is the number of molecules in
1 g; 𝛾m and 𝛾a are Grüneisen parameters for intermolecular and intramolecular
frequencies, respectively; 𝜃m and 𝜃a are, respectively, the characteristic Debye
temperature and the characteristic temperatures of the intramolecular (atomic)
oscillators, including 3 characteristic frequencies associated with rotation of the
molecule as a whole; 𝐷(𝜃m/𝑇 ) is the Debye function.

In equation (1) three functions are unknown:

𝐸𝑥 = 𝐸𝑥(𝑉 /𝑁), 𝛾m = 𝛾m(𝑉 /𝑁), 𝛾a = 𝛾a(𝑉 /𝑁).

The interatomic interaction energy 𝐸𝑥 can be written as the sum of the in-
teraction energies of atoms belonging to different molecules, which constitutes
the intermolecular interaction energy 𝐸m

𝑥 , and the interaction between atoms
belonging to the selected molecule, 𝐸a

𝑥, i.e. 𝐸𝑥 = 𝐸m
𝑥 + 𝐸a

𝑥.

The intermolecular interaction energy was taken in the form of the empirical
formula:

𝐸m
𝑥 = 𝑁
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] . (2)
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Here Λ∗
m is the sublimation energy of the crystal per molecule, and 𝑉 ∗ is the

volume of the crystal at 0∘K.

The interaction energy of atoms inside all molecules of the crystal was repre-
sented in a form analogous to equation (2), i.e.,

𝐸a
𝑥 = 𝑁Λ∗

a [ 𝑙
𝑘 − 𝑙 (𝑉 ∗

a
𝑉a

)
𝑘/3

− 𝑘
𝑘 − 𝑙 (𝑉 ∗

a
𝑉a

)
𝑙/3

] . (3)

Here Λ∗
a corresponds to the energy of rupture of all interatomic bonds in the

molecule, and the ratio 𝑉 ∗
a /𝑉a is the ratio of the atomic volume of the molecule

at 0∘K to the current atomic volume of the molecule.

The atomic size of the molecule was related to the volume of the crystal for
comparatively small compressions by the relation:

𝑉 ∗
a /𝑉a = 1/(1 − 𝛿(1 − 𝑉 /𝑉 ∗)). (4)

Here 𝛿 is proportional to the ratio of the stiffnesses of the intermolecular bond
to the total intramolecular one.

The Grüneisen coefficient 𝛾M was related to the volume of the crystal by the
Slater relation

𝛾M ( 𝑉
𝑁 ) = −2

3 − 𝑉
2

𝑑2𝑃 M
𝑥 /𝑑𝑉 2

𝑑𝑃 M𝑥 /𝑑𝑉 . (5)

Here 𝑃 M
𝑥 = −𝑑𝐸M

𝑥 /𝑑𝑉 . For comparatively small compressions, in view of the
low compressibility of the atomic dimensions of the molecule, the coefficient 𝛾a
was assumed constant.

Determination of the heat capacity of the TNT crystal requires knowledge of
the characteristic Debye temperature and of the natural frequencies of the TNT
molecule. The Debye temperature 𝜃0

M was found from experimentally measured
sound velocities in the TNT crystal (at 𝑇 = 291∘K and 𝑉 = 𝑉0 = 0.599) to
be 𝜃0

M ≃ 75∘. Such a low Debye temperature of the crystal leads to the fact
that already at room temperatures ∼ 300∘K the molecular heat capacity due
to vibrations of the molecules as whole units may be regarded as saturated and
equal to:

𝑐M
𝑣 = 3𝑁𝑘 = 0.11 ⋅ 107 erg

g ⋅ deg .

The temperature dependence of the intramolecular heat capacity of the crystal
can be determined only if the complete set of natural frequencies of the TNT
molecule is known. However, because of the absence of the complete spectrum
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of natural vibrations of the TNT molecule, it was assumed that in the TNT
molecule all natural frequencies are equal to some mean frequency 𝜔̄a (or, what
is the same, to the mean temperature 𝜃a = ℏ𝜔̄a/𝑘), which was determined
from experimental data (1) on the dependence of the heat capacity of the TNT
crystal on temperature. The best agreement with experiment in the temperature
range Δ𝑇 = 273 ÷ 343∘K is given by the calculated curve with characteristic
temperature 𝜃a = 700∘K (Fig. 2a) and number of effective vibrations 𝑓 = 51.

To determine the interatomic interaction, the following experimental data were
used: the isotherm (5) (at 𝑇 = 291∘K) of TNT with initial density 1.63 g/cm3,
obtained up to a pressure of 22 ⋅ 103 atm; the heat capacity of TNT at 𝑇 =
291∘K; the coefficient of volume expansion, measured in the temperature range
𝑇 = 243 ÷ 313∘K; the sublimation energy of TNT (2) and the energy of rupture
of all bonds in the molecule, equal to

Λ∗
a = 1.39 ⋅ 10−10 erg/molecule.

Let us write the Grüneisen relation for the crystal at the point 𝑃 = 1 atm
(1/𝑉0 = 1.67 g/cm3) and 𝑇 = 291∘K:

𝑉0𝛽/𝐾 = 𝛾M𝑐M
𝑣 + 𝛾a𝑐a

𝑣. (6)

Here 𝑉0 = 0.599 cm3/g;

𝛽 = 1
𝑉0

(𝜕𝑉
𝜕𝑇 )

𝑃
= 22.26 ⋅ 10−5 deg−1;

𝐾 = − 1
𝑉0

(𝜕𝑉
𝜕𝑃 )

𝑇 =291∘K
= 0.957 ⋅ 10−11 s2 ⋅ cm/g;

𝑐M
𝑣 = 0.11 ⋅ 107 erg/g ⋅ deg; 𝑐a

𝑣 = 1.17 ⋅ 107 erg/g ⋅ deg

is the heat capacity of the intramolecular part of the crystal.

At the point 𝑉 = 𝑉 ∗ = 0.555 cm3/g (the specific volume of the crystal at
𝑇 = 0∘K) the elastic pressure in the crystal is equal to 0. Therefore, at the
point (𝑉 = 𝑉 ∗, 𝑇 = 291∘K) the relation

𝑃 ∗𝑉 ∗ = 𝛾∗
M𝐸M

𝑇 + 𝛾a𝐸a
𝑇 (7)

is valid.

Here 𝑃 ∗ = 13.3 ⋅ 109 dyn/cm2 is the thermal pressure in the crystal, taken from
the experimental isotherm for 𝑇 = 291∘K;
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𝐸M
𝑇 = 9

8𝑁𝑘𝜃∗
M + 3𝑁𝑘𝑇 𝐷 (𝜃∗

M
𝑇 ) ;

𝐸𝑎
𝑇 = 1

2 𝑁𝑘𝑓𝜃∗
𝑎 + 𝑁𝑘𝑇 𝑓 𝜃∗

𝑎/𝑇
𝑒𝜃∗𝑎/𝑇 − 1;

𝜃∗
𝑚 and 𝜃∗

𝑎 are taken at the point 𝑉 = 𝑉 ∗, using the Slater equation (5).

Solving equations (6) and (7) simultaneously, while assuming 𝛾𝑎 = const, i.e.,
independent of the crystal density, and taking the density dependence of 𝛾𝑚 in
the form (5), one can find the value of 𝛾𝑎 and the exponent 𝑛 corresponding to
the repulsive forces in the interaction of TNT molecules.

Fig. 1. 𝑃𝑔 —Hugoniot adiabat; 𝑇𝑔 —temperature along the Hugoniot adiabat;
𝐷 = 7.23 ⋅ 105 cm/sec —detonation velocity of TNT for 𝑉0 = 0.599 cm3/g

Fig. 2. Points are experimental data taken from work (4)
When solving equations (6) and (7), the exponent 𝑚, which determines the
attraction between molecules, was assumed equal to 6. The solution of equations
(6) and (7), using (5), gives 𝛾𝑎 = 0.74 and 𝑛 = 15.

Bearing in mind that 𝑃 𝑚
𝑥 = − 𝑑𝐸𝑚

𝑥 /𝑑𝑉 and 𝛾𝑚 = − 𝑉 /𝜃𝑚 ⋅ 𝑑𝜃𝑚/𝑑𝑉 , we find
for 𝑛 = 15

𝜃𝑚 = 𝜃0
𝑚 (𝜎/𝜎0)1/3√(2𝜎3 − 1)/(2𝜎0 − 1), 𝛾𝑚 = 1

3 (17𝜎3 −1)/(2𝜎3 −1), (8)

𝑃 𝑚
𝑥 = 𝑁Λ∗

𝑚𝜌∗ 5/3/(𝜎6 − 𝜎3).

Here 𝜎 = 𝑉 ∗/𝑉 ; 𝜎0 = 𝑉 ∗/𝑉0; Λ∗
𝑚 = 3.07 ⋅ 10−12 erg/molecule is the sublimation

energy per molecule; 𝜌∗ = 1/𝑉 ∗ = 1.8 g/cm3 is the density of the crystal at
𝑇 = 0∘K.

In calculating the interaction energy 𝐸𝑎
𝑥 of the atoms in the molecule, it was

assumed that in formula (3) 𝑘 = 12, and 𝑙 = 6. The constant 𝛿 was chosen so
that the pressure on the isotherm (𝑇 = 291∘K) at the point 𝜌0 = 1.67 g/cm3

was equal to 0. Thus, the selected 𝛿 was equal to 0.15.

In Fig. 1a the experimental and calculated isotherms are presented. The discrep-
ancy between the calculated and experimental isotherms in the initial region is
due to the fact that the experiments were carried out only for compressed TNT
powder with an initial density of 1.63 g/cm3, whereas in the calculated isotherm
the initial density of TNT was 1.67 g/cm3, corresponding to the density of a
single crystal at 𝑇 = 291∘K. The fact that the isotherms must

coincide for high pressures 𝑃 ≥ 104 atm; this was associated with the experi-
mental fact that powdered TNT compressed to pressures 𝑃 ≥ 104 atm, after
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removal of the load, has the density of a single crystal, i.e., the real isotherm
for a TNT single crystal must coincide with the isotherm of powdered TNT
beginning with pressures 𝑃 = 104 atm.

An analogous calculation of the equation of state was also carried out by the
“free-volume”method developed by Kirkwood (3). This method makes it possible
to dispense with equation (5) and the Debye approximation, which leads to the
possibility of calculating isentropes in the expansion of the substance.

As a result of calculating the equation of state by the “free-volume”method,
the following were obtained: 𝑛 = 18, 𝛾𝑎 = 0.756, 𝛿 = 0.137.

The values of some thermodynamic quantities obtained as a result of the calcu-
lation are given in Figs. 1 and 2.
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Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.26817 Machine Translation

https://sovietrxiv.org/items/ru-196701.26817

	Abstract
	Full Text
	THE EQUATION OF STATE OF TRINITROTOLUENE
	REFERENCES


