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MATHEMATICS

D. B. FUKS

DUALITY OF FUNCTORS

IN THE CATEGORY OF HOMOTOPY TYPES
(Presented by Academician P. S. Aleksandrov, 21 X 1966)

Duality of functors in the category of topological spaces with a distinguished
point was proposed by the author (1) as a formalization of Eckmann–Hilton du-
ality. In the present note an analogous duality is studied in the category of weak
homotopy types of spaces with distinguished points. Such a change of category
makes it possible to eliminate two important shortcomings of the duality opera-
tor introduced in (1). First, the latter is not homotopical. For example, for any
𝐶𝑊 -complex there is a homotopy equivalence 𝑋 ∗ 𝑋 ∼ Σ(𝑋#𝑋) (we borrow
the notation from (1)). But of the functors 𝑋 → 𝑋 ∗ 𝑋 and 𝑋 → Σ(𝑋#𝑋),
the first is reflexive, while the second is dual to the zero functor. In the sense of
the present note, however, these functors do not differ from one another at all.
Secondly, the new approach makes it possible completely to avoid considerable
difficulties of a general topological nature that arise in considering the duality
operator (1).
The plan of the note is as follows. First (§§ 1, 2) the definition is given of the
category, functors, and duality; § 3 contains some examples; in § 4 restrictions
are formulated under which the equality

𝒟(𝑆𝑇 ) = 𝒟𝑆 ∘ 𝒟𝑇

holds; § 5 is devoted to consideration of the category of stable homotopy types.

§ 1. An object of the category ℋ is a class of weakly homotopy equivalent
Hausdorff spaces with a distinguished point. In order to specify an object 𝑋 of
the category ℋ, one must specify a space 𝑋̄ representing it. Two objects are
considered equivalent, respectively canonically equivalent, if between the spaces
representing them there exists, respectively, a specified weak homotopy equiv-
alence. A morphism 𝑓 ∶ 𝑋 → 𝑌 of an object 𝑋 into an object 𝑌 is specified
if a continuous map ̄𝑓 ∶ 𝑋̄ → ̄𝑌 , carrying the distinguished point to the distin-
guished point, is specified. Two morphisms represented by maps ̄𝑓𝑖 ∶ 𝑋̄𝑖 → ̄𝑌𝑖,
𝑖 = 1, 2, are considered canonically equivalent if a weak homotopy equivalence
of the pairs (𝑍 ̄𝑓1, 𝑋̄1), (𝑍 ̄𝑓2, 𝑋̄2) is specified. Here 𝑍𝑓 is the mapping cylinder
of 𝑓 .
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Remark 1. Obviously, the category ℋℋ of morphisms of the category ℋ is
equivalent to the category (ℋ, ℋ) of weak-homotopy classes of pairs.

Remark 2. If ∗-morphisms 𝑓 ∶ 𝑋 → 𝑌 and 𝑔 ∶ 𝑌 → 𝑍 are specified, then
they determine, up to canonical equivalence, a morphism 𝑔𝑓 ∶ 𝑋 → 𝑍—their
composition.

For any two objects 𝑋 and 𝑌 of the category ℋ the objects 𝑋 × 𝑌 , 𝑋 ∨ 𝑌 ,
𝑋#𝑌 , 𝑋𝑌 are specified (construction of the last: 𝐶𝑊 -complexes 𝑋̄ and ̄𝑌
representing the objects 𝑋 and 𝑌 are chosen, and the space 𝑋̄ ̄𝑌 is regarded as
a representative of 𝑋𝑌 ). Obviously, the equality

(𝑌 𝑍)𝑋 = 𝑌 𝑍#𝑋;

holds; specifying a morphism 𝑋 → 𝑌 𝑍 is equivalent to specifying a morphism
𝑍#𝑋 → 𝑌 .

* “Specified”always means specified up to canonical equivalence.

Definition 1. A covariant functor 𝑆 ∶ ℋ → ℋ is called continuous if, for
any two objects 𝑋, 𝑌 ∈ ℋ, a morphism 𝑖𝑆(𝑋, 𝑌 ) ∶ 𝑋#𝑆𝑌 → 𝑆(𝑋#𝑌 ) is
given, and the correspondence (𝑋, 𝑌 ) ↦ 𝑖𝑆(𝑋, 𝑌 ) defines a covariant functor
𝑖𝑆 ∶ ℋ × ℋ → ℋ𝐻 = (ℋ, ℋ).
Definition 2. A natural map 𝜑 ∶ 𝑆 → 𝑇 of a continuous functor 𝑆 into a
continuous functor 𝑇 is called continuous if the two functors 𝑖1, 𝑖2 ∶ ℋ × ℋ →
ℋ𝐻 , where 𝑖1(𝑋, 𝑌 ), 𝑖2(𝑋, 𝑌 ) ∶ 𝑋#𝑆𝑌 → 𝑇 (𝑋#𝑌 ),

𝑖1(𝑋, 𝑌 ) = 𝜑𝑋#𝑌 ∘ 𝑖𝑆(𝑋, 𝑌 ), 𝑖2(𝑋, 𝑌 ) = 𝑖𝑇 (𝑋, 𝑌 ) ∘ [𝑋#𝜑𝑌 ],

are equivalent.

Denote by 𝜉 ∶ ℋ𝐻 → ℋ the functor which assigns to a morphism 𝑓 ∶ 𝑋 → 𝑌 ,
represented by a map ̄𝑓 ∶ 𝑋̄ → ̄𝑌 , the object 𝑌 ∪𝑓 𝐶𝑋, represented by the space

̄𝑌 ∪ ̄𝑓 𝐶𝑋̄ (here 𝐶𝑋̄ is the cone over the space 𝑋̄).

Remark 3. It is easy to check that if the functor 𝑆 is continuous, then the
functor 𝑆′ ∶ ℋ × ℋ → ℋ, 𝑆′ = 𝜉 ∘ 𝑖𝑆, is continuous in each argument. For a
continuous map 𝜑 ∶ 𝑆 → 𝑇 , the functor 𝑇 ∪𝜑 𝐶𝑆 ((𝑇 ∪𝜑 𝐶𝑆)𝑋 = 𝑇 𝑋 ∪𝜑𝑋

𝐶𝑆𝑋)
is continuous.

Remark 4. The functors and maps of functors defined in (1) define continuous
functors and their continuous maps in the sense of the definitions given here.
In particular, for any object 𝐴 ∈ ℋ the continuous functors Σ𝐴 and Ω𝐴 are
defined, and for any morphism 𝑓 ∶ 𝐴1 → 𝐴2 the continuous maps Σ𝐴1

→ Σ𝐴2
and Ω𝐴2

→ Ω𝐴1
are defined.

Remark 5. If 𝑆, 𝑇 are continuous functors, then their composition 𝑆𝑇 is a
continuous functor.
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Remark 6. In the definition of a continuous functor, the requirement that
there exist a map 𝑋#𝑆𝑌 → 𝑆(𝑋#𝑌 ) may be replaced by the requirement that
there exist a map 𝑋𝑌 → 𝑆𝑋𝑆𝑌 with certain natural properties.

§ 2. Let ℱ be the category whose objects are the continuous functors in ℋ, and
whose morphisms are the continuous maps of functors.

Definition 3. A contravariant functor 𝒟 ∶ ℱ → ℱ is called a duality opera-
tor if:

1∘. 𝒟Σ𝐴 = Ω𝐴 and 𝒟Ω𝐴 = Σ𝐴 for any 𝐴 ∈ ℋ.

2∘. There exists a natural map 𝜘 ∶ ℰ → 𝒟𝒟, where ℰ is the identity functor in
the category ℱ, such that the composition

Mor𝐹 (𝑆, 𝒟𝑇 ) → Mor𝐹 (𝒟𝒟𝑇 , 𝒟𝑆) → Mor𝐹 (𝑇 , 𝒟𝑆)

is one-to-one and onto for all 𝑆, 𝑇 ∈ ℱ. Here Mor𝐹 ( , ) is the set of morphisms
from an object to an object in the category ℱ.

Theorem 1. The duality operator exists and is unique.

The proof is based on the following lemma.

Lemma. Let 𝑃 ∶ ℋ → 𝒮 be a contravariant functor from the category ℋ to
the category 𝒮 of sets with distinguished element ∗, such that:

1. 𝑃(⋁𝑖∈𝐼 𝑋𝑖) = ∏𝑖∈𝐼 𝑃(𝑋𝑖). Here the sign ⋁ denotes a bouquet, ∏ a
product, and 𝐼 an arbitrary set of indices.

2. If 𝛼 ∈ 𝑃(𝑋), 𝑓 ∶ 𝑌 → 𝑋 is a morphism, and 𝑃(𝑓)𝛼 = ∗ in 𝑃(𝑌 ), then
there exists 𝛽 ∈ 𝑃(𝑋 ∪𝑓 𝐶𝑌 ) such that 𝛼 = 𝑃(𝑖)𝛽, where 𝑖 ∶ 𝑋 → 𝑋 ∪𝑓 𝐶𝑌
is the inclusion.

3. Let 𝛽1, 𝛽2 ∈ 𝑃(𝑋 ∪𝑓 𝐶𝑌 ) and 𝑃(𝑖)𝛽1 = 𝑃(𝑖)𝛽2. Then there exists an
element 𝛾 ∈ 𝑃(Σ𝑌 ) such that

𝑃(𝜋)(𝛽1, 𝛾) = 𝛽2,

where
𝜋 ∶ 𝑋 ∪𝑓 𝐶𝑌 → (𝑋 ∪𝑓 𝐶𝑌 ) ∨ Σ𝑌

is the separation of the suspension from the cone.

Then there exists an object 𝐴 ∈ ℋ (unique up to canonical equivalence) such
that

𝑃(𝑋) = Mor𝐻(𝑋, 𝐴).

This lemma follows from the usual obstruction and distinguishing theorems.

Let, further, 𝑆, 𝑇 ∈ ℱ. Denote, for any 𝑋 ∈ ℋ,

𝑃(𝑋) = Mor𝐹 (𝑆, Ω𝑋𝑇 ).
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The functor 𝑃 satisfies the conditions of the lemma. By {𝑆 → 𝑇 } we shall
denote the object of ℋ existing by this lemma.

It is easily verified that {Σ𝐴𝑆 → 𝑇 } = {𝑆 → Ω𝐴𝑇 } = Ω𝐴{𝑆 → 𝑇 }; {𝑆Ω𝐴 →
𝑇 } = {𝑆 → 𝑇 Σ𝐴}; 𝑆𝐴 = {Ω𝐴 → 𝑆}, the equalities meaning canonical
equivalence. Continuous mappings 𝑆1 → 𝑆2, 𝑇1 → 𝑇2 induce morphisms
{𝑆2 → 𝑇 } → {𝑆1 → 𝑇 }, {𝑆 → 𝑇1} → {𝑆 → 𝑇2}. We note that, in check-
ing these assertions, and also later on, it will be necessary to use not only the
lemma formulated above, but also the analogous assertion for pairs.

It remains now to put

𝒟𝑆𝐴 = {𝑆 → Σ𝐴}.

If 𝐴1 → 𝐴2 is a morphism, then a continuous mapping Σ𝐴1
→ Σ𝐴2

is induced
and, consequently, a morphism 𝒟𝑆𝐴1 → 𝒟𝑆𝐴2. The continuity of the functor
𝒟𝑆, as well as the fulfillment of properties 10 and 20, are checked directly.

In addition to property 20 one can prove that there is a natural canonical equiv-
alence, in 𝑆 and 𝑇 ,

{𝑆 → 𝒟𝑇 } = {𝑇 → 𝒟𝑆}.

§ 3. Hypothesis. The functor 𝑆 is reflexive (i.e. 𝒟2𝑆 = 𝑆) if and only if
there exists a reflexive functor 𝑆 in the category of topological spaces with
distinguished point such that the functor is obtained from the functor 𝑆 by
passing from topological spaces to their weak homotopy types (see Remark 4).
In this case the functor is obtained in the same way from 𝐷𝑆.*
From this hypothesis it would follow, for the operator 𝐷 from (1), that if 𝑆1
and 𝑆2 are two reflexive functors in the category of topological spaces and if for
every 𝐶𝑊 -complex 𝐴 the spaces 𝑆1𝐴 and 𝑆2𝐴 are weakly homotopy equivalent
naturally in 𝐴, then the same is true also for the spaces 𝐷𝑆1𝐴 and 𝐷𝑆2𝐴.
For nonreflexive functors this is false, as is shown by the example given in the
introduction.

The stated hypothesis does not contradict the existence of nonreflexive functors
in the category of topological spaces which become reflexive upon passage to
the category ℋ. Here are two examples: 𝑃 , where 𝑃(𝑋) = 𝑋#𝑋, and 𝑇3,
where 𝑇3𝑋 ⊂ 𝑋 × 𝑋 × 𝑋; 𝑇3(𝑋) = {(𝑥1, 𝑥2, 𝑥3), 𝑥1 = ∗, or 𝑥2 = ∗, or 𝑥3 = ∗}.
The reflexivity of these functors in the category ℋ would follow immediately
from the stated hypothesis, but it can also be proved without it by a direct
computation of the dual functor. Namely, the functor 𝒟𝑃 assigns to the weak-
homotopy class of a space 𝐴 the weak-homotopy class of the space of paths in
𝐴 × 𝐴 beginning at the distinguished point and ending at points of the bouquet
𝐴 ∨ 𝐴 ⊂ 𝐴 × 𝐴. The space 𝒟𝑇3𝐴 can be obtained by contracting, in the direct
product 𝐴 × 𝒟𝑃𝐴, the subspace ∗ × 𝒟𝑃𝐴 to a point.
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One can also check that the functor 𝐽 , 𝐽𝑋 = 𝑋 ∗ 𝑋, is reflexive and that,
with respect to the operator 𝒟, the space 𝒟𝐽𝐴 has the homotopy type 𝐷𝐽𝐴 =
𝐾(𝐴, 𝐴). Hence it follows that

𝐾(𝐴, 𝐴) ∼ Ω(𝒟𝑃𝐴).

§ 4. Consider continuous functors satisfying the following additional condition:

(∗) Let 𝐴, 𝐶, 𝑋 ∈ ℋ be arbitrary objects. Suppose that for all 𝐵 ∈ ℋ a
morphism

𝜌𝐵 ∶ 𝑋 → 𝐴#(𝐵#𝐶)𝑆𝐵

is given such that, if 𝜑 ∶ 𝐵1 → 𝐵2 is a morphism, then

(𝐴#(𝜑#𝐶)𝑆𝐵1) ∘ 𝜌𝐵1
= (𝐴#(𝐵2#𝐶)𝑆𝜑) ∘ 𝜌𝐵2

.

Then there exists a morphism

𝜌 ∶ 𝑋 → 𝐴#{𝑆 → Σ𝐶}

such that for all 𝐵 ∈ ℋ there is a canonical equivalence

(𝐴#𝜋𝐵) ∘ 𝜌 = 𝜌𝐵,

where

𝜋𝐵 ∶ {𝑆 → Σ𝐶} → (𝐶#𝐵)𝑆𝐵

is the obvious morphism.

Theorem 2. If 𝑆, 𝑇 ∈ ℱ, and the functor 𝑇 satisfies axiom (∗), then

𝒟(𝑆 ∘ 𝑇 ) = 𝒟𝑆 ∘ 𝒟𝑇 .

Proof essentially repeats verbatim the proof of the analogous assertion in (2).
It differs from it in two places:
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* By the symbol 𝐷, in contrast to 𝒟, we denote the duality operator from note
(1).

first, all the difficulties arising from point-set topology are removed. Secondly,
in constructing the mapping 𝒟(Ω𝐴𝑇 ) → Σ𝐴𝒟𝑇 , at the very end the fulfillment
of axiom (∗) for 𝑇 is required.

Condition (∗) is fulfilled, for example, for 𝑆 = Σ𝐴, since in this case (𝐵#𝐶)𝑆𝐵 =
{𝑆 → Σ𝐶} for 𝐵 = Γ (a two-point set). Similar considerations make it possible
to verify axiom (∗) for all the basic functors from note (1). But whether it is
always fulfilled, I do not know.

§ 5. Duality can be defined in exactly the same way also in the category of
stable homotopy types. For them it turns out:

Theorem 3. In the category ℋ(𝑆) of stable weak homotopy types, every con-
tinuous functor is a functor of the form Σ𝐴. Moreover,

𝒟(Σ𝐴) = Σ𝐵,

where 𝐵 is dual to 𝐴 in the Spanier–Whitehead sense.

The proof is quite simple.

Moscow State University
named after M. V. Lomonosov
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