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1. Let natural numbers m and & < m be given. An interpolation family
of functions of order m and degree k, or an (m, k)-system, will mean a
collection of real functions

fO(t)’ fl(t)v"'v fm(t)’ (1)

continuous on some topological space T and satisfying the following condition.

(A). For any distinct points t,%;,...,t; of the space and any real numbers
ag, G, -.. , ay, there exists a polynomial in the system (1)

m

p(t) = Zcifi(t)a (2)
=0
such that p(t;) = a; (=0,1,..., k).

It is easy to see that condition (A) in this definition may be replaced by either
of the following:

(B). For any distinct points t,, %, ..., t;, of the space T, the rank of the matrix
£ (8 =626 is equal to k + 1.
(C). Any m — k + 1 linearly independent polynomials of the form (2) have on

T no more than k common zeros.

As a rule, we shall assume the space T to be a bicompact Hausdorff space (a
bicompactum).

Interpolation families of functions, besides being of independent interest, also
arise in the problem of best approximation of continuous functions by general-
ized polynomials (1'?), by generalized rational functions (%), in the finite moment
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problem (%), and in the problem of finite-dimensional linear positive operators
(*)-

2. A subset X of the projective space P™ is called k-regular if every (k — 1)-
dimensional (projective) plane in P™ meets this set in at most k points. We
shall call any homeomorphic mapping of a topological space T onto a k-regular

subset X of P™ a k-regular embedding. A k-regular subset of the Euclidean
space B and a k-regular embedding into this space are defined analogously.

If an (m, k)-system of functions (1) is given on a bicompactum T, then, by
assigning to each point ¢ € T the point of projective space P™ with homogeneous
coordinates fy(t), f1(t), ..., f,, (), we obtain a k-regular embedding F : T — P™.
Conversely, if there is some k-regular embedding of the space T in P™, then the
homogeneous coordinates of a variable point of the image give an (m, k)-system
of functions defined on 7.

Sometimes one has to consider interpolation systems (1) for which f,(¢) = 1.
Such systems define a k-regular embedding of the space T in the Euclidean space
E™,

It follows from what has been said, in particular, that a bicompactum on which
an (m, k)-system of functions exists is metrizable (i.e. is a compactum) and has
finite dimension, which, as can be shown, does not exceed m — k + 1.

3. Denote by D, (T) (respectively, by d,(T')) the least dimension of a pro-
jective (respectively, Euclidean) space into which the compactum T is
k-regularly embeddable. Clearly, D,.(T') < d,(T"). Apparently, the ques-
tion of computing D, (T) for k > 1 has not previously been considered.
As for the number d,(T), its exact value is known only in a few cases.
In papers (5710), upper and lower estimates for it were obtained for vari-
ous classes of compacta. Here we indicate new estimates of the numbers
D, (T) and d,(T) for certain spaces T. As consequences, some relations
are obtained between the orders and degrees of interpolation systems of
functions on these spaces.

The lower estimates for the number D, (T) are based on the following theorem.

Theorem 1. Let a compactum T be k-regularly embedded in the projective space
P™, and let ty,t,, ..., t; be distinct points of this compactum, their number being
i = [(k+1)/2]. Then there exist closed neighborhoods My, M,, ..., M, of these
points relative to T, mutually disjoint and such that the direct product

M; X My x ... x M; x S,

where S is a simplex of dimension [k/2], is homeomorphically embeddable in the
FEuclidean space E™.

Theorem 2. For the n-dimensional cube I™ the inequality
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Dp(I") = [(k+1)/2)(n — 1) + k

holds.

Theorem 3. If a topological space contains an n-dimensional cube, then on it
there cannot exist an (m, k)-system of even degree k satisfying the inequality

k>2m/(n+1),

or of odd degree k, satisfying the inequality

k>2m/(n+1)—(n—1)/(n+1).
We shall call an n-dimensional umbrella a set T), lying in the space E"*! with
coordinates (t;,%s,...,t,,1) and consisting of the n-dimensional ball

2+ 12+ ..+ 12 <1, tp1 =0

and the segment

ty=ty=..=t, =0, 0<t, <1,

n

as well as any set homeomorphic to 7T),.

Theorem 4. The direct product of p umbrellas of dimension n is not topologi-
cally embeddable in the Euclidean space E™PTP~1,

For n = 1 this assertion was proved in (°).

Theorem 5. If a finite-dimensional compactum T contains p umbrellas of
dimension n and if p < [(k+1)/2], then the inequality

Dy(T) = [(k+1)/2)(n = 1) + k +p.

holds.

Theorem 6. Let a topological space contain p umbrellas of dimension n. Then
on it there cannot exist (m, k)-systems of even degree k, satisfying the inequalities

k>2p,  k>2(m—p)/(n+1),

or of odd degree k, satisfying the inequalities

k>2p—1, k>2(m—p)/(n+1)—(n—1)/(n+1).
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4. We indicate an upper estimate for the number dy, (E™). The derivation of
this estimate is based on the following geometric theorem of Radon (!!):
every set of

m 4+ 2 points lying in an m-dimensional linear space can be divided into two
nonempty nonintersecting subsets whose convex hulls have a common point. It
follows from Radon’ s theorem that the system of continuous functions

fO(t):l’ fl(t)7"'7fm(t)’ (3)

defined on the space T, will be an interpolation system of degree 2k in the case
when it has the following property:

(T'),). For any s (s < k) points of the space T there exists a polynomial in the
system (3) that is equal to zero at these points and positive on their complement.

Indeed, in the contrary case, in the space E™ there is a plane E?*~! containing
distinct points

L1, Loy s Topyq (4)

of the image F(T') of the set T' under the mapping determined by the system (3).
By Radon’ s theorem the set of points (4) can be represented (with a suitable
choice of the numbering of these points) as the union of two nonintersecting
subsets {1, ...,z } U{x 1, ..., T 1}, s <k, whose convex hulls intersect. On
the other hand, by virtue of the property (I';), in the space E™ there exists
a hyperplane E™~! supporting the set F(T) and such that E™ ' N F(T) =

{2, ...,z }

Returning to the convex hulls of the sets {z,...,z,} and {x, ,..., 29}, We
see that the first of them lies in the hyperplane E™!, while the second lies in
one of the open half-spaces determined by this hyperplane. Consequently, these
convex hulls cannot intersect.

Consider on the space E™ the system of functions

Lty bty bttty byt

biti, b, (83 +t5+ - +1t2), Lty oty (B + 154 +12)%, .., 5)
oy bty (B85 4 2R (8] 85 4 )R
(B 485+ -+ 1),
where (t1,t,,...,1,) are the coordinates of the variable point of this space and

each index 4,4, %5, ..., 43, independently of the others, takes the values 1,2, ..., n.
This system of functions has the property (I';). Indeed, if p(x,y) is the metric
in E™ and z,, s, ..., x; are arbitrary points of this space, then the product

sovietrxiv.org/items/ru-196701.21999 Machine Translation


https://sovietrxiv.org/items/ru-196701.21999

PP (@, 20)p* (0, 35) - p? (2, )

is precisely the polynomial in the system (5) whose existence is required by the
property (I',). Thus the constructed system of functions is interpolation and
has degree 2k. The order of this system, as is easy to see, is equal to the number

k k—1
Cyp+ Oy — 1. Hence,

doy,(T) < Oy + Chfy — 1,
where T is an n-dimensional Euclidean space or any of its subsets.
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