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Let {h;}$° be a sequence of real numbers. Denote by m,(hg, hy, ..., h,) the
minimum of the function
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Theorem. If the series
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converges uniformly on the real axis, then
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the constraint equations may be rewritten as

ug(z) —vy(w) = Z h,; cosiz.
i=0

Taking into account the positivity of the trigonometric polynomials u (z) and
v,(x), we obtain

1 us S
Z h, cosiz

2w ) . gt

dr < o / (@) 4oy @)de = B (o +9) = 2,

It follows from this inequality that

mg(hg, hy, ..oy by /

Z h; cosix

Z h; cosix
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lim m(hg, by, ..., hg) > lim =5 |f(z)|dz. (1)
T —T
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To obtain the reverse relation, set

folx) = (f(z) +|f(2)])/2.

The function f () is continuous and positive. Consequently, there exists a
trigonometric polynomial @ (z) of order s such that the relations

) @) > fi@) ) i)~ (@) <e >0

hold. Put

U (x) = Ug(x) — Z hy, cos kt.

The sequence of functions ¥,,(x) converges uniformly to the positive function
tig(xz) — f(x). Thus, for all sufficiently large indices n, n > s, the inequalities
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will hold.

By Fejér’ s theorem (1), the positive trigonometric polynomials @, (x) and o, (x)
can be written in the form

For these polynomials the connection equations are valid:

tg(x)—1,(x) = Z hy, cos kz,
k=0

ie.
n —1
Z = hy, 2> (@rZhei — Blprd) =iy 1=1,2,...,n.

k=0 0

Putting f_(z) = f(z) — f.(z), we obtain

N
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/ﬂer )+e+ fo(x)+2]d /7r z)|dz + 3e.

It follows that, for all sufficiently large indices n, the inequality

1 U
oty hg) < 5 [ 1f(a)|do o+ 32
™ —T

will be true. Since € > 0 is arbitrary, we have

n—o00 2

B (ks by, < o [ 15 do, 2)
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and the theorem follows from relations (1) and (2).

Since every trigonometric polynomial can also be regarded as a uniformly con-
vergent trigonometric series, we have

1
m(hg, by, ..., By, 0,0,...) = %/ dx. (3)

™ n
Z hy, cos kx
—7 |k=0
Relying on S. N. Bernstein’s theorems on the order of growth of the derivatives of
a trigonometric polynomial and Jackson’s theorem on the order of approximation
of functions by trigonometric polynomials, it is easy to show that, for

Im, 2 (hgs By, s 1y, 0,0, ..., 0) —m(hg, by, ... ]y, 0,0, )] < c.

s Ton s Ton =

The quantity ¢ does not depend on the number n.

By this equality the problem of estimating the integral (3), which is of impor-
tance in the theory of summation of Fourier series, is reduced to the algebraic
problem of estimating the quantity m,,2(hg, ..., h,,,0, ..., 0).

Corollary. If f(z) is an even function of class £,, p > 1, and

thcoska:
k=0
is its Fourier series, then
li hg, h h,,0,0 _ ’ d
nLHolom( 05015 e Homy Yy 7)7% 77T|f(‘r>| €Z.
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