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MATHEMATICS

P. P. KOROVKIN

AN EXTREMAL PROBLEM AND LINEAR
METHODS OF SUMMATION OF FOURIER
SERIES
(Presented by Academician V. I. Smirnov on 1 II 1967)

Let {ℎ𝑘}∞
0 be a sequence of real numbers. Denote by 𝑚𝑠(ℎ0, ℎ1, … , ℎ𝑠) the

minimum of the function

𝑧𝑠 =
𝑠

∑
𝑘=0

(𝑥2
𝑘 + 𝑦2

𝑘)

subject to the constraint equations

𝑠
∑
𝑘=0

(𝑥2
𝑘 − 𝑦2

𝑘) = ℎ0, 2
𝑠−𝑖
∑
𝑘=0

(𝑥𝑘𝑥𝑘+𝑖
− 𝑦𝑘𝑦𝑘+𝑖

) = ℎ𝑖, 𝑖 = 1, 2, … , 𝑠.

Theorem. If the series

∞
∑
𝑖=0

ℎ𝑖 cos 𝑖𝑥 = 𝑓(𝑥)

converges uniformly on the real axis, then

𝑚(ℎ0, ℎ1, …) = lim
𝑠→∞

𝑚𝑠(ℎ0, ℎ1, … , ℎ𝑠) = 1
2𝜋 ∫

𝜋

−𝜋
|𝑓(𝑥)| 𝑑𝑥.

Proof. Since

𝑢𝑠(𝑥) = ∣
𝑠

∑
𝑘=0

𝑥𝑖𝑘𝑥
𝑘𝑒 ∣

2

=
𝑠

∑
𝑘=0

𝑥2
𝑘 + 2

𝑠
∑
𝑖=1

𝑠−𝑖
∑
𝑘=0

𝑥𝑘𝑥𝑘+𝑖
cos 𝑖𝑥,
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𝑣𝑠(𝑥) = ∣
𝑠

∑
𝑘=0

𝑦𝑖𝑘𝑥
𝑘𝑒 ∣

2

=
𝑠

∑
𝑘=0

𝑦2
𝑘 + 2

𝑠
∑
𝑖=1

𝑠−𝑖
∑
𝑘=0

𝑦𝑘𝑦𝑘+𝑖
cos 𝑖𝑥,

the constraint equations may be rewritten as

𝑢𝑠(𝑥) − 𝑣𝑠(𝑥) =
𝑠

∑
𝑖=0

ℎ𝑖 cos 𝑖𝑥.

Taking into account the positivity of the trigonometric polynomials 𝑢𝑠(𝑥) and
𝑣𝑠(𝑥), we obtain

1
2𝜋 ∫

𝜋

−𝜋
∣

𝑠
∑
𝑖=0

ℎ𝑖 cos 𝑖𝑥∣ 𝑑𝑥 ≤ 1
2𝜋 ∫

𝜋

−𝜋
[𝑢𝑠(𝑥) + 𝑣𝑠(𝑥)] 𝑑𝑥 =

𝑠
∑
𝑘=0

(𝑥2
𝑘 + 𝑦2

𝑘) = 𝑍𝑠.

It follows from this inequality that

𝑚𝑠(ℎ0, ℎ1, … , ℎ𝑠) ≥ 1
2𝜋 ∫

𝜋

−𝜋
∣

𝑠
∑
𝑖=0

ℎ𝑖 cos 𝑖𝑥∣ 𝑑𝑥,

lim
𝑠→∞

𝑚(ℎ0, ℎ1, … , ℎ𝑠) ≥ lim
𝑠→∞

∫
𝜋

−𝜋
∣

𝑠
∑
𝑖=0

ℎ𝑖 cos 𝑖𝑥∣ 𝑑𝑥 = 1
2𝜋 ∫

𝜋

−𝜋
|𝑓(𝑥)| 𝑑𝑥. (1)

To obtain the reverse relation, set

𝑓+(𝑥) = (𝑓(𝑥) + |𝑓(𝑥)|)/2.

The function 𝑓+(𝑥) is continuous and positive. Consequently, there exists a
trigonometric polynomial 𝑢̃𝑠(𝑥) of order 𝑠 such that the relations

1) 𝑢̃𝑠(𝑥) > 𝑓+(𝑥); 2) 𝑢̃𝑠(𝑥) − 𝑓+(𝑥) < 𝜀, 𝜀 > 0.

hold. Put

̃𝑣𝑛(𝑥) = 𝑢̃𝑠(𝑥) −
𝑛

∑
𝑘=0

ℎ𝑘 cos 𝑘𝑡.

The sequence of functions ̃𝑣𝑛(𝑥) converges uniformly to the positive function
𝑢̃𝑠(𝑥) − 𝑓(𝑥). Thus, for all sufficiently large indices 𝑛, 𝑛 ≥ 𝑠, the inequalities
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0 ≤ ̃𝑣𝑛(𝑥) < 𝑢̃𝑠(𝑥) − 𝑓(𝑥) + 𝜀.

will hold.

By Fejér’s theorem (1), the positive trigonometric polynomials 𝑢̃𝑠(𝑥) and ̃𝑣𝑛(𝑥)
can be written in the form

𝑢̃𝑠(𝑥) = ∣
𝑠

∑
𝑘=0

̃𝑥𝑘𝑒𝑖𝑘𝑥∣
2

= ∣
𝑛

∑
𝑘=0

̃𝑥𝑘𝑒𝑖𝑘𝑥∣
2

, ̃𝑥𝑘 = 0, 𝑘 > 𝑠,

̃𝑣𝑛(𝑥) = ∣
𝑛

∑
𝑘=0

̃𝑦𝑘𝑒𝑖𝑘𝑥∣
2

.

For these polynomials the connection equations are valid:

𝑢̃𝑠(𝑥) − ̃𝑣𝑛(𝑥) =
𝑛

∑
𝑘=0

ℎ𝑘 cos 𝑘𝑥,

i.e.,

𝑛
∑
𝑘=0

( ̃𝑥2
𝑘 − ̃𝑦 2

𝑘 ) = ℎ0, 2
𝑛−𝑖
∑
𝑘=0

( ̃𝑥𝑘 ̃𝑥𝑘+𝑖 − ̃𝑦𝑘 ̃𝑦𝑘+𝑖) = ℎ𝑖, 𝑖 = 1, 2, … , 𝑛.

Putting 𝑓−(𝑥) = 𝑓(𝑥) − 𝑓+(𝑥), we obtain

𝑛
∑
𝑘=0

( ̃𝑥2
𝑘 + ̃𝑦 2

𝑘 ) = 1
2𝜋 ∫

𝜋

−𝜋
[𝑢̃𝑠(𝑥) + ̃𝑣𝑛(𝑥)] 𝑑𝑥 ≤

≤ 1
2𝜋 ∫

𝜋

−𝜋
[𝑓+(𝑥) + 𝜀 + 𝑓−(𝑥) + 2𝜀] 𝑑𝑥 = 1

2𝜋 ∫
𝜋

−𝜋
|𝑓(𝑥)| 𝑑𝑥 + 3𝜀.

It follows that, for all sufficiently large indices 𝑛, the inequality

𝑚𝑛(ℎ0, ℎ1, … , ℎ𝑛) ≤ 1
2𝜋 ∫

𝜋

−𝜋
|𝑓(𝑥)| 𝑑𝑥 + 3𝜀

will be true. Since 𝜀 > 0 is arbitrary, we have

lim
𝑛→∞

𝑚(ℎ0, ℎ1, … , ℎ𝑛) ≤ 1
2𝜋 ∫

𝜋

−𝜋
|𝑓(𝑥)| 𝑑𝑥, (2)
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and the theorem follows from relations (1) and (2).

Since every trigonometric polynomial can also be regarded as a uniformly con-
vergent trigonometric series, we have

𝑚(ℎ0, ℎ1, … , ℎ𝑛, 0, 0, …) = 1
2𝜋 ∫

𝜋

−𝜋
∣

𝑛
∑
𝑘=0

ℎ𝑘 cos 𝑘𝑥∣ 𝑑𝑥. (3)

Relying on S. N. Bernstein’s theorems on the order of growth of the derivatives of
a trigonometric polynomial and Jackson’s theorem on the order of approximation
of functions by trigonometric polynomials, it is easy to show that, for

|ℎ𝑘| ≤ 𝑀 < ∞

|𝑚𝑛2(ℎ0, ℎ1, … , ℎ𝑛, 0, 0, … , 0) − 𝑚(ℎ0, ℎ1, … , ℎ𝑛, 0, 0, …)| ≤ 𝑐.

The quantity 𝑐 does not depend on the number 𝑛.

By this equality the problem of estimating the integral (3), which is of impor-
tance in the theory of summation of Fourier series, is reduced to the algebraic
problem of estimating the quantity 𝑚𝑛2(ℎ0, … , ℎ𝑛, 0, … , 0).
Corollary. If 𝑓(𝑥) is an even function of class ℒ𝑝, 𝑝 > 1, and

∞
∑
𝑘=0

ℎ𝑘 cos 𝑘𝑥

is its Fourier series, then

lim
𝑛→∞

𝑚(ℎ0, ℎ1, … , ℎ𝑛, 0, 0, …) = 1
2𝜋 ∫

𝜋

−𝜋
|𝑓(𝑥)| 𝑑𝑥.
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