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Let ¢, = (,(w) be a real random field (1), where w € Q, s = (sq,...,5,) € R";
[Q,B,P] is a probability space of elementary events; R™ is n-dimensional
Euclidean space. It is assumed that the field (; has, with probability 1, con-
tinuous first and second partial derivatives and is homogeneous with respect
to the group of parallel translations. It is also assumed that the joint dis-
tributions of V¢ = (9¢,/0sy,...,0(,/ds,) and V{V' = [9°¢,/Ds,0s,] at
points s = (s¢,...,s%), i = 1,...,m, have continuous probability densities
pgl)(v;ul,...,um), p?)(v; U;Z), where s’ = (s',...,8™), v/ = (vy,...,0,,), v; =
Coir U = (uh,u™), u' = (uf,..,ul,), ub = 8(./0s}, Z = (2*,...,2™),
2= Hz,’clH, z,icyl = 0%CL/0si0st, k,l=1,...,n;i=1,..,m.

The principal aim of this work is to obtain explicit expressions for factorial
moments of arbitrary order for the number of spikes, glints, and other local
characteristics forming random flows (2?), generated by random fields. The for-
mulas found are a generalization of Rice’ s formulas () for the mean number
of maxima of a random process.

Let n,, = (—V(.,1) be a vector parallel to the normal to the tangent plane
to ¢, at the point s, and let e, be the unit vector specifying the direction of
the i-th coordinate in the space R™*! of points (si,...,s,,(). The notation
A = Ja |l < (>)0 means that the matrix A is negative (positive) definite.

Definition 1. We shall say that the field ¢, at the point s has: a) a spike;
b) a glint, consistent with the vector b’ = (by,...,b,); ¢) a saddle point
exceeding the level v, if {; > u and the corresponding condition is satisfied:
a) the vector n, is parallel to e, , and, in a sufficiently small neighborhood
U,(w) of the point s, ¢, > ¢/, s* € Uy(w); b) the vector n; is parallel to the
vector (—b’,1); ¢) the vector n, is parallel to the vector e, ;, and the principal
curvatures of the surface ¢, at the point s are nondegenerate and have different

signs.

Spikes and glints will be called regular if, respectively, V(,V’ < 0 in case a)
and det V{,V’ # 0 in case b).
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Here we shall restrict ourselves only to the indicated characteristics a), b), c),
although the method set out below also makes it possible to investigate other
local characteristics. Note that spikes correspond to local maxima exceeding
the level u, while glints correspond to points of specular reflection for the case
of infinitely distant light source and observer. For the physical meaning of such
concepts see (4).

The random points s® at which the homogeneous field ¢, has spikes, glints, and
saddles form homogeneous random flows. Let A, = {s: 0 < s, < h;, i =
1,...,n} be a rectangular parallelepiped of volume h; - h,,.

Theorem 1. For a homogeneous random flow n(A), A € B(R"), there exist
limits

0 < lim 2U1A) >0}
hil0  hy--h, R0 Ry hy,

A is called the parameter, and p the intensity of the homogeneous flow 7. If the
homogeneous flow 7 is ordinary, then A = pu.

This assertion is a generalization of results of A. Ya. Khinchin and V. S. Ko-
rolyuk (®).

A broad class of random flows can be interpreted as being generated by systems
S = {s'} of noncoincident random points s* € R™. In this case n(A) is equal to
the number of points s € A. For brevity we shall call such flows regular. Note
that ordinary flows with finite intensity are regular. To the system S associate
the system of random points S*, including in it all points with coordinates of
the form (s'1, ..., s ), where s € S, 4, # i, l,7 = 1,...,m. The system S*™
corresponds to the regular random flow ", defined on sets A C R" x---x R" =
an.

Definition 2. The m-measure of a regular random flow n(A), A C R"™, is the
measure defined in the space R™" by the formula

p,,(T) = My™T), I C R™™. (2)

If p,,(T') is absolutely continuous with respect to Lebesgue measure in R™™,
then its density p(sq,...,s,,) with respect to Lebesgue measure will be called
the m-intensity.

Theorem 2. The m-th factorial moment of the regular random flow n(A) on
the set A is equal to the value of its m-measure on the set A™ = A x -+ X A,
i.e.

Ty (B) = Mig(A) - [(A) = m +1] = /A st ds) 9
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The proof of (3) follows from the correspondence between S and S*™ that gen-
erate the systems, and from formula (2). For comparison we point to the special
case of this construction used in the works (7).

Introduce the notation: ds = ds - ds’; ds = ds' ---ds™; dv = dv, -+ dv,),;

(pT<V,b> =M {ﬁ |det VCQLV/| I(AT,)/CSL = V;, ACQL = b, 1= 17 ,m} (4)
i=1

where I(A,) is the indicator function of the w-sets A,.:

A ={w:V{(: <0, i=1,..,m}, Ay ={w:detV(;V' #0, i=1,...,m},

Ay = (Yoo det V¥ # 0]\ o V6,V > 0] U [+ V¢,V < 0]

=1

Using (4), write the following integrals:

(m>(A,u) :/ § {/ o, (v, O)pgl)(v,O,...,O) ds} dv (5)
. v‘*um steA

(’I“ =1,3),

J((i))(A,b,u):/ i {/ <p2(v,b)p§1)(v,b,...,b)ds} dv.  (6)
vi=t steA

K3
i=1,....m

Theorem 3. Let there exist finite integrals given by formulas (5), (6) for
m < k+ 1. Then there exist finite k-th factorial moments J((,:)) for the random

flows of regular bursts (r = 1), flashes (r = 2), and saddles (r = 3), given by
formulas (5), (6).

In proving the theorem one uses a partition of R™ by parallelepipeds

Ayt = {sh: |sh—ti] <h;/2}, ' =(t],....15).

If h; | 0, then the coordinates of a point t' + i of a regular burst, flash, or
saddle in the parallelepiped A, (') are recovered with accuracy up to

infinitely small of higher order, as the solution of the linear equation
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Veirn, = Ve + Ve Vih.

For homogeneous Gaussian fields the conditions for the existence of intensities
are easily formulated in terms of the covariance function of the field

R(s'— %) = MCI(2,  M( =0

Theorem 4. If the covariance function R(s) of a homogeneous separable Gaus-
sian field satisfies the condition

9 R(s) 9*R(0)

83? e Qs 88?1 Qs

< Ci|si|‘5, g, =0,2,4, zn:si =4,
1=1 i=1

C, 6>0,

then the spikes and glints are, with probability 1, regular, and the conditions
formulated at the beginning of the article are satisfied. The flows generated by
spikes, glints, and saddles have finite intensities, given by formulas (5), (6) for
m=1land A={s;:0<s,<1,i=1,..,n}.

The proof of the theorem is based on the study of the modulus of continuity of
the Gaussian field (, from whose properties follow the regularity and ordinari-
ness of the flows under consideration.

Theorems 3 and 4 are a generalization to fields of the results obtained in papers
(6, 7).
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