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MATHEMATICS

V. A. PUSTOVALOV

ON STRONG CONTINUOUS METHODS OF
SUMMATION OF TRIGONOMETRIC SERIES
(Presented by Academician P. S. Novikov, 18 X 1966)

Numerous works are known on concrete strong methods of summation of Fourier
series with respect to various orthonormal systems. Among recent works one
may mention the investigations of Alexits, Kralik, Leindler (1−4,7) on the strong
methods of summation of Hardy, Vallée-Poussin, and others. General, so-called
strong continuous methods of summation of numerical sequences were consid-
ered by Włodarski (5); he investigated the field of a strong continuous method,
i.e., the set of numerical sequences summable by this method.

In the present paper strong continuous methods (abbreviated s.c. methods) are
considered as applied to the summation of general trigonometric series. The
field of an s.c. method is studied and, in the case where the trigonometric series
is a Fourier series, estimates are given for the approximation of certain classes
of functions by means of s.c. averages.

Definition. A trigonometric series

𝑇 (𝑥) = 𝑎0
2 +

∞
∑
𝑛=1

(𝑎𝑛 cos 𝑛𝑥 + 𝑏𝑛 sin 𝑛𝑥) (1)

with arbitrary numerical coefficients is summed by the s.c. method 𝐴(𝑚)
𝑐 (𝑚 >

0) to the function 𝑓(𝑥) ∈ 𝐶2𝜋, if the following conditions are satisfied:

sup
−𝜋≤𝑥≤𝜋

∞
∑
𝑘=0

𝑎𝑘(𝑧) |𝑠𝑘(𝑥) − 𝑓(𝑥)|𝑚 = 𝐵(𝑧) ≤ 𝐵𝑓 < ∞,

lim
𝑧→𝑍−

∞
∑
𝑘=0

𝑎𝑘(𝑧) |𝑠𝑘(𝑥) − 𝑓(𝑥)|𝑚 = 0

uniformly in 𝑥 ∈ [−𝜋, 𝜋], where {𝑎𝑘(𝑧)}∞
𝑘=0 are functions defined and continuous

on [𝑧0, 𝑍], 𝑍 ≤ +∞, and 𝑠𝑘(𝑥) is the partial sum of series (1).
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From an s.c. method 𝐴(𝑚)
𝑐 , by means of a corresponding choice of the functions

{𝑎𝑘(𝑧)}∞
𝑘=0, concrete strong methods of summation may be obtained. Assuming

everywhere that 𝑎𝑘(𝑧) ≥ 0, 𝑘 = 0, 1, 2, …, we show that the following assertions
hold:

1. If

𝐴(𝑧) =
∞

∑
𝑘=0

𝑎𝑘(𝑧) ≤ 𝐴 < ∞, (2)

then from summability by the s.c. method 𝐴(𝑚)
𝑐 there follows summability by

the s.c. method 𝐴(𝑟)
𝑐 , where 0 < 𝑟 ≤ 𝑚.

2. If 𝐴(𝑧) → 𝛼 ≠ 0 as 𝑧 → 𝑍−, then series (1) cannot have two different
𝐴(𝑚)

𝑐 -limits.

3. Conditions (2) and

lim
𝑧→𝑍−

𝛼𝑘(𝑧) = 0, 𝑘 = 0, 1, 2, … , (3)

are sufficient for regularity in the sense of Toeplitz of the s.n. method 𝐴(𝑚)
𝑐 , i.e.,

from the fact that

‖𝑠𝑘(𝑥) − 𝑓(𝑥)‖𝑐 → 0 as 𝑘 → ∞

it follows that 𝑓(𝑥) is the 𝐴(𝑚)
𝑐 -limit of the series (1).

By 𝐴|𝑚|∗
𝑐 we shall denote the field of the s.n. method 𝐴(𝑚)

𝑐 , i.e., the set of
trigonometric series (1) summable by this method. If in this set 𝐴|𝑚|∗

𝑐 one
introduces the operations of addition of elements and multiplication by a scalar,
assuming in doing so that the corresponding coefficients of the trigonometric
series are added and multiplied by a scalar, then we have proved that the field
𝐴|𝑚|∗

𝑐 is a linear space.

If in 𝐴|𝑚|∗
𝑐 one introduces the norm

‖𝑇 ‖𝐴𝑐
= sup

𝑧0≤𝑧<𝑍
sup

𝑥
{

∞
∑
𝑘=0

𝛼𝑘(𝑧)|𝑠𝑘(𝑥)|𝑚}
1/𝑚

, (4)

assuming that

𝛼𝑘(𝑧) ≠ 0, 𝑘 = 0, 1, 2, … , (5)
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then the following holds.

Theorem 1. Let the sequence {𝛼𝑘(𝑧)}∞
𝑘=0 satisfy conditions (2), (3), (5), and

let lim𝑧→𝑍− 𝐴(𝑧) = 𝑎 ≠ 0. Then the field 𝐴|𝑚|∗
𝑐 (𝑚 ≥ 1) with norm (4) is a

Banach space.

We give estimates for the approximation of certain classes of functions by 𝐴(𝑚)
𝑐 -

means of trigonometric Fourier series, i.e., estimates of the means

𝜎𝑚(𝑥, 𝑧, 𝑇 , 𝑓) = {
∞

∑
𝑘=0

𝛼𝑘(𝑧)|𝑠𝑘(𝑓, 𝑥) − 𝑓(𝑥)|𝑚}
1/𝑚

.

Theorem 2. Let 𝑓(𝑥) ∈ Lip 𝛽 (0 < 𝛽 ≤ 1), 𝑚 ≥ 2, and let conditions (2), (3)
be satisfied. Then

𝜎𝑚(𝑥, 𝑧, 𝑇 , 𝑓) =
⎧{
⎨{⎩

𝑂 ([𝛿(𝑧)]1/𝑚) , if 𝛽𝑚 > 1,
𝑂 ([𝛿(𝑧)]𝛽) , if 𝛽𝑚 < 1,
𝑂 ([𝛿(𝑧)]𝛽| ln 𝛿(𝑧)|1−𝛽) , if 𝛽𝑚 = 1,

where

𝛿(𝑧) =
∞

∑
𝑘=0

|Δ𝛼𝑘(𝑧)| =
∞

∑
𝑘=0

|𝛼𝑘(𝑧) − 𝛼𝑘+1(𝑧)|.

Turan (8) showed that there exist continuous functions for which

1
𝑛 + 1

𝑛
∑
𝑘=0

|𝑠𝑘(𝑓, 𝑥) − 𝑓(𝑥)|𝑚 ≠ 𝑜(1) as 𝑛 → ∞,

if 𝑚 = 𝑚(𝑛) ↑ ∞ arbitrarily slowly.

It follows from Theorem 2 that, if 𝑚 = 𝑚(𝑧) = 𝑜(ln 1/𝛿(𝑧)) as 𝑧 → 𝑍− and
𝑓(𝑥) ∈ Lip 𝛽, 0 < 𝛽 ≤ 1, then 𝜎𝑚(𝑥, 𝑧, 𝑇 , 𝑓) = 𝑜(1) as 𝑧 → 𝑍−.

Putting, in particular,

𝛼𝑘(𝑧𝑛) =
⎧{
⎨{⎩

0, if 𝑘 > 𝑛,
1

𝑛 + 1, if 𝑘 ≤ 𝑛,

for some sequence {𝑧𝑛} ∈ [𝑧0, 𝑍) converging to 𝑍−, we obtain from the 𝐴(𝑚)
𝑐 -

method the Hardy method, for which 𝛿(𝑧𝑛) = 1/(𝑛 + 1).
Thus, if 𝑓(𝑥) ∈ Lip 𝛽, 0 < 𝛽 ⩽ 1, 𝑚 = 𝑚(𝑛) = 𝑜(ln 𝑛), then
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{ 1
𝑛 + 1

𝑛
∑
𝑘=0

|𝑠𝑘(𝑓, 𝑥) − 𝑓(𝑥)|𝑚(𝑛)}
𝑚(𝑛)

= 𝑜(1) as 𝑛 → ∞.

As in 6, we shall say that the function 𝑔(𝑥) ∈ 𝑊 𝑟
𝛾 𝐻𝛽

𝑘 if 𝑔(𝑥) is represented in
the form

𝑔(𝑥) =
∞

∑
𝑖=1

1
𝜋𝑖𝑟 ∫

𝜋

−𝜋
𝜑(𝑥 + 𝑡) cos (𝑖𝑡 + 𝛾𝜋

2 ) 𝑑𝑡,

where 𝑟 ⩾ 0,

∫
𝜋

−𝜋
𝜑(𝑥) 𝑑𝑥 = 0,

𝜑(𝑥) ∈ 𝐻𝛽
𝑘 , i.e., its modulus of smoothness of order 𝑘 ⩾ 1 satisfies the conditions

𝜔𝑘(ℎ, 𝜑) ⩽ ℎ𝛽, ℎ ⩾ 0, 0 < 𝛽 ⩽ 1.

Theorem 3. Let 𝑓(𝑥) ∈ 𝑊 𝑟
𝛾 𝐻𝛽

1 (0 < 𝛽 ⩽ 1, 𝑟 > 0), 𝑚 ⩾ 1, and let conditions
(2), (3) be fulfilled. Then:

1. If 0 < 𝛽 < 1, lim𝑘→∞ 𝛼𝑘(𝑧)(𝑘 + 1)1−𝑚(𝑟+𝛽) = 0, then

𝜎𝑚(𝑥, 𝑧, 𝑇 , 𝑓) = 𝑂
⎧{
⎨{⎩

(
∞

∑
𝑘=0

∣Δ 𝛼𝑘(𝑧)
(𝑘 + 1)𝑟𝑚 ∣ ((𝑘 + 1)1−𝛽𝑚)1/𝑚) + (

∞
∑
𝑘=0

𝛼𝑘(𝑧)
(𝑘 + 1)(𝑟+𝛽)𝑚 )

1/𝑚⎫}
⎬}⎭

.

2. If 𝛽 = 1, then

𝜎𝑚(𝑥, 𝑧, 𝑇 , 𝑓) = 𝑂
⎧{
⎨{⎩

⎛⎜
⎝

∞
∑
𝑘=1

∣Δ 𝛼𝑘(𝑧)
(𝑘 + 1)𝑟𝑚 ∣ ((𝑘 + 1)1−𝑚 ln𝑚(𝑘 + 1))1/𝑚 + (

∞
∑
𝑘=0

𝛼𝑘(𝑧)
(𝑘 + 1)(𝑟+1)𝑚 )

1/𝑚⎫}
⎬}⎭

.

We shall give one result concerning summability almost everywhere by strong
methods. In this connection, the series (1) is summable almost everywhere by
the strong method 𝐴(𝑚)

𝑝 to 𝑓(𝑥) ∈ 𝐿𝑝, 1 ⩽ 𝑝 < ∞, if the relations

sup
𝑧0⩽𝑧<𝑍

{
∞

∑
𝑘=0

𝛼𝑘(𝑧) |𝑠𝑘(𝑥) − 𝑓(𝑥)|}
1/𝑚

∈ 𝐿𝑝(−𝜋, 𝜋),
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lim
𝑧→𝑍−

∞
∑
𝑘=0

𝛼𝑘(𝑧) |𝑠𝑘(𝑥) − 𝑓(𝑥)|𝑚 = 0

hold for almost all 𝑥.

Theorem 4. If the conditions of Theorem 1 are fulfilled, then the field 𝐴𝑚
𝑝 is

a Banach space with norm

‖𝑇 ‖𝐴𝑝
=

⎧{
⎨{⎩

∫
2𝜋

0

⎛⎜
⎝

sup
𝑧

[
∞

∑
𝑘=0

𝛼𝑘(𝑧) |𝑠𝑘(𝑥)|𝑚]
1/𝑚

⎞⎟
⎠

𝑝

𝑑𝑥
⎫}
⎬}⎭

1/𝑝

.

I express my deep gratitude to Prof. A. V. Efimov for posing the problem and
for his constant attention to the work.

Moscow Forestry Engineering Institute

Received
14 X 1966
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