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THEORY OF ELASTICITY

L. Ya. AINOLA

VARIATIONAL PRINCIPLES OF THE DY-
NAMICS OF SHELL THEORY
(Presented by Academician Yu. N. Rabotnov, 25 IV 1966)

In formulating dynamical problems of the theory of elastic shells in variational
form, Hamilton’s principle is used, which assumes that the positions of the shell
at the end of the motion are known (see, for example, (1−6)). However, dynamical
problems of shell theory are almost always presented as problems with initial
conditions. In the present note a variational principle is given for such problems
with initial conditions, in particular for the case in which the motion of the shell
is described by linear equations of a theory of the Timoshenko type.

Let r be the radius vector of a point of the middle surface of the shell; n the unit
vector of the normal to the middle surface; 𝑥𝛼 (𝛼 = 1, 2) Gaussian coordinates;
r𝛼 the base vectors; 𝑎𝛼𝛽, 𝑏𝛼𝛽 the tensors of the first and second quadratic forms
of the middle surface; 𝑧 the distance from the middle surface. The radius vector
of an arbitrary point of the shell is

R = r(𝑥1, 𝑥2) + 𝑧n(𝑥1, 𝑥2). (1)

Next let the displacement vector of points of the shell U be represented in the
form

U = (𝑣𝛼 + 𝑧𝜑𝛼)r𝛼 + 𝑤n, (2)

where 𝑣𝛼(𝑥𝛾, 𝑡), 𝑤(𝑥𝛾, 𝑡) are the components of the displacement vector of the
middle surface of the shell; 𝜑𝛼(𝑥𝛾, 𝑡) are the angles of rotation of the normal.

The components of the strain tensors 𝜀𝛼𝛽, 𝜒𝛼𝛽 and of the kinematic vector 𝜔𝛼
can be expressed in the form

𝜀𝛼𝛽 = 1
2 (∇𝛼𝑣𝛽 + ∇𝛽𝑣𝛼 − 2𝑏𝛼𝛽𝑤),

𝜒𝛼𝛽 = 1
2 (∇𝛼𝜑𝛽 + ∇𝛽𝜑𝛼), 𝜔𝛼 = 𝜑𝛼 + ∇𝛼𝑤 + 𝑏𝛼𝛽𝑣𝛽, (3)

sovietrxiv.org/items/ru-196701.21147 Machine Translation

https://sovietrxiv.org/items/ru-196701.21147


where ∇𝛼 denotes covariant differentiation.

Denote the velocities and momenta respectively by

𝜗𝛼 = ̇𝑣𝛼, 𝜆 = 𝑤̇, 𝜓𝛼 = 𝜑̇𝛼; (4)

𝜃𝛼 = 𝜌ℎ𝜗𝛼, Λ = 𝜌ℎ𝜆, Ψ𝛼 = 1
12 𝜌ℎ3𝜓𝛼. (5)

Here 𝜌 is the density of the shell material, and ℎ is the shell thickness.

Let 𝑇 𝛼𝛽, 𝑀𝛼𝛽, 𝑁𝛼 be the components of the tensors of tangential forces, mo-
ments, and the vector of transverse forces; 𝑝𝛼, 𝑝, 𝑚𝛼 the components of the
prescribed vectors of external forces and moments.

The equations of motion will be

∇𝛼𝑇 𝛼𝛽 − 𝑏 𝛽
𝛼 𝑁𝛼 − ̇𝜃𝛽 + 𝑝𝛽 = 0,

∇𝛼𝑁𝛼 + 𝑏𝛼𝛽𝑇 𝛼𝛽 − Λ̇ + 𝑝 = 0, (6)

∇𝛼𝑀𝛼𝛽 − 𝑁𝛽 − Ψ̇𝛽 + 𝑚𝛽 = 0.

We shall represent the elasticity relations in the form

𝑇 𝛼𝛽 = 𝐵𝐸𝛼𝛽𝛾𝛿𝜀𝛾𝛿, 𝑁𝛼 = 𝐺𝜔𝛼, 𝑀𝛼𝛽 = 𝐷𝐸𝛼𝛽𝛾𝛿𝜒𝛾𝛿. (7)

where

𝐵 = 𝐸ℎ/(1 − 𝜈2), 𝐺 = 𝐸ℎ/8𝑘(1 + 𝜈), 𝐷 = 𝐸ℎ3/12(1 − 𝜈2),
𝐸𝛼𝛽𝛾𝛿 = 𝑎𝛼𝛾𝑎𝛾𝛿 + 𝜈𝑐𝛼𝛾𝑐𝛽𝛿, (8)

𝑘 is the shear coefficient, and 𝑐𝛼𝛽 are the components of the discriminant tensor.

Suppose that on the part 𝐶1 of the contour of the middle surface 𝑆 the static
boundary conditions are prescribed:

𝑇 𝛼𝛽𝑛𝛼 = 𝑃 𝛽, 𝑁𝛼𝑛𝛼 = 𝑃, 𝑀𝛼𝛽𝑛𝛼 = 𝐾𝛽 (9)

and on the remaining part of the contour 𝐶2 the geometric boundary conditions
are prescribed:

𝑣𝛼 = 𝑣∗
𝛼, 𝑤 = 𝑤∗, 𝜑𝛼 = 𝜑∗

𝛼. (10)
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Here 𝑃 𝛽, 𝑃 , 𝐾𝛽 are the components of the prescribed vectors of external forces
and moments on the contour; 𝑣∗

𝛼, 𝑤∗, 𝜑∗
𝛼 are the components of the prescribed

displacement vectors and rotation angles on the contour; and 𝑛𝛼 are the com-
ponents of the unit normal vector to the shell contour.

We prescribe the initial conditions in the form

𝑣𝛼∣𝑡=0 = 𝑣0
𝛼, 𝑤∣𝑡=0 = 𝑤0, 𝜑𝛼∣𝑡=0 = 𝜑0

𝛼; (11)

𝜃𝛼∣𝑡=0 = 𝜃0
𝛼, Λ∣𝑡=0 = Λ0, Ψ𝛼∣𝑡=0 = Ψ0

𝛼. (12)

Here 𝑣0
𝛼, 𝑤0, 𝜑0

𝛼, 𝜃0
𝛼, Λ0, Ψ0

𝛼 are the displacements, rotation angles, and momenta
at the beginning of the motion. The equations of motion of the formulated
problem (3)—(7) must be integrated under the boundary and initial conditions
(9)—(12).

The indicated problem can be formulated in variational form. Denote

𝑔 ∗ 𝑓 = ∫
𝜏

0
𝑔(𝑥𝛾, 𝑡)𝑓(𝑥𝛾, 𝜏 − 𝑡) 𝑑𝑡 (13)

and introduce into consideration the functional

𝐼 = ∫
𝑆

{ − 1
2𝐸𝛼⋅𝛾𝛿(𝐵𝜀𝛼𝛽 ∗ 𝜀𝛾𝛿 + 𝐷𝜒𝛼𝛽 ∗ 𝜒𝛾𝛿) − 1

2𝐺𝜔𝛼 ∗ 𝜔𝛼

+ 𝑇 𝛼𝛽 ∗ [𝜀𝛼𝛽 − 1
2(∇𝛼𝑣𝛽 + ∇𝛽𝑣𝛼 − 2𝑏𝛼𝛽𝑤)] + 𝑀𝛼𝛽 ∗ [𝜒𝛼𝛽 − 1

2(∇𝛼𝜑𝛽 + ∇𝛽𝜑𝛼)]

+ 𝑁𝛼 ∗ (𝜔𝛼 − 𝜑𝛼 − ∇𝛼𝑤 − 𝑏𝛽
𝛼𝑣𝛽) − 1

2𝜌ℎ(𝜃𝛼 ∗ 𝜃𝛼 + 𝜆 ∗ 𝜆 + 1
12ℎ2𝜓𝛼 ∗ 𝜓𝛼)

+ 𝜃𝛼 ∗ (𝜗𝛼 − ̇𝑣𝛼) + Λ ∗ (𝜆 − 𝑤̇) + Ψ𝛼 ∗ (𝜓𝛼 − 𝜑̇𝛼)
+ 𝑝𝛼 ∗ 𝑣𝛼 + 𝑝 ∗ 𝑤 + 𝑚𝛼 ∗ 𝜑𝛼 + [𝜃𝛼

0 𝑣𝛼 + Λ0𝑤 + Ψ𝛼
0 𝜑𝛼]𝑡=𝜏

− [𝜃𝛼|𝑡=𝜏(𝑣𝛼 − 𝑣0
𝛼)|𝑡=0 + Λ|𝑡=𝜏(𝑤 − 𝑤0)|𝑡=0 + Ψ𝛼|𝑡=𝜏(𝜑𝛼 − 𝜑0

𝛼)|𝑡=0]} 𝑑𝑆

+ ∫
𝐶1

(𝑃 𝛼 ∗ 𝑣𝛼 + 𝑃 ∗ 𝑤 + 𝐾𝛼 ∗ 𝜑𝛼) 𝑑𝐶

+ ∫
𝐶2

[𝑇 𝛼𝛽 ∗ (𝑣𝛼 − 𝑣∗
𝛼) + 𝑁𝛽 ∗ (𝑤 − 𝑤∗) + 𝑀𝛼𝛽 ∗ (𝜑𝛼 − 𝜑∗

𝛼)] 𝑛𝛽 𝑑𝐶.

(14)

By the true motion of the shell we mean the motion that occurs according to
equations (3)—(7) and conditions (9)—(12). In this case the following variational
principle holds.
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The true motion of the shell in the time interval (0, 𝜏) is such that the functional
𝐼 has a stationary value, i.e.

𝛿𝐼 = 0. (15)

Varying the functions 𝑣𝛼, 𝑤, 𝜑𝛼, 𝜀𝛼𝛽, 𝜔𝛼, 𝜒𝛼𝛽, 𝜗𝛼, 𝜆, 𝜓𝛼, 𝑇 𝛼𝛽, 𝑁𝛼, 𝑀𝛼𝛽, 𝜃𝛼, 𝜆, Ψ𝛼,
it is not difficult to verify that the Euler—Lagrange equations and the natural
boundary conditions of the functional (14) are equations (3)—(7) and conditions
(9)—(12).

From the general variational principle presented above one can obtain all possi-
ble variational principles of the dynamics of shell theory, if part of relations (3)
—(7), (9)—(12) are satisfied beforehand and, with their aid, the corresponding
varied quantities are eliminated from functional (14). In particular, if one as-
sumes that all functions except 𝑣𝛼, 𝑤, 𝜑𝛼 have been eliminated through relations
(3)—(5), (7), and that the functions 𝑣𝛼, 𝑤, 𝜑𝛼 satisfy the boundary and initial
conditions (10), (11), then the functional 𝐼 takes the form

𝐼 = ∫
𝑆

{ − 1
2 𝐸𝛼𝛽𝛾𝛿(𝐵𝑒𝛼𝛽 ∗ 𝑒𝛾𝛿 + 𝐷𝜒𝛼𝛽 ∗ 𝜒𝛾𝛿) − 1

2 𝐺𝜔𝛼 ∗ 𝜔𝛼

− 1
2 𝜌ℎ(𝜗𝛼 ∗ 𝜗𝛼 + 𝜆 ∗ 𝜆 + 1

2 ℎ2𝜓𝛼 ∗ 𝜓𝛼) + 𝑝𝛼 ∗ 𝑣𝛼 + 𝑝 ∗ 𝑤 + 𝑚𝛼 ∗ 𝜑𝛼

+ [𝜃𝛼
0 𝑣𝛼 + Λ0𝑤 + Ψ𝛼

0 𝜑𝛼]𝑡=𝑡0
} 𝑑𝑆 + ∫

𝐶1

(𝑃 𝛼
∗ 𝑣𝛼 + 𝑃∗𝑤 + 𝐾𝛼

∗ 𝜑𝛼) 𝑑𝐶.

(16)
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Note: Figure translations are in progress. See original paper for figures.
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