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A. 1. GUSEINOV, M. A. ABDURAGIMOV

ON A NONLINEAR BOUNDARY-VALUE
PROBLEM

(Presented by Academician I. N. Vekua, 27 IV 1966)

Let L be a simple smooth closed contour dividing the complex plane into the
interior domain D" and the exterior domain D~; suppose that the origin is
enclosed by the contour L.

Denote by E* (E™) the space of functions analytic in Dt (D~) and continuous

inD' (D ), with norm
|27 (2)] = max [0 (2)];
zeD

respectively
127 (2)]| = max [©7(2)].
zeD

Definition 1. We shall say () that a function w(s) (0 < s <) belongs to the
class @* if it satisfies the conditions:

1) w(s) increases monotonically and is finite everywhere;

2) w(s) 7& 07 hms—)Ow(S) = 07

3) there exists a constant ¢ > 1 such that

w(cs)

1 < lim < limg_,,

s=0 w(s)
Definition 2. u(t) € Hy(w), t € L, if |u(t)| <k, |u(ty) — ulty)| < kw(|t; —£5]),
ty,ty € L, where k = const, w(s) € *.

Statement of the problem. It is required to find a function ®*(z) € E* and
&~ (z) € E~ satisfying the boundary condition

T—1

(@ ()" + F (t, /L flr, @7 (7)] dr) =GP (b), (*)
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where n > 2 is an integer, G(t) is a given function of the class Hy(w) on L and is
nowhere zero on L; f(t,u) is a function defined for ¢ € L and u = ®*(z) € E*,
satisfying the condition:

|f(t1,ur) — o, uo)| < Alw([ty — o)) + (ug — uy)],

w(s) € ®*, 0<s<l, A=const>D0, (1)
F(t,v) is a function defined for ¢t € L and v = (7'7,1;) dr, u=®*(z) € E*,
L T

satisfying the conditions:

|F(t,0)] < By(1+[v]™%), 0<e<n; (2)

|F(ty,v)—F(tg, v)| < Bo[(14+0™)w(|t; —to|)+(A+0" 1) o, —v,], T = Hza (Jvg], [vg]).

\/N

If one takes (1) into account, then it can be shown that

[F'(t,0)| < B(1+ |u|"7%), (4)

|[F(ty,01) = F(ty,vp)] < B(1+@" % )w([ty —to]) + (1 +@" 175 [suy — suyl], (5)
where B = const > 0, @ = max(|uy|, |uy]),

Su = AGED) dr.

 T—1

The operator defined in E* by the function

+
P (t’ / [ 27) dt)
o T—1
will be denoted simply by F'S®*. If we make the substitution

O (2) =[2*(2)]",  21(2) =27 (2)

and use the theory of the linear Riemann boundary-value problem (1,2,4), then
we shall have
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t(z) = "B/ [P (2) - HI ST,

®(z) =" P[P (2) - H FS®T], (6)

where

—X
[(z) = i / It XG0 dt, He= L/ #(t) -1 dt, z€D'UD".
L L

Suppose that ®*(z) has no branch points in D and that x = ind G(¢) > 0.
Then problem (6) actually splits into n problems corresponding to the different
branches of the radical, and the equivalence of problems (*) and (6) is obvious;
therefore it is enough to prove the solvability of problem (6).

Put P, (z) = c and consider in the space £ the operator

Wot = eF*(z)/n[c _ H+FS(I)+]1/n’

where a certain branch is fixed.

Denote by Sp the closed sphere in E* of radius R: |®7(2)|| < R; Sg(N) is the
set of functions from S whose boundary values belong to the class Hy(w).

Lemma 1. If the function f(¢,u) satisfies condition (1), then the function

o= [ 12,

T—1

for u(t) € Hy(w) satisfies the condition

[u(ty) —v(ty)] < DA(L + N)w([ty — o)),

where D = const does not depend on A and N.

Lemma 2. If the function f(¢,u) satisfies condition (1), and the function
F'(t,v) satisfies conditions (2), (3), or, equivalently, conditions (4), (5), then the

operator
H'y=— r o7 e T dr

T 2w r T—1

is continuous on the set Si(N).
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Proof. Consider the operators

(Sl
Su— / L) (7)

T—1
S*U/ F[T7U(T)]67F+(T) dr. (8)
o T—1

To prove the validity of the lemma, it is evidently sufficient to prove the conti-
nuity of the operators (7) and (8). Let us prove the continuity of the operator
Su.

If (1) is taken into account and u(t) € Hy(w), then it is easy to see that there
exists a constant M* > 0 such that |f[r,u(7)]| < M*, 7 € L; |f[r,u(r)] —
flra, u(my)]| < M*w(|my — 7|), 9,71 € L. Then there exists a constant A* > 0,
independent of M*, such that

ﬂﬂwﬂ]‘ .
Su=|[ =—— = dr| < M*A". 9
¢ / e = (9)
Let
max |u,, (t) —u(t)] = e.
We have
Su, — Su = / 7 un (7)) ftf[r, u(r)]
L T—

|75 un (7)) = 7, u(r)
= |17 un (D] = [l w()][P1f [T, (7)
< APer (M) < Met (0 < p < 1);
LIy ()] = Sl u(m)] = flra, wn (12)] + flrg, u(ms)]| <
< 2pAlet 2M w(|my — 7y )1 < Metfw(|ry — 7)1,
where M = 24 (M*)'#, 7,7, € L.

Then, according to (9),
|Su,, — Su| <etMA,

where A = const does not depend on Meh.
The continuity of the operator S*v is proved analogously.

Lemma 3. Let the function f(¢,u) satisfy condition (1), f(¢,v) conditions (4),
(5), and let u = @ (2) € Sz(N). Then the function

. F {7_7/ f[T17ﬁ(Tl)] dTl}
v(t) = HYFSu= —/ L o7 e " dr
i T—1

T 2m
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belongs to the class Hz(w), where K = 2BBR™ ' ¢{[R+DA(1+N)|M+rkR},

M = max(||e”" ?)|,e T (*) 1), and B, r are constants independent of R and N.

Lemma 4. If f(t,u) satisfies condition (1), F(¢,v) conditions (4) and (5),
R = P(|ch)Y™, N = q(|c)/™, |e|*/™ > max(k,, ky), where

o 2 (s)
ley = 6Bp" M { p+ [DA(p + q) + p] ds o
™ J s

- 3 ~

ky = 5(1+2B)Bp" H{[p+ DA(p+ q)]M + rkp},
p, q are numbers > 1, m = const, then WSg(N) C Sg (N;), where Ry =
[2M[c[]V/", Ny = (rk +1) x [2M]c]]V/".

Lemma 5. If all the conditions of Lemma 4 are satisfied, then the operator
Wt is continuous on Sg(N).

By virtue of the lemmas indicated above, the following is established.

Theorem. If f(¢,u) satisfies condition (1), and F'(¢,v) satisfies conditions (2)
and (3), or, equivalently, conditions (4) and (5), and x = ind G(¢) > 0, then
problem () is solvable.

Remark 1. The assumption y > 0 in the above arguments is essential, since
the solvability of problem (x) is to a considerable extent ensured by the presence
of the parameter c.

Remark 2. A problem of the form
(*)

Ot(t) =GP ()" + F (t, /L Il o ()] d7>

T—1

by means of the change of variable z = 1/w (7 = 1/t) is transformed into the
problem

(ST ()" + F (T, /L W d7-1> = G, (1®; (1),

where

fl[ﬁ,qﬁ(ﬁ)]:f{:,@{(Tl)} Z Fl(T,StIﬁ):F(;S(I)f) /G (%)

1 1

Further, note that

IndG,(7) = Indﬁ =Ind G(t) = x.
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It is not hard to see that if f(¢,u) satisfies condition (1), and F(¢,v) satisfies
conditions (2) and (3), or, equivalently, (4) and (5), then f;(r,u) and F(7,v),
respectively, satisfy analogous conditions.

Consequently, a problem of the form (") is also solvable.

Remark 3. One can prove the solvability also of the more general problem

@+ ()] +F{t @+ (1 Wdf} —Gme(n), ()

T—1

where the function f(¢,7,u) is defined for t,7 € L, u = ®*(z) € ET, and

|f (1, s uq) = ftg, Tos un)| < A{b([ty —t5]) + w(|m — 7o) + |ug — usl},

w(s), ¥(s) € D*, ¥(s)|Ins| < Fyw(s), 0<s<l, F,, = const > 0;
F(t,u,v) is defined for t € L, u = ®*(z) € ET,

ft'ru
T—1

v =
and satisfies the conditions

|F(t,u,v)] < By(14|u|™°+ |v|™9), 0<e<n,

|F(ty, uy, v1)—F (ty, ug, vg)] < Bi{(1=0")w(|t;—to )+ (1+0"717%) [Juy —ug|+|v; —vy ]},

0 = max(|u,|, |v;]), i=1,2.
A problem of the form (%), when the function F does not depend on the third
expression, in the Holder class H,,(d), was considered in paper (6).

In conclusion we report that, using paper (5), it has been proved that a solution
of problem (*) can be obtained by the method of successive approximations.
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