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UDC 517.917

MATHEMATICS

E. D. GARBER

ON PERIODIC SOLUTIONS OF SOME NON-
LINEAR DIFFERENTIAL EQUATIONS
(Presented by Academician V. I. Smirnov, 12 IV 1966)

1. In papers (1−5), on the basis of various kinds of majorizing relations, a
priori estimates and theorems on the existence of periodic solutions of nonlin-
ear differential equations were obtained. In the present note these results are
strengthened by means of the more accurate estimates, developed in (6−8), for
the norms of the corresponding inverse operators. The main results are for-
mulated in Sec. 2 as applied to symmetric periodic solutions of autonomous
differential equations with one nonlinearity.

2. Consider the system

𝑑𝑥𝑘
𝑑𝑡 =

𝑛
∑
𝑠=1

𝑎𝑘𝑠𝑥𝑠 + 𝑏𝑘𝑓(𝜎), 𝜎 =
𝑛

∑
𝑠=1

𝑐𝑠𝑥𝑠, 𝑘 = 1, 2, … , 𝑛, (1)

where 𝑎𝑘𝑠, 𝑏𝑘, 𝑐𝑠 are real constants, and the function 𝑓(𝜎) is defined and con-
tinuous for all finite values of 𝜎, 𝑓(0) = 0.
Denote

𝐷(𝜆) = det ‖𝑎𝑘𝑠 − 𝜆𝛿𝑘𝑠‖ (𝛿𝑘𝑘 = 1, 𝛿𝑘𝑠 = 0, 𝑘 ≠ 𝑠).
We shall investigate the existence of symmetric periodic solutions of system (1):

𝑥𝑘(𝑡 + 𝑇 ) = 𝑥𝑘(𝑡), 𝑥𝑘(𝑡 + 𝑇 /2) = −𝑥𝑘(𝑡), 𝑘 = 1, 2, … , 𝑛, (2)

for which

𝐷(𝑖𝑗𝜔) ≠ 0, 𝜔 = 2𝜋/𝑇 , 𝑗 = 2𝑙 + 1, 𝑙 = 1, 2, …

For these solutions, choosing the origin of 𝑡 in an appropriate way, we represent
the argument of the nonlinear function 𝑓(𝜎) in the form

sovietrxiv.org/items/ru-196701.19075 Machine Translation

https://sovietrxiv.org/items/ru-196701.19075


𝜎 = 𝑎 sin𝜓 + 𝑧(𝜓),

where

𝜓 = 𝜔𝑡, 𝑎 ≥ 0, ∫
𝜋

0
𝑧(𝜓)𝑒𝑖𝜓 𝑑𝜓 = 0.

As shown in (6,8), the frequency 𝜔, the sum of the higher harmonics 𝑧(𝜓), and
the amplitude 𝑎 of the first harmonic of the solution satisfy the system of integral
equations

𝑧(𝜓) = ∫
𝜋

0
𝑅(𝜓 − 𝜃)𝑓[𝑎 sin 𝜃 + 𝑧(𝜃)] 𝑑𝜃, (3)

𝐾(𝑎, 𝜔, 𝑧) = 0, (4)

where

𝑅(𝜓) = 2
𝜋

∞
∑
𝑙=1

Re [𝑊(𝑖𝑗𝜔)𝑒𝑖𝑗𝜓], 𝑗 = 2𝑙 + 1;

𝑊(𝜆) = 𝑁(𝜆)
𝐷(𝜆) ; 𝑁(𝜆) = det

∥
∥
∥
∥

𝑎11 − 𝜆 ⋯ 𝑎1𝑛 𝑏1
⋯ ⋯ ⋯ ⋯

𝑎𝑛1 ⋯ 𝑎𝑛𝑛 − 𝜆 𝑏𝑛
𝑐1 ⋯ 𝑐𝑛 0

∥
∥
∥
∥

=
𝑛

∑
𝑠=1

𝑐𝑠𝑁𝑠(𝜆);

𝐾(𝑎, 𝜔, 𝜀) = 𝑎𝐷(𝑖𝜔) − 2𝑁(𝑖𝜔)
𝜋 ∫

𝜋

0
𝑒𝑖(𝜋/2−𝜓)𝑓[𝑎 sin𝜓 + 𝜀(𝜓)] 𝑑𝜓.

If all roots 𝜆𝜌 of the characteristic equation 𝐷(𝜆) = 0 are simple, then

𝑅(𝜓) = 1
𝜔

ℎ
∑
𝜌=1

𝑁(𝜆𝜌) exp(𝜆𝜌𝜓/𝜔)
𝐷′(𝜆𝜌)(1 + exp 0.5𝜆𝜌𝑇 ) − 2

𝜋 Re[𝑊(𝑖𝜔)𝑒𝑖𝜓], 0 < 𝜓 < 𝜋.

If system (3), (4) has a solution, then the periodic solution (2) of system (1) is
determined by the expression:

𝑥𝑘(𝜓) = ∫
𝜋

0
𝑅𝑘(𝜓 − 𝜃)𝑓[𝑎 sin 𝜃 + 𝑧(𝜃)] 𝑑𝜃, 𝑘 = 1, 2, … , 𝑛, (5)
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where

𝑅𝑘(𝜓) = 2
𝜋

∞
∑
𝑙=0

Re[𝑊𝑘(𝑖𝑗𝜔)𝑒𝑖𝑗𝜓], 𝑗 = 2𝑙 + 1, 𝑊𝑘(𝜆) = 𝑁𝑘(𝜆)
𝐷(𝜆) .

It is not difficult to show that, by solving simple variational problems (6), one
can determine continuous, for 𝑎 ≥ 0, 𝜔 ≥ 0, 𝛼 ≥ 0, functions 𝐾𝑟(𝑎, 𝜔, 𝛼),
𝑟 = 1, 2, 3, 4, such that

𝐾1 ≥ sup
|𝜀|≤𝛼

Re𝐾(𝑎, 𝜔, 𝜀), 𝐾2 ≥ − inf
|𝜀|≤𝛼

Re𝐾(𝑎, 𝜔, 𝜀),

𝐾3 ≥ sup
|𝜀|≤𝛼

Im𝐾(𝑎, 𝜔, 𝜀), 𝐾4 ≥ − inf
|𝜀|≤𝛼

Im𝐾(𝑎, 𝜔, 𝜀),

where the functions 𝜀(𝜓) are assumed continuous.

Theorem. Suppose that there exists a continuous function 𝛼0(𝑎, 𝜔), defined in
some subdomain Ω of the first quadrant of the plane 𝑎, 𝜔, and a function 𝑈(𝑎, 𝛼),
defined for 𝑎 < 0, 𝛼 > 0, such that:

a) for arbitrary continuous functions 𝜀1(𝜓), 𝜀2(𝜓), 𝜓 ∈ [0, 𝜋], satisfying the
conditions |𝜀1(𝜓)| ≤ 𝛼, |𝜀2(𝜓)| ≤ 𝛼, the inequality

|𝑓(𝑎 sin𝜓 + 𝜀1) − 𝑓(𝑎 sin𝜓 + 𝜀2)| ≤ 𝑈(𝑎, 𝛼) sup
𝜓∈[0,𝜋]

|𝜀1 − 𝜀2|; (6)

b) for 𝛼 ≥ 𝛼0(𝑎, 𝜔) the inequality

𝛼 [1 − 𝑈(𝑎, 𝛼) ∫
𝜋

0
|𝑅(𝜓)| 𝑑𝜓] − sup

𝜓∈[0,𝜋]
∣∫

𝜋

0
𝑅(𝜓 − 𝜃)𝑓(𝑎 sin 𝜃) 𝑑𝜃∣ ≥ 0; (7)

c) the system of inequalities

𝐾𝑟[𝑎, 𝜔, 𝛼0(𝑎, 𝜔)] ≥ 0, 𝑟 = 1, 2, 3, 4, (8)

determines a closed subdomain Ω0 ⊂ Ω, and its contour Γ consists of four simple
arcs, for which respectively 𝐾𝑟 = 0.

Then system (1) has at least one nonzero symmetric periodic solution (5), for
which

(𝑎, 𝜔) ∈ Ω0, |𝑧(𝜓)| ≤ sup
(𝑎,𝜔)∈Ω0

𝛼0(𝑎, 𝜔). (9)
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The proof of the theorem reduces to proving the existence, under the corre-
sponding conditions, of a solution of system (3), (4). First it is shown that in
the domain Ω equation (3) has a solution 𝑧(𝜓, 𝑎, 𝜔), and then that equation (4)
has a solution (𝑎, 𝜔) after substituting 𝑧 = 𝑧(𝜓, 𝑎, 𝜔).
To determine 𝑧(𝜓, 𝑎, 𝜔), fix some values of 𝑎 and 𝜔 from Ω.

and construct the process of successive approximations:

𝑧0(𝜓) ≡ 0, 𝑧𝑚+1(𝜓) = ∫
𝜋

0
𝑅(𝜓 − 𝜃)𝑓[𝑎 sin 𝜃 + 𝑧𝑚(𝜃)] 𝑑𝜃. (10)

If inequality (7) is satisfied, then the sequence {𝑧𝑚(𝜓, 𝑎, 𝜔)} converges uniformly
to the solution 𝑧(𝜓, 𝑎, 𝜔) of equation (3). Moreover, the function 𝑧(𝜓, 𝑎, 𝜔) is
continuous in 𝑎 and 𝜔 in Ω, and the estimate |𝑧| ⩽ 𝛼0(𝑎, 𝜔) holds.

It follows from this that in that region of the (𝑎, 𝜔)-plane where (7) is satisfied,
𝐾(𝑎, 𝜔, 𝑧), upon substituting 𝑧 = 𝑧(𝜓, 𝑎, 𝜔), forms a continuous vector field. If
there now exists a region Ω0 satisfying the conditions of the theorem, then the
rotation of the field 𝐾 on the contour Γ is nonzero; hence there follows the
existence of at least one* solution of equation (4) for which (𝑎, 𝜔) ∈ Ω0. In
particular, by the definition of the region Ω0, 𝑎 > 0, so that the corresponding
solution (5) of system (1) is distinct from the trivial one.

We note that for the approximate solution 𝜎0(𝑡) = 𝑎0 sin𝑛𝜔0𝑡, found by the
Krylov–Bogolyubov method, the relation 𝐾(𝑎0, 𝜔0, 0) = 0 is satisfied, whence
(𝑎0, 𝜔0) ∈ Ω0. Thus, the theorem presented above makes it possible to give an
estimate of the error of the approximate solution.

3. The results obtained naturally extend to problems where the kernel 𝑅
has a more general form; in particular, to nonsymmetric problems (this
requires taking into account the even harmonics of the solution); to sys-
tems with periodic coefficients and other nonautonomous systems (in this
case, the phase of the solution will be the unknown instead of the fre-
quency); to systems with retarded argument, and also to systems with
many nonlinearities.

In nonautonomous problems the process of successive approximations may con-
verge directly for 𝜎(𝜓); in such cases there is no need to single out an equation of
type (4) for the first harmonic, and it is possible to prove uniqueness of the pe-
riodic solution of the given period. Conversely, it may happen that the process
of successive approximations (10) diverges. In this case, to ensure convergence
one has to single out 𝑚 equations of type (4) for the first 𝑚 harmonics. The
estimates can also be sharpened by a suitable separation of the linear part of a
nonlinear function of the form

𝑓(𝜎) = 𝑓∗(𝜎) + 𝑞𝜎.
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4. We give examples illustrating the effectiveness of the estimates presented.

A. For the van der Pol equation

𝑑2𝑥/𝑑𝑡2 + 𝑥 = 𝜇(𝑥2 − 1) 𝑑𝑥/𝑑𝑡

the existence of a periodic solution of the form 𝑥 = 𝑎 sin𝜔𝑡 + 𝑥∗(𝑡) follows
from the theorem for 0 ⩽ 𝜇 < 0.16; moreover, for 𝜇 = 0.1 the inequalities
|𝑎 − 𝑎0| ⩽ 0.07, |𝜔 − 𝜔0| ⩽ 0.003, |𝑥∗| ⩽ 0.034 hold, where 𝑎0 = 2, 𝜔0 = 1. The
corresponding estimates obtained for the same problem in (2) have the form

|𝑎 − 𝑎0| ⩽ 0.19, |𝜔 − 𝜔0| ⩽ 0.018, |𝑥∗| ⩽ 0.046.

B. For the nonautonomous problem

𝑑2𝑥/𝑑𝑡2 + 𝑥 + 𝜇𝜑(𝑥, 𝑑𝑥/𝑑𝑡, 𝑡) = 0,

where 𝜑 is periodic in 𝑡 with period 𝑇 and satisfies the conditions

* The uniqueness of the solution for (𝑎, 𝜔) ∈ Ω0 can be proved if, instead of (6),
one requires the fulfillment of the corresponding inequality for the difference of
second order.

|𝜑(0, 0, 𝑡)| ⩽ 𝜂; |𝜑′
𝑥(0, 0, 𝑡)| ⩽ 𝛼;

|𝜑′
𝑥(0, 0, 𝑡)| ⩽ 𝛼; |𝜑″

𝑥𝑥| ⩽ 𝐿; |𝜑″
𝑥𝑥̇| ⩽ 𝐿; |𝜑″

𝑥̇𝑥̇| ⩽ 𝐿,

the process of successive approximations converges without separating out the
lower harmonics. A periodic solution of period 𝑇 exists and is unique for

(𝛼 + √2𝜂𝐿)𝜇 < 𝜇0,

where

𝜇0{2[𝑇 /2𝜋]+1+2[𝑇 /2𝜋+1/2]++ sin(𝑇 /2−𝜋[𝑇 /𝜋])−cos(𝑇 /2−𝜋[𝑇 /2𝜋])} = | sin𝑇 /2|.

Here [𝛽] is the integer part of 𝛽. In (3), Theorem 5 (3.XVIII), for the same
problem the estimate

(𝛼 + √2𝜂𝐿)𝜇 < 𝜇1, 𝜇1 = (1 − cos𝑇 )/6.5𝑇

was obtained. It is not hard to show that 𝜇0 > 𝜇1 for all 𝑇 ≠ 2𝑙𝜋. Thus, for
𝑇 < 𝜋,

𝜇0 = 1/(1 + tg𝑇 /4).
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B. For the equation

𝑑2𝑥/𝑑𝑡2 + 𝑥3 = sin 𝑡

one can prove the existence of a periodic solution of the form

𝑥 = 𝑎1 sin 𝑡 + 𝑎3 sin 3𝑡 + 𝑥∗(𝑡).

On transforming this equation to the form

𝑑2𝑥/𝑑𝑡2 + 4𝑥 = sin 𝑡 + (4𝑥 − 𝑥3)

the following relations hold:

𝑈 = 4; ∫
𝜋

0
|𝑅(𝜓)| 𝑑𝜓 = 0.062 … ; ∣∫

𝜋

0
𝑅𝑓(𝑎, sin 𝜃 + 𝑎3 sin 3𝜃) 𝑑𝜃∣ ⩽ 0.013,

if
|𝑎1| ⩽ 1.46, |𝑎3| ⩽ 0.15.

The estimates for the solution have the form

|𝑎1 − 𝑎10| ⩽ 0.006; |𝑎3 − 𝑎30| ⩽ 0.017; |𝑥∗(𝑡)| ⩽ 0.011,

where
𝑎10 = 1.434, … , 𝑎30 = −0.124 … ,

so that
|𝑥(𝑡) − 𝑥0(𝑡)| ⩽ 0.034.

In (4), for the same problem, the estimates

|𝑎1 − 𝑎10| ⩽ 0.070; |𝑎3 − 𝑎30| ⩽ 0.070; |𝑥(𝑡) − 𝑥∗(𝑡)| ⩽ 0.231

were obtained.

Received
7 IV 1966
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