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Abstract

Full Text
UDC 517.917
MATHEMATICS
A. 1. PEROV

ON THE QUESTION OF THE STRUCTURE
OF THE LIMIT SET

(Presented by Academician 1. G. Petrovskii, December 6, 1966)

1. Types of orbits

Let £, and E, be real Euclidean oriented spaces, with £, two-dimensional and
E, three-dimensional. Consider the many-dimensional differential equation

y'(x) = fy(x)), (1)

in which the unknown is the vector function y(x) of the vector variable z (x €
E,, y(z) € E,) and y'(z) € L(E,; E,), where L(E,; E,) is the space of all linear
operators acting from E, into E,. The operator function f(y) is continuously
differentiable in some domain G C E,, and takes values in the space L(E,; E,)).

The rank of a point 17 € G shall mean the rank of the linear operator f(n). A
point is called singular if its rank is zero. Points of rank zero or one are called
singular. A point is called regular if its rank is two. A set A C G is regular
if each of its points is regular.

We assume that for any initial condition

y(0) =1 (2)

the equation under consideration has a unique solution, which we denote by
®(x,n). This holds if and only if the condition

A {7 W) (F(Y))ky =0 (h k€ E,)

is satisfied. The vector function ©(z,n) is defined and continuously differen-
tiable on some open set of the space £, & E,,.

In what follows we shall use the ordinary vector differential equation (the or-
thogonal equation)
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dy/dt = g(y), (3)

where g(y) = [f(y)eq, f(y)ey]. Here ey, e, is some basis of E,, and the symbol
[u, v] is used, as usual, to denote the vector product of the elements u,v € E,.

The surface given by the equation y = ®©(x,n) is called the integral manifold
passing through the point 7. If the solution is defined on all of E_, then the
integral manifold representing it is called complete.

The period group Q = Q(n) of the solution ®(z,n) has the form Q@ = N + S,
where N is the maximal subspace of constancy, and S is a discrete group and
L(S)N N =0 (L(S) is the linear span of the set .9).

In the case we consider, complete integral manifolds can be only of the fol-
lowing six types: 1) if N is two-dimensional, then the integral manifold is
zero-dimensional; 2) if N is one-dimensional, then integral manifolds may be
of two kinds—a simple curve and a closed curve, according as S = 0 or S # 0;
3) if N is zero-dimensional, then two-dimensional integral manifolds may be
of three kinds: of torus type (briefly, a torus), if L(S) is two-dimensional (n
is a point of the first type); of cylinder type (briefly, a cylinder), if L(S) is
one-dimensional (7 is a point of the second-

type); of plane type (a simple integral manifold), if L(.S) is zero-dimensional
(n is a point of the third type).

2. Limit sets. The dynamic limit set ® (oo, ) of the orbit D(E,, n) is the set
of all points ¢ € G for each of which one can specify a sequence z; € E, such that
Z; — oo and D(z;,n) — (. Here T is the adjacency class of the quotient group
E_ /S containing the point x. If the simple integral manifold ®(E_, n) lies in a
compact part of the domain G, then ® (00, ) is nonempty, compact, connected,
and invariant, where the latter is understood as follows: if { € D (oo, n), then
the solution ®(x, () is defined for all x € E, and ©(E,,() C D(c0,n).

Let ©(E,,n) be an integral manifold of cylinder type and let w™, w be a basis
of the space E,, with w a basis vector of the group 2. The dynamic (+)-limit
set ©(4o00,7) is the set of all points { € G, each of which is obtained in the
following way: xj — +00, D(x;,1) — ¢ (z; = zjw" + 23w). The definition of
the (—)-limit set ©(—o0,7n) is given analogously. It is clear that

D (00, 1) =D(—00,1) UD(+00,7).
If ®(E,,n) is compact and lies in G, then each of the limit sets ®(—o0,n) and
D (+00,n) is nonempty, compact, connected, and invariant.
An integral manifold of torus type has no limit set.

We are interested in the behavior of integral manifolds in a neighborhood of a
torus and in the structure of limit sets for integral manifolds of cylinder type
and plane type. The investigation of such questions on the plane constitutes the
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content of the Poincaré-Bendixson theory (1:2), see also (*). The first attempt to
transfer the main results of this theory to multidimensional differential equations
of the kind considered by us is the work of B. Pini (*), which, unfortunately,
contains errors.

3. Transversals. A regular curve £: y = y(¢) (¢t € A), lying in the domain
@G, is called a transversal if

dy(t)/dt # f(y()E,  (t€ D). (4)

Recall that regularity of a curve means that the vector function y(t) is continu-
ously differentiable and dy(t)/dt # 0 (¢t € A). For transversals passing through
regular points, one can prove a number of assertions analogous to those which
hold in the Poincaré-Bendixson theory ((3), pp.426-427).

4. Geometric properties of the torus. An integral manifold of torus type is
a two-dimensional topologically compact manifold situated in three-dimensional
space. Let T = D(E,,n) be an integral manifold of torus type and €2, as usual,
the group of periods of the vector function ®(x,n) (z € E,). The fundamental
group §(%T) of the torus ¥ is isomorphic to the group €2 (for fundamental groups
see, for example, (%)).

According to the Jordan-Brouwer theorem ((°),pp.519and562), the open set
E, \T consists of two disjoint connected open sets T, and T ; the domain T; is
bounded and is called the interior of the torus, the domain ¥_ is unbounded and
is called the exterior of the torus; the boundary of each of these two domains is
the torus <.

Whereas the fundamental group of the torus is invariant, the fundamental groups
of its interior and exterior depend essentially on the position of this torus in
three-dimensional space.

In what follows we restrict ourselves to the consideration of integral manifolds
of torus type whose fundamental group of the interior is isomorphic to the group
of integers.

For w € Q let w denote the path w(t) = D(t,w,n) (0 < t < 1), which we shall
call a generator of the torus T. Let ¢(t,y) be a solution of the ortho-

differential equation (3), ¢(0,y) = y, and ¢° is the mapping defined by the
formula ¢°(y) = (e sgng,y), where sgng is equal to +1 or —1 depending on
whether the vector g(y) is directed outward or inward with respect to the torus
T for y € . If ¢ is a path, then ¢°: (¢(t) = p® o ((t) (0 <t < 1).

The properties of the linking coefficient of two continuous cycles used below can
be found in (%), Ch. 15 (for the linking coefficient we use the sign x).

We shall call a basis w;,wy of the group {2 canonical if

%€ x* € %€ * €
wy Xw;, =0, w; Xwy =1, Wy Xwy =0 (g>0); (5)
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wy ~ 0 (in T,). (6)

It can be shown that a canonical basis exists and is unique up to replacing
the basis vectors by their opposites.

* * . . .
The system of generators w;,w, corresponding to the canonical basis wy,wy

will be called the canonical le—parallel and the :JQ—meridian (or contractible
generator).

The theorem given below is an analogue of the well-known Poincaré-Bendixson
theorem ((3), pp. 436-437) and is proved using sheaf manifolds ((7), pp. 145
and 437).

Theorem 1. If the interior of an integral manifold ¥ of torus type belongs to
the domain G, then inside the torus T there exists at least one singular point.

5. Structure of a neighborhood of the torus. Let the differential equation
(1) have in the domain G an integral manifold ¥ of torus type, and let y = u(x)
be the solution representing this torus. Consider a neighborhood U*¢ of the torus
T, where

Us={yeG: y=p(tu), |t|<e uecT} (7)

It is not hard to see that the vector function y = p(t(x), u(z)), [t(z)| < €, gives
a parametric representation of a certain integral manifold of equation (1) if and
only if it satisfies the differential equation

t(x)h = — (®(t(2), u(z)) f(u(z))h, gle(t(z), u(z))))
2 (®)
/g(e(t(x), u(z)))]*,
(®(t,u) = Op(t,u)/Ou), whose right-hand side is defined for z € E_ and |t| < e.
For greater simplicity of exposition we shall restrict ourselves to studying the
outer semineighborhood V¢ of the torus ¥, assuming that the vector g(y) for
y € ¥ is directed to the outside of the manifold .

1) Either in some semineighborhood of the torus ¥ there are no other tori
besides the one under study, or in an arbitrarily small semineighborhood
there are tori distinct from T. In the latter case all these tori contain our
torus ¥ and are isotopic to it.

2) Suppose that in some semineighborhood the torus T is isolated and that
wy,wy @8 a canonical basis of the torus T (see item 4).

Then one can indicate a vector w = pw; + qw,, where p, ¢ are relatively prime
integers, and a basis w,w™ of the space F,, such that any positive half-cylinder
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At intersecting a sufficiently small semineighborhood of the torus ¥ has the
property that, for any ¢ > 0, one can indicate an & > 0 such that

p(D(ztw +22%w,y),T) <o forz! >&, [2?] < +oo (9)

and w is a basis vector of the group of periods of the half-cylinder ™.

3) Suppose that in some semineighborhood the torus ¥ is isolated. Let the
limiting set ® = D(00,y) of a simple integral mani-

manifold $ = D(E,,y) contains T; let £ be a transversal, drawn through an
arbitrary fixed point n € ¥.

Only the following cases of the behavior of §) in a neighborhood of the torus ¥
are possible:

1) there exists a half-cylinder 2(" such that 2" N £+ =D N £", and the points
of AT N £7 are two-sided limiting points for $ N £* (the simple case);

2) there exist two half-cylinders 2+ and B such that (AT NLHU (BT NLT) =
DN LT, and the points of (AT N L) U (BT N L") are one-sided limiting points
for H N LT (the mixed case);

3) ® N LT contains some half-interval, i.e. §) is everywhere dense in some half-
neighborhood of the torus ¥ (the ergodic case);

4) ® N L" is a perfect nowhere-dense set (the singular case).

6. Structure of the limit set. The following holds.

Theorem 2. Let the positive half-cylinder AT = T(E,,n) lie in a compact
reqular set K C G. Then T = D(+00,1n) is a torus.

Let an integral manifold 2 = D(E_,n) of cylinder type lie in a compact regular
set K C G. By Theorem 2, the limit sets & = D(—o0,7n), T = D(+00,7n) are
tori. It may be shown that & # T. Let us study the relative position of the
tori & and T. Let £7,&; be a canonical system of generators of the torus &;
let w], w5 be a canonical system of generators of the torus ¥, and let w* be a
generator of the cylinder 2. Let w = m&; 4+ n&s, w = pwi + qwi (see §§ 4 and
5).

Suppose that 2 tends to & and T from the outside. Then

mé X wi =¢q,  p§f X wi=n. (10)

We see that, except for the case n = g = 0, the parallels are homologically, and
therefore also homotopically, linked.

Suppose that A tends to & from the inside, and to ¥ from the outside. Then
the relations hold

nwi x & =gq, pwi X & =m. (11)
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The structure of the limit set ® = D(oo0,n) of a simple integral manifold is
described by the following theorem.

Theorem 3. Let the simple integral manifold $ = D(E,,n) lie in a compact
reqular set K C G. Then only the following four cases are possible: there exist
two distinct tori & and T, 6; C %;, such that:

1) D =6UAUZT, where A is a cylinder and A C T, (the simple case);

2) D =T, \ &, (the ergodic case);

3) D C T, \G,;, moreover SUT C D and ® # T, \ 6, (the singular case);
there exist two distinct tori & and T and two distinct cylinders A and B such
that

4) D =6UAUBUZ (the mized case).

7. Some of the assertions set forth above arose as a result of conversations
between the author and A. D. Myshkis, to whom the author expresses sin-
cere thanks. For his constant interest in my work I express deep gratitude
to Academician I. G. Petrovskii.
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