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1. The structure and dynamics of the upper atmosphere, i.e., the distributions of
temperature, pressure, density, composition, and winds at altitudes greater than
30-50 km, and their temporal variations, have recently been intensively studied
both theoretically and experimentally in connection with a number of scientific
and technical problems (see, for example, (1, 2)). It is of interest to construct
a theoretical model that would relate the structure and dynamics of the upper
atmosphere to the factors determining it—above all to ultraviolet and X-ray
solar radiation. In view of the complexity of the problem, the existing models
are essentially semiempirical, and various simplifications were used in deriving
them (%, 3- ). In the present work the limits of applicability of a hydrodynamic
description of the upper atmosphere are estimated, and it is shown that, for
motions of global scale, the equations describing the structure and dynamics of
the upper atmosphere can be simplified by reducing them to equations similar
to the boundary-layer equations.

2. The most complete description of the upper atmosphere is possible with the
apparatus of modified Boltzmann kinetic equations for a mixture of gases, taking
into account their interaction with radiation, with the addition of the equation
of radiative transfer (). Multiplying the Boltzmann equations by summational
invariants and integrating over velocity space, one obtains the equations of hy-
drodynamics; for the concrete calculation of the terms entering into them, the
Chapman—Enskog method (, ) or Grad’ s method (, ) is used. When the
Chapman—FEnskog method is applied, depending on the number of terms re-
tained in the expansion of the distribution function, one successively obtains
the Euler, Navier—Stokes, and Burnett equations. Let us estimate the range of
altitudes in which the equations of hydrodynamics in the Navier—Stokes form
are applicable. For this purpose we take the maximum and minimum values of
the structural parameters according to (', ?) (attained, respectively, by day at
maximum and by night at minimum solar activity) and calculate the Knudsen
number K = AL~! (the ratio of the mean free path to the characteristic scale),
taking as the characteristic scale the height scale H = RyTM 'g~! (where R,
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is the gas constant, T the temperature, M the molecular weight, and g the accel-
eration of gravity). Since the Burnett terms are related to the principal terms
as K2, then, assuming that these terms should not exceed 4%, we find that it
must be K < 0.2. From Table 1 it is seen that, under minimum conditions, the
Navier—Stokes equations are applicable up to an altitude of about 220 km, and
under maximum conditions approximately up to 450 km.

3. Thus, for describing the upper atmosphere up to the indicated altitudes, we
have the system of Navier—Stokes equations with chemical reactions, which may
be written in the form ()

Op/0t + div(pv) = 0; (1)
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Here t is time; r is the radius vector; p, p, T are the gas density, pressure, and
temperature; ¢, is the heat capacity of the gas including the internal degrees of
freedom; k is Boltzmann’ s constant; n, is the particle-number density of the
a-th component; n = > n,; F, is the external force acting on particles of the
a-th component; v is the mass velocity of the gas; u, is the diffusion velocity

of the a-th component; P is the tensor of viscous stresses with components

. ov; ov 2 Jv;
pik — 4 k275 .
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q is the heat-flux vector

sovietrxiv.org/items/ru-196701.18773 Machine Translation


https://sovietrxiv.org/items/ru-196701.18773

a= 3G+ % ahauﬁfzz ”ﬂD w—ug(8)

h,, is the enthalpy of component ¢, including the energy of the internal degrees
of freedom; h,, = 5/2kT 4+ U™; D, are the coefficients of mutual diffusion in
a binary mixture; A, 1, DI are the coefficients of thermal conductivity, viscosity,
and thermal diffusion of a multicomponent mixture, expressions for which may
be taken from (8). The amount of heat due to absorbed radiation @ may be
expressed in the form (see, for example, (*))

h) = Zna(h)/o dX-e, (NI o, (N exp (—Z/h na(h)aa(A)seCOdh> ;
9)

where I, is the spectral flux of solar radiation of wavelength A outside the atmo-
sphere; o, is the absorption cross section of radiation by the a-th component
of the gas; ¢, is the efficiency of conversion of absorbed radiation into heat; 6 is
the solar zenith angle; h is height. L—radiation emitted by gas particles—may
be expressed in the form L = n,f(T) (see, for example, (*)). The balance of
the number of particles of the a-th component appearing and disappearing as a
result of chemical reactions, in the description of the neutral atmosphere, where
the dissociation reaction of oxygen is important, may be expressed in the form
(see, for example, (4)):

Ky = —Jny + anin + Bninyn, (10)

where the indices 1, 2 refer respectively to atomic and molecular oxygen; «, 3
are the recombination coefficients, respectively, in the reactions of formation
of molecular oxygen and ozone, which are functions of temperature; J is the
dissociation rate, expressed, like @, by (9) with €, replaced by 4, the quantum
yield of dissociation.

The system of equations (1)—(6) describes the structure and dynamics of the
heterosphere—the most variable region of the upper atmosphere, lying at alti-
tudes greater than 90-110 km, where the composition changes substantially. At
lower altitudes, where the composition remains unchanged (in the homosphere),
the system (1)—(4) is sufficient; however, here turbulence must be taken into
account (for example, by introducing coefficients of turbulent diffusion and ther-
mal conductivity). In addition, below a certain height, instead of the simplified
accounting of the interaction of the atmosphere with radiation by means of @, L,
it is necessary to apply the radiative-transfer equation. The system (1)—(6) is
written for a neutral atmosphere, but it can be generalized for the joint con-
sideration of neutral and ionized components of the atmosphere by including
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electromagnetic forces and taking into account the influence of the geomagnetic
field.

4. In view of the considerable complexity of the system (1)—(6), it is expedi-
ent to introduce the following simplification. We shall consider the general
circulation of the upper atmosphere, i.e., motions having a horizontal spa-
tial scale of the order of the Earth’ s radius R, a vertical scale of the order
of the height scale, and a time scale 7 of the order of a half-day. It is
precisely these motions that are associated with the global distributions
of the structure of the upper atmosphere and its large-scale variations—
diurnal, seasonal, 27-day, and 11-year. We note that an analogous consid-
eration for the general circulation of the troposphere was carried out by
N. E. Kochin (1°).

We use a spherical coordinate system with origin at the center of the Earth,
rotating together with the Earth, denoting by r the vertical, by 6 the co-latitude,
and by ¢ the longitude. The continuity equation in this system has the form

0 10
o 1
r

0
ot 5 (p’l)sa) =0, (11)

o, .
(rsinf - pvy) + s 09y

1
2 - =~
(r°pu.) + rsin 6 00

whence the vertical component of the velocity v, is equal to

1 "o . 0 5 . ,0p
v (1) —v,.(ry) = przsine/ro [ae(prmnO vg) + a(p(pmw)—i—r sm@at dr.

(12)

Taking into account that over distances R, H the macroscopic parameters vary
by an order of magnitude, and also that HR™* = 1072-1072 « 1 (see Table
1) and v; ¥ RT~! ~ 150 m/sec, we obtain from (12), analogously to (19), an
estimate of the ratio of the vertical and horizontal components of the velocity

v./v; ~ H/R ~1072. (13)

We note that this estimate agrees well with experimental data, according to
which at altitudes of 100—200 km v; &~ 100—200 m/sec, while v, ~ 0.1—1
m/sec. The magnitude of the ratio (13) is preserved both for a vertical scale
equal to the height h and for the vertical scale TR.

Let us reduce the equations of motion and energy, written in spherical coordi-
nates, to dimensionless form, multiplying all quantities by their scales. As a
result of this operation it is found that, in the equations of motion for the hori-
zontal components of the velocity, the inertial terms are of order M? (where M
is the Mach number); the term describing the Coriolis force is ~ wrM? (where
w is the angular velocity of the Earth’ s rotation); the term with the pressure
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gradient is ~ 1, and the terms describing viscous forces are ~ M2Re ! (where
Re is the Reynolds number), with the individual summands of these terms be-
ing multiplied by various powers of the ratio HR™!, so that the largest of them
are of order M2R?Re ' H~2. In the equation of motion for the vertical compo-
nent of the velocity, the terms with the force of gravity and with the pressure
gradient are of order 1; the inertial terms are ~ M2HR™!, the Coriolis terms
are ~ wrM2HR™!, and the largest of the viscous terms are ~ M2Re '. In the
energy equation, the time-dependent terms and the terms describing the work
of pressure forces are of order 1; the largest of the terms describing the heat flux
is ~ Re 'R2H —2: and the largest of the terms describing the work of viscous
forces is ~ M2Re 'R2H 2.

Table 1
K H/R H/R M M Re Re
h, km K min max min max min max min max
105 1073 1.1- 0.484 1.36 -
103 107
150 1- 5. 279-  6.35- 0306 0202 457 4.27-
1072 1073 1073 1073 10% 104
200 1- 2. 449. 880- 0.242 0174 2.73-  9.52.
107! 1072 1073 1073 103 103
250 4. 3. 5.5- 1.0- 0.22 0.16 4.5 3.3-
1071 1072 1073 1072 102 103

Using the maximum and minimum values of the structural parameters according
to (2) and the value v; ~ RT~!, we compute the values of the criteria M and
Re. From Table 1 it is seen that, over the entire range of altitudes where, as we
established earlier, the equations of hydrodynamics are applicable, the values
M, Re, HR™" are such that a number of terms in the equations of motion and
energy are of order 1072 or less relative to the principal terms. Neglecting these
terms, we obtain the following equations:

dvg dvg vy v, v, v, victgl 19p 0 ( 8119>
Z76 276, 0776 76 -9 w2 2,27
(315 o or + r 00  rsinfd dy r puw 05 00, r80+8r K or
(14)
ov ov v, OV v, Ov vyv,, ctg O 1 O o
® ® o YV ® ® 6% P
e e 070 ey 0o ) 9 oy ——
p( ot tor or + r 00 +rsin9 Op + r ) pLCOsT Ve rsin98@+8r
(15)
dp/or + pg = 0; (16)
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The term in (17) with the thermal-diffusion coefficient DI is significant only
for the light components—helium and hydrogen. The last two terms in (17) are
also small, but still greater than 1072, The inertial terms in (14), (15) are more
significant at altitudes of 100-120 km, where M? ~ 0.1-0.25, and less significant
for h > 150 km, where M? ~ 0.04-0.06. The viscous terms are always small
up to altitudes of 100-110 km, and above this they grow rapidly with height
under minimum conditions, reaching 5 - 10~2 already near 120 km, and more
slowly under maximum conditions, reaching the same value at about 215 km.
These estimates indicate that the wind in the thermosphere differs from the
geostrophic wind.

5. The equations obtained differ from the original ones not only by having
fewer terms. The main simplification consists in the fact that equations
(14)—(17) are parabolic, similar to the boundary-layer equations, and con-
sequently are easier to solve than the original Navier—Stokes equations.
The difference from the boundary-layer equations is that, instead of con-
stancy of pressure across the predominant direction of motion, there is,
as is seen from (16), an approximately exponential variation of pressure
in the vertical. Equation (16) is nothing other than the barometric for-
mula; moreover, as a comparative estimate of the terms shows, it remains
valid not only for global motions but also for motions on a scale of tens of
kilometers.
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