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MATHEMATICS

N. M. MITROFANOVA

ON NONTRIVIAL SUFFICIENT STATISTICS

FOR OBSERVATIONS CONNECTED IN A
MARKOV CHAIN
(Presented by Academician Yu. V. Linnik on 3 X 1966)

In papers (1−3) the question was clarified of the functional form of a family
of distributions 𝛾 = {𝑃(𝑥, 𝜃)}, 𝜃 ∈ Ω, admitting nontrivial sufficient statistics
for the parameter 𝜃 from an independent sample. The analytic content of the
main result consists in the fact that, under certain smoothness conditions on
the family, from the factorization identity

𝑛
∏
𝑖=1

𝑝(𝑥𝑖, 𝜃) = 𝑝(𝑥1, … , 𝑥𝑛) 𝑔(𝜃, 𝜒1, (𝑥1, … , 𝑥𝑛), … , 𝜒𝑟(𝑥1, … , 𝑥𝑛)) (1)

for any 𝑛 ≥ 𝑟 and under functional independence of the system of functions
𝜒1, … , 𝜒𝑟, it follows that the family 𝛾 is exponential of rank 𝑟. In papers (4−6)

various cases were considered in which the sequence of observations is connected
in a Markov chain with a finite number of states. The present note is devoted
to the case where the set of states is continuous and a parametric family of
transition densities 𝜒 = {𝑓(𝑥, 𝑦, 𝜃)}, 𝜃 ∈ Ω, is considered, where Ω is some
parametric set. The factorization identity (1) is replaced in this case by the
identity

𝑛
∏
𝑖=0

𝑓(𝑥𝑖, 𝑥𝑖+1, 𝜃) = ̄𝑓(𝑥0, … , 𝑥𝑛) 𝑔(𝜃, 𝜒1, … , 𝜒𝑟)

for any 𝑛 ≥ 𝑟. It turns out that, when the sequence of observations is connected
in a Markov chain, the presence of nontrivial sufficient statistics is not equivalent
to the exponential form of the family of transition densities. In the note the
general form is indicated of the family of transition densities of a sequence
of observations connected in a simple Markov chain and admitting nontrivial
sufficient statistics.
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We use the method of describing sufficient statistics developed in (2), as well as
the terminology and notation of that paper.

Let us pass to the precise exposition.

1∘. Suppose there is a sequence 𝑥0, 𝑥1, … , 𝑥𝑛 of random variables connected in
a simple Markov chain, and to each element 𝜃 of some parametric set Ω there
is assigned a conditional distribution

𝑃𝜃(𝑥, 𝐴) = 𝑃𝜃(𝑥𝑘+1 ∈ 𝐴 ∣ 𝑥𝑘 = 𝑥),

where 𝑥 ∈ 𝐸1, and 𝐴 is a measurable subset of 𝐸1 (𝐸𝑠 is 𝑠-dimensional Eu-
clidean space). We shall denote the family of distributions 𝑃𝜃(𝑥, 𝐴) by 𝛾.

Let Δ𝑠 be a cube in 𝐸𝑠 with side Δ.

Definition 1. We shall call the family 𝛾 regular in Δ if each distribution
𝑃𝜃(𝑥, 𝐴) is given by a transition density 𝑓(𝑥, 𝑦, 𝜃), which is a positive and con-
tinuous function of 𝑥 and 𝑦 in Δ2 (𝐴 is a measurable subset of Δ),

𝑃𝜃(𝑥, 𝐴) = 𝑃𝜃(𝑥𝑘+1 ∈ 𝐴 ∣ 𝑥𝑘 = 𝑥) = ∫
𝐴

𝑓(𝑥, 𝑦, 𝜃) 𝑑𝑦.

Definition 2. We shall call the family 𝛾 smooth in the domain 𝐺 if, for all
𝜃 in Ω, for each conditional density 𝑓(𝑥, 𝑦, 𝜃) there exist continuous derivatives
𝑓 ′

𝑥, 𝑓 ′
𝑦, 𝑓″

𝑥𝑦 in 𝐺.

The set of possible outcomes of observations over the vector 𝑋 = (𝑥0, 𝑥1, … , 𝑥𝑛)
is Δ𝑛+1, and the family 𝛾 induces in Δ𝑛+1 the family of distributions 𝛾𝑛+1. Let
𝑞(𝑥, 𝜃) be the initial density. Then the distributions of the family 𝛾𝑛+1 have
densities

𝑓 (𝑛+1)
𝜃 (𝑥0, … , 𝑥𝑛) = 𝑞(𝑥0, 𝜃)𝑓(𝑥0, 𝑥1, 𝜃) … 𝑓(𝑥𝑛−1, 𝑥𝑛, 𝜃).

Definition 3. A function 𝜒(𝑥0, … , 𝑥𝑛), defined in the domain Δ𝑛+1, is called a
sufficient statistic for the family 𝛾𝑛+1 if the density 𝑓 (𝑛+1)

𝜃 can be represented
in the form

𝑓 (𝑛+1)
𝜃 = ̄𝑓 (𝑛+1)(𝜒(𝑥0, … , 𝑥𝑛), 𝜃) 𝑔(𝑛+1)(𝑥0, … , 𝑥𝑛),

where 𝑥𝑖 ∈ Δ, 𝜃 ∈ Ω.

2∘. Consider a family of transition densities of the form 𝛾 = {𝑓(𝑥, 𝑦, 𝜃)}. Denote
by 𝐿(𝛾, Δ) the minimal linear space of functions defined on Δ2 and containing
the functions

𝑔𝑥𝑦(𝜃) = ln 𝑓(𝑥, 𝑦, 𝜃) − ln 𝑓(𝑥, 𝑦, 𝜃0)
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for all 𝜃 ∈ Ω, where 𝜃0 is an arbitrary fixed element of Ω, and all constants. Let
the dimension of 𝐿(𝛾, Δ) be equal to 𝑟 + 1 (possibly 𝑟 = ∞).

Lemma 1. If 𝜑(𝑥, 𝑦) ∈ 𝐿(𝛾, Δ), then

𝜒(𝑥0, … , 𝑥𝑛) =
𝑛−1
∑
𝑘=0

𝜑(𝑥𝑘, 𝑥𝑘+1)

is a necessary statistic.

Lemma 2. If the functions 1, 𝜑1, … , 𝜑𝑠 form a basis of 𝐿(𝛾, Δ), then the system
of functions

𝜒0 = 𝑥0, 𝜒𝑖 =
𝑛−1
∑
𝑘=0

𝜑𝑖(𝑥𝑘, 𝑥𝑘+1), 𝑖 = 1, … , 𝑠, (2)

forms a sufficient statistic for a sample of size 𝑛 ≥ 𝑟.

These lemmas are proved analogously to the corresponding assertions from (2).
Lemma 3. If the system of functions 1, 𝜑1(𝑥, 𝑦), … , 𝜑𝑠(𝑥, 𝑦) is linearly inde-
pendent and the functions 𝜑𝑖, 𝑖 = 1, … , 𝑠, are twice continuously differentiable,
then the system of functions (2) is functionally dependent if and only if the
functions 𝜑𝑖 have the form

𝜑𝑖(𝑥, 𝑦) = 𝑃𝑖(𝑥) − 𝑃𝑖(𝑦) + 𝜓𝑖(𝑥, 𝑦) + 𝐶𝑖 (3)

and any 𝑠 − 1 functions from the set 𝜓1, … , 𝜓𝑠 are linearly dependent with the
unit function.

3∘. Lemma 3 makes it possible to describe the class of transition densities
admitting nontrivial sufficient statistics.

If the dimension of the space 𝐿(𝛾, Δ) is finite, then nontrivial sufficient statistics
always exist, and their number does not exceed 𝑟. If 𝑟 = ∞ and the basis of
the space 𝐿(𝛾, Δ) is composed of functions of the form (3), then the transition
density 𝑓(𝑥, 𝑦, 𝜃) admits the representation

𝑓(𝑥, 𝑦, 𝜃) = exp {𝑃(𝑦, 𝜃) − 𝑃(𝑥, 𝜃) +
𝑟

∑
1

𝑐𝑖(𝜃)𝜓𝑖(𝑥, 𝑦) + 𝐶0(𝜃) + 𝜓0(𝑥, 𝑦)} ,

(4)

where

𝑃(𝑥, 𝜃) =
∞

∑
1

𝑐𝑖(𝜃)𝑃𝑖(𝑥).
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It follows from this:

Theorem. If the family 𝛾 of transition densities is smooth and regular, its
generating densities have the form (4), and the systems of functions (𝑐1 … 𝑐𝑟),
(𝜓1 … 𝜓𝑟) are linearly independent, then for 𝑛 ≥ 𝑟+2 it admits 𝑟+2 functionally
independent sufficient statistics equivalent to the vector

(𝑥0;
𝑛

∑
𝑗=0

𝜓𝑖(𝑥, 𝑥𝑗+1), 𝑖 = 1, … , 𝑟; 𝑥𝑛) .

Any sufficient statistic for a sample of size 𝑛 < 𝑟 + 2 is trivial.

Conversely: if the family 𝛾 admits nontrivial sufficient statistics, then its gener-
ating functions have the form (4).

Remark 1. If the family 𝛾 admits only one nontrivial sufficient statistic, then
it is an exponential family of rank 1, since among the functions 𝜒0, … , 𝜒𝑠 there
are always at least two functionally independent ones if the basis of the space
𝐿(𝛾, Λ) has the form (3).

Remark 2. If the density 𝑓(𝑥, 𝑦, 𝜃) depends only on the difference 𝑥 − 𝑦 and is
representable in the form (4), then 𝑃(𝑥, 𝜃) = 𝑥𝐶(𝜃), and the family of transition
densities is an exponential family. It is not difficult to verify that the number
of nontrivial sufficient statistics is equal to 𝑟.

Let us show that transition densities of the form (4) exist. This question reduces
to the question of the existence of an integral equation of the form

𝑣(𝑥, 𝜃) = ∫
∞

0
𝐾(𝑥, 𝑦, 𝜃)𝑣(𝑦, 𝜃) 𝑑𝑦, (5)

where

𝐾(𝑥, 𝑦, 𝜃) = exp {∑ 𝛼1(𝜃)𝜓𝑖(𝑥, 𝑦) + 𝜓0(𝑥, 𝑦) − 𝑎0(𝜃)} ,

having a nonnegative solution that does not lead to an exponential family. Let
the functions 𝛼𝑖, 𝜓𝑖 be such that the kernel 𝐾 is a symmetric difference kernel
𝐾 = 𝐾(𝑥 − 𝑦, 𝜃). Make the change of variables

𝑣(𝑥, 𝜃) = 𝑢(𝑥, 𝜃)𝑒𝛽(𝜃)𝑥. (6)

Then equation (5) takes the form

𝑢(𝑥, 𝜃) = ∫
∞

0
𝐾𝑒𝛽(𝜃)(𝑦−𝑥)𝑢(𝑦, 𝜃) 𝑑𝑦. (7)
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Choose 𝛽(𝜃) > 0 so that

∫
∞

−∞
𝐾(𝑡, 𝜃)𝑒𝛽(𝜃)𝑡 𝑑𝑡 = 1. (8)

For this it is enough to take 𝛽(𝜃) equal to the positive root of the equation
1 − 𝐿(𝑠), where 𝐿(𝑠) is the Laplace transform of the kernel 𝐾(𝑡, 𝜃).
Since the kernel 𝐾(𝑡, 𝜃) is symmetric and nonnegative and 𝛽(𝜃) > 0, we have

∫
∞

−∞
𝑡𝐾(𝑡, 𝜃)𝑒𝛽(𝜃)𝑡 𝑑𝑡 = ∫

∞

0
𝑡𝐾(𝑡, 𝜃)𝑒𝛽(𝜃)𝑡 𝑑𝑡 − ∫

∞

0
𝑡𝐾(𝑡, 𝜃)𝑒−𝛽(𝜃)𝑡 𝑑𝑡 < 0. (9)

The fulfillment of conditions (8), (9), on the basis of Lindley’s theory [7], guar-
antees the existence of a nondecreasing solution 𝑢(𝑥, 𝜃), continuous from the
right, of equation (7), such that 𝑢(𝑥, 𝜃) = 0 for 𝑥 < 0 and lim𝑥→0 𝑢(𝑥, 𝜃) = 1.

The fact that solution (6) of equation (5) does not lead to an exponential se-

follows from the theory of Wiener–Hopf equations. Namely, equation (5) with
a symmetric difference nonnegative kernel has, in the strip −𝑐 < Re 𝑠 < 𝑐, 𝑛
solutions, where 2𝑛 is the number of roots of the equation 1 − 𝐿(𝑠) = 0, and
these solutions have the form

𝑢(𝑥) =
𝑛

∑
𝑖=1

𝑄𝑖(𝑥)𝑒𝑠𝑖𝑥 + 𝑂(𝑒−ℎ𝑥),

where 𝑄𝑖(𝑥) is a polynomial, and the constant ℎ > 0 does not depend on 𝑐.
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