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1. There is an elegant algebraic device which, for the group SO(n) preserving
the nondegenerate symmetric bilinear form

(xvy) =21y + LYy + - + LpyTl,y

allows one to construct its covering group.* This device goes back to Dirac (1)
(it is sometimes called extracting the square root from a vector (?)) and consists
in associating with the vector = (x4, ..., ,,) an element & = x,7,; such that

rrn

2 = (2;7,)° = 2] + a3 + - + 2.
Here the v; must satisfy the relations
W=L  wmtwn=0 (#k)

The elements & = z;7; form an n-dimensional subspace Xn of the Clifford
algebra C,, of dimension 2", n even (or 2"~ ! n odd). The automorphisms in

)

C,, that preserve the subspace X,, invariant,
SzS~1 =27 (1)

and the scalar square 2 = (z’)%, where 2’ = Oz, O € SO(n), form the group
Spin(n).

Theorem 1. The group Spin(n) is locally isomorphic to the group SO(n) and
covers it twice.

Relation (1) defines a projective representation of the group SO(n). The ele-
ments S € Spin(n), as matrices 22 x 2"/2 n even (or 2"1/2 x 2(n=1/2 'py 0dd),
realize a two-valued representation of the group SO(n) in a 2/2- (or 2(»~1/2.)
dimensional spinor space (2).

sovietrxiv.org/items/ru-196701.18748 Machine Translation


https://sovietrxiv.org/items/ru-196701.18748

2. A group exhibiting a close analogy with SO(n) is the symplectic group
Sp(2m) of transformations of a 2m-dimensional space ®>™ preserving the skew-
symmetric bilinear form [p, x], ¢, x € ®*>™. In canonical form

a,B=1,2
ij=1,..m

(0 1
fas =\ 1 0)°

We wish to transfer the construction described above to the group Sp(2m).**

where

d;; is the Kronecker symbol.

* We also have in mind the case of an indefinite metric form
(£E7 y) =19 +oe xpyp - xp+1yp+1 - mnyn

(the group O(p,n —p), p < n/2).

** In the case when the group Spin(n) C Sp(2"/2) Sp(2("~1)/2) and preserves a
skew-symmetric bilinear form, we shall call the construction under consideration
extraction of the square root from a spinor. It is known (3) that, for even n, the
skew-symmetric form exists if the numbers n(n — 2)/8 or n(n + 2)/8 are odd;
for odd n, if (n —1)(n — 3)/8 or (n? —1)/8 are odd numbers.

Remark. In the case of a skew-symmetric form, extraction of the square root
is possible if ®2™ is defined over a Grassmann algebra*, i.e., ®2™ is a 2m-
dimensional subspace of the Grassmann algebra G,,,, generated by the basis
elements ¢ (a=1,2; i =1,...,m): cp?gaf + e = 0%*.

In this case the quadratic form [p, @] # 0. To each ¢ = (¢}, ¥3,..., 0L, ©2) we
assign the element

p= > ¢rd (3)

such that

52 |

@2 =[p, 0] = 2(p10% + ... + O 2,). (4)

The elements a?, must satisfy the relations
i J

agal — ahal, = 26,50;;. (5)

Lemma. The a, generate an algebra isomorphic to the algebra (gp),, of the
m-dimensional coordinate and momentum operators of quantum mechanics.
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Put a} = v—2p;, a) = v/2¢;. Then from (5) it follows that

q;P; —Pjq; = V —151‘3‘7 4;9; — 459; = PiP; — P;D; = 0. (5)

Denote by ®@,,, C (g,p),, the 2m-dimensional subspace generated by monomi-
als of the form ¢ = ¢%al. In (g,p),, consider automorphisms preserving the
invariant subspace ®,,,,

T¢T71 = {b/ ) (6)

where ¢' = Sp, S € Sp(2m). These automorphisms preserve the symplectic
square: 2 = (@)%
In the case of the group Sp(2m), the analogue of Theorem 1 is

Theorem 2. The automorphisms (6) form a group locally isomorphic to the
group Sp(2m).

Proof. Consider (6) in infinitesimal form. We have S = 1+ 1.0, T = 1+ L0,
where 6, are real parameters of an infinitesimal transformation from the group
Sp(2m), and I, L are infinitesimal operators. The elements (Ié)iakﬂ satisfy the
relations

(Ie)kpCay + Em(fg)ﬁm =0,

and, moreover,
_ S
I 1, — 1,1, = Cg I, (7)

where an are the structure constants of the Lie algebra of the group Sp(2m).
Equation (6) now gives

Leaj, —a,Le = (I§>iﬁkaag' (8)
From (8) for L, we obtain
ika

1
Le = JU)iaabafe™, e,y =0f, (9)

where 0f is the Kronecker symbol. Using the permutation relations for at, (5),
we establish that

s
LeL, — LyLe = C§, L (10)
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with the an from (7). Thus, the local isomorphism of T' and Sp(2m) is es-
tablished. The finite transformations T are expressed through infinitesimal
operators in the form of formal series:

= 1

With such T, formula (6) defines a projective representation of the group Sp(2m).
The T do not always exist as affine transformations in Hilbert space.

* Recall that in the case of a symmetric form, extraction of the square root is
possible in any (Euclidean) field (see (2), p. 366).

** The scheme developed is not abstract. Spinors of quantum field theory are
quantities of precisely this (algebraic) nature.

Theorem 3. The operators T' define a unitary representation in Hilbert space
if the numbers (I¢)j,;, (I¢)3, are real, and (I¢)j,, (I¢)3, are imaginary.

The proof follows from definition (9). Indeed, the operators ¢,;,p,; (5’) can be
realized as Hermitian operators in Hilbert space (Stone-von Neumann theorem).
Then, under the formulated conditions, the operators

\/7[/5 Y [<I£>zk1pkq (I£>12k2qkpi_

-V *1(Ig)ikzpipk -V *1<I§)?k1qiqk]

are Hermitian, and, consequently, the operators T = exp(v/—1H, 505) are unitary.
(We note that H, ¢ have the form of the dynamical operators of an m-dimensional
oscillator.)

For the simply connected group Sp(2m, C') the conditions of the theorem are not
satisfied. They may hold for some noncompact nonsimply connected subgroup
of the group Sp(2m, C). In particular, the conditions of the theorem are satisfied
for the real symplectic group Sp(2m, R). In this case the operators T' form a
group which doubly covers the group Sp(2m, R).* In Hilbert space the operators
T define a two-valued representation of the group Sp(2m, R). In the realization

1 0 L
q; =Ty P = NaEr (—o0 < x; < 00), the representation in the class L,(m)
of quadratically integrable functions [ fl|zy,...,z,,|*dz; ...dz,, < co is defined

by the formula

T, f(x) = Ty f ()T (T - 1) = f(Tyups™x(a;8) = fas)x(x;s)
s € Sp(2m, R), (11)

where x(x;s) =T, -1, and
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(z8); = s3j0%; + Slip7—

5xj

The group condition leads to the following equation for x(z; s):

Ts2X(x§31) = X(@s9581)x(w3 89) = X (75 8957) (12)

with boundary condition y(z;1) = 1.

In (4) such representations of the group Sp(2, R) are constructed explicitly (one-
dimensional oscillator).

3. Our main result consists in the fact that the operation of extracting the
square root is solvable at least for doubly connected symplectic groups.**
We can transfer this operation also to simply connected symplectic groups,
for example Sp(2m,C). Then extraction of the root leads to infinite-
dimensional spaces of a more general type than Hilbert spaces. Indeed,
now the operators \/TILE are not Hermitian, and, consequently, T' are
not unitary.

The representation can be obtained from (11), (12) by complexifying
s € Sp(2m, R), as a result of which we obtain the group Sp(2m,(C), and z;
(now the transformations (6) are complex) also become complex. In this case
the functions f(z) (x; complex) become elements of an infinite-dimensional
space with a strongly indefinite metric. For the group U Sp(2) this question
was partially discussed in (5).
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* The group space of the group T is a (4m? —1)-dimensional manifold in Hilbert
space.

** For orthogonal groups the extraction of the root is always possible (and leads

to finite-dimensional spaces), since all orthogonal groups are at least doubly
connected.

Note: Figure translations are in progress. See original paper for figures.
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