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Abstract

The paper considers a third-order dynamical system with a variable structure.
The switching surface is defined by a pair of intersecting planes. Necessary and
sufficient conditions for the existence of a sliding mode, stability conditions for
motion along the switching surface, and necessary and sufficient conditions for
the representative point to reach the sliding surface are established. Bibliogra-
phy: 7 items.

Full Text

Preamble

The study of variable structure systems has been extensively developed in the
works of N. G. Barbashin and others [?, ?, ?, 7, ?]. In particular, it has been
shown that for a system of the form

T=2z z=—bz—az—ab,

where a and b are parameters and the control law is defined by s = sign z(Ax +
By + 2), a sliding mode can be established on the switching surface. In this
context, we consider a third-order system of the following form:

Ty = G112 + ATy + 41373,
Ty = 91Ty + ATy + Ag3T3, (1.1)
Ty = a3, %) + AzpTy + a3373 + ab,
where ¢ = 1, 2,3 and the coefficients |a,,| < 1. The control function is defined as

a = sign (Azy+Bxy+Cxs)(Ax,+Bry—Cxg), where A, B, C are constants. The
switching surfaces are given by Az, + Bxy+Cxs3 =0 and Az, + Bzy —Czy = 0.
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1. Stability Conditions and Sliding Modes

To ensure the existence of a sliding mode on the intersection of the switching
surfaces, we examine the derivative of the Lyapunov-like function v = (Az; +
Bz, + Cx4)(Azy + Bzy — Cxg). The condition for the existence of a sliding
mode [?] requires that lim, ,, 2> < 0. For the system (1.1), this leads to the
following requirements for the coefficients:

D = A + a21B - a/23 _— A _— a12A + a22B + a320 _— a33B _— ab7

1.2
D, =A+ayB—a3;C+aj3—a33A—a+anA+ ayyB—as5C + a3z B — ab. (1.2)

The sliding mode exists if D < 0 and D; < 0 when a =41, and D > 0,D; >0
when a = —1. Under these conditions, the system trajectories are constrained
to the switching manifold.

Further analysis of the sliding equations (1.3) shows that if AF — BD = 0 and
AE, — BD,; = 0, the system simplifies significantly. Specifically, if we assume
as; = 0 and ayy + A%a;5 — ab — aqy B% = 0, the sliding motion is governed by:

i, = 2D(Ax, + Bx,)?,

1.4
iy = 2D, (Az; + Bxy)?2. (14)

For stability, we require D < 0 and D; < 0 when a = +1.

2. Analysis of the Switching Manifold

We consider the behavior of the system near the intersection of the planes Az, +
Bzy + Cxy = 0 and Az, + Bxy — Czg = 0. Following the methodology in [?],
the dynamics on these planes can be described by the reduced system:

. A B
&y = (ay; + 0136)151 + (a2 + 0136)132, 1)
2.1

. A
Ty = (ag + a236)x1 + (age + azsa)xr

The stability of the equilibrium point (0,0, 0) depends on the eigenvalues of the
matrix associated with (2.1) and (2.2). The conditions for the trajectories to
reach the switching manifold from the surrounding phase space are given by the
inequalities:

|[Aays + Bags| < —Clay; —ayy), (2.3)

which ensure that the sliding mode is attractive.

3. Global Dynamics and Convergence

To analyze the global behavior of system (1.1), we introduce a coordinate trans-
formation z; = a2, + bj323 and 2z, = x,5. In the new coordinate system
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(21, 29, 23), the equations of motion become:

Zy = byyz1 + bygzs,
Zy = g1 21 + byo2y + by323, (3.2)
2.3 = b3121 + b3222 + b332:3 + ab.

We define the region of interest where z; > 0 and 23 —2Az; < 0. In this region,
the control a = +1 is active. The characteristic equation for the linear part of
the system is:

A2 — (byy + bgg + D)X + by3(byy — Ab) = 0. (3.4)

Let A, and A3 be the roots of this equation. If A3 — Ay, > 0, the system ex-

hibits stable convergence toward the sliding manifold. For an initial point
MO(z?,zg,zg) satisfying zg > 0, the time ¢; required to reach the switching

surface z3 — 2Az; = 0 is determined by:
1 2A(Ag —bg3 —b) — by + DA

t = 1 .
LT N — Ay | 240N — byy — ) — by + bA

(3.6)

The condition for reaching the surface in finite time is ¢; > 0, which imposes
constraints on the system parameters (3.7) and (3.8). Specifically, we require
2A(Ay—bs5)— A < 0 to ensure that the trajectories do not diverge before hitting
the switching plane.

Similar analysis applies to the region where a« = —1. By combining the condi-
tions for both control states, we establish the global asymptotic stability of the
system under the proposed variable structure control law.
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