Soviet-era science, translated into English

ON THE QUESTION OF
THE HYDRODYNAMIC
APPROXIMATION OF
THE GREEN’ S
FUNCTIONS OF A
SUPERFLUID BOSE
SYSTEM

MATHEMATICAL PHYSICS

View the original and related papers at https://sovietrxiv.org/items,/ru-196701.17821

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196701.17821

Abstract

Full Text

UDC 533.72
MATHEMATICAL PHYSICS
V. A. KRASNIKOV

ON THE QUESTION OF THE HYDRODY-
NAMIC APPROXIMATION OF THE GREEN’
S FUNCTIONS OF A SUPERFLUID BOSE
SYSTEM

(Presented by Academician N. N. Bogolyubov, 18 VII 1966)

At present there is no general method for decoupling the chain of equations for
Green’ s functions. In this connection, the asymptotic calculation (for small k
and w) of Green’ s functions that are directly connected with the physical char-
acteristics of the system, and that requires no approximations, is of interest. In
the present note, following the ideas of N. N. Bogolyubov (!, 2), the Green’ s
functions are calculated in the viscous hydrodynamic approximation. Let us
note that this question was also studied in (). However, in contrast to (®), here
additional external fields are included in the Hamiltonian of the system, making
it possible to obtain new Green’ s functions, and the restriction of weak dissipa-
tion is not imposed. In (*) the asymptotic form of the correlation functions for
superfluid systems was obtained by another method, which, however, does not
appear to us to be simpler. The case of normal systems was studied in (?, °).
As is known (1), for a superfluid system there is a statistical expression, char-
acteristically associated with the presence of a separated condensate, for the
removal of which terms with particle “sources” 7(¢,r) should be introduced into
the Hamiltonian. Therefore let us take the Hamiltonian in the form

H= i/V\Iﬁ(t,r) VU(t,r)dr+
+ 1 / O(|r — ' )UF (¢, )V (¢, v )V (¢, v )U(E, 1) drdr’+
. | 1)
+ /(U(t,r) — Ut (t,r)V(¢,r)dr — . /j(t, r)A(t,r)dr+
+ /{n(t, r)Wt(t,r) +n*(t,r)¥(t,r)}dr,

where A is the chemical potential, and U(¢,r) and A(t,r) are the potential and
vortical components of a certain external field satisfying the condition div A = 0.
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The introduction into the Hamiltonian of terms with external “sources” U, A,
and 7 is required in order to take variations of the hydrodynamic averages with
respect to them and thus to obtain the corresponding Green’ s functions. A
superfluid system is characterized by the fact that the wave function of the con-
densate (7), (¥(¢,r)) = Re'X, is nonzero even for vanishingly small 7, while the
superfluid velocity is determined by the relation v, = %(VX — A). It can be
shown (2) that the basic hydrodynamic quantities p,,, ps, V,,, Vs, and 6 can be
expressed (not necessarily explicitly) through averages of certain combinations
of second-quantized field operators in the Heisenberg representation. The equa-
tions of motion for these operators make it possible to obtain a system of hydro-
dynamic equations which, when linearized up to terms with “sources,” coincides
with the equations first obtained by I. M. Khalatnikov from phenomenological
considerations.

considerations (¥):
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e +p P or + ps divv,, A69,

where

5p:<3i) 5p +(8P> 50, GA=—s60+ 6P,  p=p,+pn
o), a0 P

P is the condensate density in the state of static equilibrium, and the coeflicients
of thermal conductivity x and viscosity 7y, &;, b and ¢ are constants, of which b
and c are complex. To establish a certain relation between them it is convenient
to consider the state of static equilibrium in the absence of external fields, but
when 7 is a prescribed function of r:
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The system (2) takes the form:

Ps diVVS = Z\/%(n* - 77)7

o 0 o . On

or* S or,, divv, +b or,, o ar,’ ®)
aorP a .. on* . On
a—ra = pﬁgﬁ divv, + pc ar. + pc ar.

Eliminating from (3) the terms with JP and v, we obtain:

*

WP, on oo WP, on
b pc s (pgj £1>:| 87“ + |:b pc + s (pg?) 51) 87’a _Oa

«

whence, by virtue of the arbitrariness of 7, it follows that

iv/Po
Ps

b—pc= (P —&1)- (4)

We note that this relation between the coefficients differs from the relations in
work (3), obtained by equating coefficients at identical terms in the last two
equations (3)*.

To solve (2), we decompose the velocities into longitudinal and transverse compo-
nents, pass to Fourier components, and, for convenience, denote the sought quan-
tities dpy, > k*vS(k), 00y, > kv (k), respectively, by z; (i = 1,2,3,4):

WTy — Psy — PrTs = /Po (77;; —N_k)s

oP . . oP
k? ( op >9 xy — (mpyw + k%€ Ty — (Mpyw + ik*y)zy + K2 (59>p Ty =

= E2(bn*y, + b*ny, — pU,,), (5)
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oP
e ( p ) = (mpo + 80y, — i p gy + B2
6

(‘E) _ _
a6 ), 7| T

= k*(pen’y, + pc*ny — pUy),

* This inaccuracy was independently corrected by Z. Galyasevich in (19).

0(OP /00 2
w 80—7( / >p]x1—89333+<w+ikx>x420,
c pc

2
PCy peCy, v

v

mpnwvgr(k) = —ik2772U%T(k) - wpnA%7 Y= 4/3772 + £2a (5)

where vS_(k) is the Fourier component of the transverse component of the nor-
mal velocity (3, k*v% (k) = 0). From the last equation it follows that

1

—w

« — _ m AX.
v (k> W+ ik2772/mpn k (6)

The solution of the remaining part of (5) can be represented in the form:

z; = QU (k,w)ny, — ;0 (k, —w)n® ), + @, (k, W)Uy} (7)

Here g; = (—1)% € is the determinant of system (5); ®; and ¢, are polynomials
in w and k? of degree not higher than the third, which it is not possible to write
out here in full.

To find the Green’ s functions one should use the theorem on the variation of
the mean value (see, for example, (9)); here the role of the variation of the
Hamiltonian is played by the terms with small external “sources” U, A, and
7, which we choose in the form g(t,r) = e witsttikrg, o ciwtret=ikrg  —where
e — 0+, and g is any of the quantities U, A, 5. In accordance with this
theorem, for the Fourier images of the superfluid velocity and of the amplitude
of the condensate wave function it is not difficult to obtain:

k®
vg (k) = {{ay, —aZ;al Doy, + (ap —al;a ) in'y,

m./Poy

+V 12 (ay + a’y: p—k>>LUk} )

R(k) = 7 {{ay, + a’p;ap D omy + (ay +atysa )iy,
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+V_1/2 <<Cl;c + atk§ p7k>>ZzUk} ’ (8)

OR OR
opl, ! 00 ),

where a;, a; are the particle creation and annihilation operators; pj, is the
Fourier image of the density operator; V is the volume of the system, and the
brackets {(--)), denote temporal Fourier images of retarded Green’ s functions.
Thus, the quantities x;, on the one hand, are determined by the solution of
the system of linearized hydrodynamic equations (7), and, on the other hand,
relations of the type (8) can be written for them. Comparing these expressions
makes it possible to obtain the Green’ s functions in the so-called hydrodynamic
approximation. For example, from (7) and (8) it follows that

(o, = — {3k, —) — /g @3k, —),

s 605 = — (P 0) + /7 Bk, ), 9)

~1/2
s i = g AF (k) + /7 ks )},

where

Ff(k%W) = (0R/0p)of1(k,w) + (‘9R/89)pf3<kaw); fi =P, 05

Let us also calculate the tangential component of the tensor Green’ s function
current-current (¢ (k); j2(—k))7 . In accordance with the definition of the cur-
rent in the presence of a vector field,

and it remains only to find the expression for the variation 6(j¢(k)) due to the
adiabatically switched-on perturbation

0H = 1 i@, )AL, r)dr.

m

Using the theorem on the variation of the mean and relation (6), we obtain
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1% ikn ko kS
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<<.77- (k)7jr( k>>>w oW w+ zk2772/mpn (6(1,8 k2 > : (10)

In an analogous way one can find the Green functions ({pg;p_p))0,
(I (k)s p_e e <<]f‘(k),jf(—k)>>£ It should be noted that the expres-
sions found for the Green functions are asymptotic and are valid only for
k< 1/L, w <« 1/T (L,T are the mean free path and the relaxation time),
since the hydrodynamic equations themselves are valid only for sufficiently

“slow” changes of the hydrodynamic quantities.

In conclusion the author expresses deep gratitude to Acad. N. N. Bogolyubov
for his attention to the work and valuable comments, and also to I. A. Kvasnikov
and Z. Galiasevich for useful discussion.
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