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In the works (},2) J. Moser proposed a method for obtaining the Harnack in-

equality for generalized solutions (g.s.) from the classes W3 (€2) and W1(Q) of
the equations (A u, ), = 0and u, = (A;u )xj. In (3) J. Serrin extended the

g 1]

result of (1) to g.s. of a certain class of quasilinear elliptic equations. Here we
extend the Harnack inequality to g.s. of a certain class of quasilinear parabolic
equations of second order (see (%)), and in the proof the approaches used in
(173)* are developed.

Let © be some bounded n-dimensional domain in E,,, Q) the cylinder Q x [t,%,].
By L, , (Q) (p,py > 1) we denote the space of all measurable functions in Q
for which the norm is finite

t 1/pq t /P 1/py
|u|p,p1,Q=(/ ||u|£}th) =</ ([ tura) dt) e
ty ty Q

For p; = oo,

Hu|p,oo,Q = vralmaxc(s ;1 ”u”pQ
We introduce also the following notation. W, °(Q) is the closure of the set of
all smooth and finite in @ functions in the norm (|ul3 ;, + u, 3 o)"/?; Wy H(Q)

is the subset of all functions from W21 ¥(Q) which vanish in some neighborhood
of the lateral surface and the lower base of the cylinder @) and have the gen-
eralized derivative u, € Ly(Q); Uy"(Q) is the space of all functions u(z,t)
belonging to L,(Q) and having generalized derivatives u, from L,(Q) and a
finite vraimaxc, 4| [ul2,q, with norm '
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. 1/2
(u)g = (vraimax,c, . [uld g+ lul3q) (2)

where

" 1/2
Uy = (uxla auxn)v Huac”Q,Q = (Z Ui)
i=1

2,Q

Denote by K ,(z,) the n-dimensional ball of radius p (p > 0) with center at the
point x4, and by Q,(x,t,) the cylinder K ,(xq) x [ty — p*, o).

Lemma 1. Let u(x,t) € Ugl’o(Qp), and let the numbers [,1; (I, > 1) satisty
the conditions
1/l+2/nl; >1/2,

[1>2;1y>2forn>3; 2<Ii<oo0,ly>2forn=2; [>2/];,>4 forn=1.

3)

* A certain generalization of the result of Moser’ s work (?) was obtained in (%),
where it was shown that the Harnack inequality will also hold for a somewhat
broader class of g.s. of the equation u, = (A, u )zj than W3 (Q).

ij i,

Then the function u(z,t) belongs to the space L;; (Q,) and satisfies the inequal-
ity

. -2/l ”
ullg, @, < ao (vraimaxyey, o lulor) (lulg, + lunlg,)” (lulsg,)

(4)

where » = n/2 —n/l (obviously, » € [0,2/l;]) and a, depends only on n for
n # 2 and on [ for n = 2.

In the case 1/1 + 2/nl; > 1/2, inequality (4) implies the inequality
/e St
lulyy, 0, < (g, +ahe = =T fulq | (5)

where ¢ is an arbitrary positive number.

Consider the equation
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L (x,tuyu,) + Lolx,tu,u,) =0 *, (6)

where £, (z, t,u,p) and Ly(z,t,u,p) (p = (py,...,p,,)) are given functions of the
variables z,t, u, p, defined in the domain

R:2eQ, t€]0,T], —co<u<o00, —00<p, <00, k=1,...,n,

measurable in x,t in the cylinder Q. = Q x [0, T for fixed u and p, and continu-
ous in the variables u and p for fixed x and ¢. Suppose that for all (x,t,u,p) € R
the inequalities

n

1/2
> L2t u,p)] < ulp| + Alul + 7,

i=1

[ Lo(,t,u,p)| < Blp| + Clul + 5, (7)

Li(x,t,u,p)p; > v|p|* — Dlul* — A,

hold, where v and p are positive constants; A, B,C, D, F, G, H are nonnegative
functions of the variables x, ¢, belonging to the spaces

ABF €Lyo(Qr),  C.DGIELy o(Qr), g>n>2 (8)

A generalized solution from the class W,*(Qr) of equation (6), whose coeffi-
cients satisfy conditions (7), (8), is a function

u(z,t) € Uy (Qr),

satisfying, for almost all ¢;,t, € [0,T] and all

@EWng(Q)a Q:Qx[tlthL

the integral identity

ty

/ufbdﬂc
Q 1

12
+ / / [—uq)t + (@t u, uy )@, + Lo, t,u, um)fb] dz dt = 0.
t ty

Q
9)
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Denote by I';» the set of all points (z,¢) lying on the lateral surface or on the
lower base of the cylinder @, and let

Qo = Qo (g, tg) = Qo (g, tg + 2r%) = Ky, (4) X [tg — 217, b + 2r?).

With the aid of the main lemma of [2] and Lemma 1 one proves

Theorem 1. Let u(z,t) be a generalized solution from the class U, °(Q;) of
equation (6), whose coefficients satisfy conditions (7), (8). Suppose that this
generalized solution is nonnegative in the cylinder C/Q\QT,(xO, ty), contained in Q
and at a positive distance from I'. Then the function w(z,t) satisfies the
inequality (Harnack)

vrai maxq- U < const (Vrai rnith/4 u+ kT) , (10)
where
Q;/él = Qr/4(‘r07t0 - %72)7 Q:r/4 = Qr/4($0,t0 + 27“2),
1/2 n
e P e (L e e

The constant in (10) depends only on

n,v, u,q, 7~5||/l’ B||q7m7@2T

and

1€, Dl 0.,

0

* By a—ﬂi(x,t,u,uz) is meant the total derivative of the function
Ly

L;(x,t,u(z,t),u,(x,t)) with respect to the variable ;.

As a consequence of Harnack’ s inequality one easily obtains an estimate of the
Holder constant of an arbitrary generalized solution from the class V%’O(QT) of
equation (6), considered under conditions (7), (8).

In the case

L, (x,t,u,p) = ZL”pJ—i—AZ-u—l—FZ-, Loz, t,u,p) = ZBJpj-i-
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+Cu+ G

the estimate of the Holder constant was first obtained by different methods by
0. A. Ladyzhenskaya and N. N. Ural’ tseva in (), and (for A, = B, = F, =
C =G =0) by J. Nash in (°).

Theorem 2. Let u(x,t) be an arbitrary generalized solution from the class
V5°(Q7) of equation (6), satisfying conditions (7), (8), and let Q" = ' x [0, T},
Q" =Q" x [8",1)], Qcoch ¢ Q, ¢’ > 6” > 0. Then the function u(z,t)
has a finite vraimaxg, [u| and, for almost all (z,t), (Z,t) € Q’, satisfies the
inequality

|lu(z, t) — u(z,t)| < const (vraimaxg, |u| + K) (|lv — z|* 4 |t — i), (@1
where v € (0,1],

1/2
K = ”‘(}r”q,oo,Q” + ||9||q/2,oo,Q” + (”‘7{”q/2,oo,Q”>

)

and the constant in (11) depends only on n, v, u, g, the norms | A, B|, . o7,
IC, Dl g/2,00,07> on the geometry of @, and on the distance from Q” to the lateral
surface and the lower base of the cylinder Q”.

The functions A, B, ..., # may be regarded as elements of spaces L, , (Qr) of
general form (p,p; > 1). In this case, for generalized solutions of the quasilinear
equation (6) satisfying conditions (7), theorems (see (%)) analogous to Theorems
1 and 3-7 of paper (“a), concerning linear parabolic equations, are proved.

Remark added in proof.

1. The results of Theorems 1 and 2 remain valid if the functions A, B, ..., A
are characterized in terms of belonging to spaces Lp,pl(QT) of general
form, i.e., if instead of (8) one imposes the condition

A, B,F € Lyyn, (Qr),  C.D,G.H€L,, (Qr)

2. In the case of bounded generalized solutions the results of these theorems
remain valid if, instead of (7), one assumes that

1/2
<plpl+F Lol <mlpP+G,  Lip > vlplP=3, (T)

n

2
2 4
i=1

where F, G, and K satisty (8 ).

3. During the International Congress of Mathematicians in Moscow in 1966
it became known to us that, recently, a result analogous to Theorem 1
in the case of conditions (7), (8') had been obtained by D. G. Aronson
and J. Serrin (an announcement of their result appears in Notices of the
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Am. Math. Soc., 13 April 1966, p. 381), and, in the case of bounded
generalized solutions under conditions (71), (8'), also by N. S. Trudinger.
In addition, for linear equations Harnack’ s inequality has been extended
by L. P. Kuptsov to a certain class of non-hyperbolic equations. These
results have not yet been published.

Leningrad Branch of the V. A. Steklov Mathematical Institute Academy of
Sciences of the USSR
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