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1°. We shall consider the class ) of regularly monotone polynomials P, (z),
P(xz) =1, of order n on [0,1] with type numbers i, tig, ..., fb,,, Where

m
Zﬂj:n’ Mps+l:)‘l7 I=1,..,s, Mmg/\lo’
j=1

m = pos + ly. Let, for definiteness, the first type number p; = A; correspond
to a permanence. From the generalized theorem of S. N. Bernstein ((?, p. 515))

it follows that in the class \;*) the polynomial P,(z) (hereafter—the extremal

polynomial) deviates least from zero on [0, 1], and together with its derivatives

satisfies the conditions P,,SV)(aV) = 0, where «, = 0, if

v —qb, = by, by s, s =2p, k=0,1,...,(s —2)/2,
v —2qb, = by, byl 1. s=2p+1, k=0,1,...,(s—1)/2,
V—(2q+1)bs:b2k+1,b5,3+2, s=2p+1, k=0,1,...,(s —3)/2,
(A)
and o, =1, if
V—qbszb2k+1,b5,3+2, s =2p, kE=0,1,...,(s —2)/2,
v—2qb, = bop, 1, byptis, s=2p+1, k=0,1,...,(s —3)/2, (B)
v—(2q+ 1)b, = by, bgle, s=2p+1, k=0,1,...,(s—1)/2,

where
P
by=> Hj  byg=0.
j=1
(We note that for the class under consideration

b =q¢b,+b;, i=0,...,s—1, ¢=0,1,2,....)

qs+1
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In what follows we shall write v € A, if v satisfies conditions (A), and v € B,
if v satisfies conditions (B). Let r be an integer nonnegative number. Consider
the sequence {P, ,.(z)}52,, where

n=0»

P, .(x) = P} (x),

n,r

and the polynomial P, .(x) € 5{\+T> is extremal in this class. Represent r in the
form r =gb,+b;+j (i =0,...,s—1, j=0,...,\; 11 —1). It is not difficult to see
that any polynomial P, ,.(z) of the sequence under consideration is a regularly
monotone polynomial of order n on [0, 1] with type numbers

AiJrl_.7.7Ai+25"'7Asv)‘1a)‘27--~7/\57)‘1a"' (1)

The class of regularly monotone polynomials of order n on [0, 1] with type num-
bers (1) will be denoted by %)‘r)

Theorem 1. Of all polynomials y,, .(z) € 9;.), yiﬁ(x} = 1, the polynomial

P, .(x) deviates least from zero on [0, 1], for which the conditions

Py =0,  v=0,.,n—1,

are satisfied, where
(r) 0, ifv+reA,
oy’ =
1, ifv+reB.

Moreover, the magnitude of the least deviation is

L,= |Pn,r<1 - OLEJT>)|

n

Theorem 2. The sequence {P, ,.(z)}72, of extremal polynomials of the class

532 is a sequence of generalized Appell polynomials for the class AQS) (see (3)).

Here k = b, if s is even, and k = 2b,, if s is odd.

Theorem 3. Every polynomial P, ,.(z) of the extremal sequence {P, ,.(z)}7%,

of the class %’\T) can be represented in the form

n

1
Pn,r(z> = Z CLE,x,
v=0

where the numbers E}" are successively determined from the system of equa-

tions
Eg’r =1,

EnT =0, ifv+re A,
1+£E™), ,=0, ifv+reB.

2°. Denote by gf‘jl{r, I < n —1, the class of regularly monotone polynomials
Yn () of order n —1 on [0, 1] with type numbers (1).
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Theorem 4. Of all polynomials y,, () € 5; ;T of the form
yn r Z O'kx
where the coeflicients oy, k =n — 1, ... ,n, are fixed, the polynomial

n

y;,r(x) = Z akpk,r<x>a

k=n—1

deviates least from zero on [0, 1], with

o, ifh+reA,

ap = n m! .
Zmam, lfk+T€B
m=k

Denote by P the subclass of polynomials

n—Il—1
k (Xs
ynr ZO’ka' +Z‘Pl€$ 6n ,r
k=n—1
with m, 0 < m <, fixed coefficients Okyr Ohysr s Ok s

n—I1<ky <ky <- <k, <n.

Theorem 5. If there exists a polynomial y;, ,.(z) € B such that for any poly-
nomial y,, .(z) € P and any = € [0, 1] the inequality

ynr |< ynnrl)( )|

is satisfied, then it is the polynomial least deviating from zero on [0, 1].

In particular, the following holds.

Theorem 6. Among all polynomials y,, () € ib %,T with fixed leading coeffi-
cient o,, such that

ygfffm(x)an <0, x € [0,1],

the polynomial

* ( ) n'o-n[Pnr(‘r) ;Pn lr(‘r>]7 ifn—l—i—rEA,
) = ’
Ynr nlo, [P, (x)+ 3P, ,.(x)], ifn—1+reB.

deviates least from zero on [0, 1].

3°. Consider the sequence {P, ,.(z)}72, of extremal polynomials of the class 53;),

satisfying the conditions of Theorem 1. Let L be a linear differential operator
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generated by the differential expression I(f) = f (%) and by the separated bound-
ary conditions f) (ag>) =0, v=0,..,k—1. If A\, and r are such that the
corresponding boundary-value problem has a unique eigenvalue p; of smallest
modulus (see (4)), then the following holds.

Theorem 7. If for L one of the following conditions is fulfilled: 1) L = L*, 2)
L # L*, but all eigenvalues of the operator L are simple zeros of the characteristic
determinant A(p), then the asymptotic equality holds

lim Pn,r(w) _ ©1 (l‘)
o p (1—all) o (1—al))

where ¢ (x) is the eigenfunction of the operator L corresponding to the eigen-
value p; of smallest modulus.

From this theorem there immediately follows a refinement of one result of Tagam-
litskii (see ©°); p. 199):

Theorem 8. Let f(x) be a regularly monotone function with an infinite order
of monotonicity and with type numbers (1). Then it can be represented in the
form

z) = OOC - @1 (2)
f() ;kpk,r()+‘4%01(1_ag,))7

where ¢;, and A are certain nonnegative constants.
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