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ILL-POSED PROBLEMS WITH CLOSED NON-INVERTIBLE
OPERATORS
An element 𝑥′ ∈ 𝑀 is called a quasi-solution of equation (1) on the set 𝑀 (or
on a compact set 𝑀) if:

𝜌(𝐴𝑥′, 𝑦) = min
𝑥∈𝑀

𝜌(𝐴𝑥, 𝑦).

In other words, a quasi-solution is the preimage of some projection of the point
𝑦 onto the set 𝐴𝑀 . The (complete) set of quasi-solutions is, evidently, the
complete preimage in 𝑀 of the set of projections 𝑇 𝑦 = 𝐴−1𝑃𝑦 = 𝐴−1Φ𝑦 = 𝑇 𝑦.
Theorem 2 from work [?] is erroneous, as demonstrated by counterexamples.
Theorem 1 of the present section confirms the validity of all other results in [?],
except for the final conclusion of Theorem 5.

From this, it follows, among other things, that the set of quasi-solutions is non-
empty when 𝑀 is a compact set and coincides with the set of exact solutions of
equation (1) if such solutions exist—that is, if 𝑦 ∈ 𝐴𝑀 .

Theorem. A non-empty metric projection 𝑃 of a metric space 𝑌 onto a subset
𝐴𝑀 is 𝛽-continuous at every point 𝑦 ∈ 𝑈 .
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Proof. Take 𝑦 ∈ 𝑈 and 𝑦𝛿 ∈ 𝑈 such that 𝜌(𝑦, 𝑦𝛿) < 𝜖/2. Since 𝑃𝑦 ⊂ 𝐴𝑀 ,
we have 𝜌(𝑦, 𝑃𝑦) = 𝜌 < 𝜖/2. According to (3), 𝑃𝑦𝛿 = 𝑁 ∩ 𝑆(𝑦, 𝛿) ⊂ 𝑆(𝑦, 𝜖) ⊂
𝑈(𝑦, 𝜖) = 𝑈(𝑃 𝑦, 𝜖), which was to be proved. For this theorem to hold, it is
evidently sufficient that there exists a neighborhood of the element 𝑦, every
point of which has a (non-empty) projection in 𝐴𝑀 . If 𝑀 is a compact set, the
mapping 𝑃 is 𝛽-continuous on the entire space (see [?]).

Definition.## Ill-Posed Problems with a Closed Irreversible Operator

In the study of ill-posed problems involving a closed irreversible operator [?],
the requirement that the right-hand side of equation (1) belongs to the image
of the aforementioned bicompact set becomes non-essential. However, the re-
quirements for the continuity and one-to-one correspondence of the operator are
typically maintained.

Similar circumstances arise in a different approach developed by V. K. Ivanov.
Here, the solution is still sought on a bicompact set; however, since the data may
lie outside its image in 𝐹 , it is proposed to construct the best approximation to
the data within this image and take the preimage of that best approximation.
The “quasisolution”constructed in this manner (see Definition 5 below) gener-
alizes the exact solution and, in some cases, even proves to be well-posed in the
sense of Hadamard (see, for example, [?]).

The strictly geometric nature of this new approach has opened possibilities for
further generalizations. Among these, we highlight the ability to weaken the
requirements on the operator 𝐴, specifically by abandoning the requirement of
its invertibility [?]. In this case, while stability of the usual type generally loses
its meaning, a certain generalized stability—so-called 𝛽-continuity (see Definition
3 below)—is preserved for a continuous operator.

Finally, very recently, V. K. Ivanov [?] conversely maintained the one-to-one
correspondence of the linear operator but abandoned its continuity, replacing it
with closedness in the sense of Definition 1. The stability of the quasisolution is
not lost in this case either, provided that 𝐹 is a Banach 𝐸-space. The transition
to closed operators allows this theory to be applied directly to a wide range of
differential problems.

In the present work, we also restrict ourselves to the property of operator closed-
ness, which is weaker than continuity, but simultaneously abandon the require-
ment of operator invertibility. Although this case differs significantly from that
considered in [?] (the image 𝑁 of a relatively compact set from 𝐷 possesses only
closedness rather than compactness as in [?]), it is nonetheless possible to prove
the 𝛽-continuity of the inverse (multivalued) mapping 𝐴−1 ∶ 𝑁 → 𝑀 (Section 4).
Furthermore, if metric projections onto 𝑁 in the sense of Definition 4 exist, we
can demonstrate the 𝛽-continuity of the projection operation and, consequently,
of the quasisolutions themselves at points in 𝑁 (Section 5).

Subsequently, in Sections 6 and 7, we establish certain criteria for the uniqueness
and existence of metric projections onto a closed convex set, which are utilized
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for the theory of quasisolutions of equation (1) with a linear operator (Sections
7 and 8). By narrowing the class of spaces to 𝐸-spaces, the condition 𝑦0 ∈ 𝑁 is
removed, as the projection and quasisolutions become 𝛽-continuous on the entire
𝐸-space (Section 9). Furthermore, in Section 10, the 𝛽-stability of quasisolutions
is estimated via the modulus of 𝛽-continuity of the mapping 𝐴−1 at a point in
𝑁 for a Hilbert space 𝐹 . For this same case, Section 11 outlines a method
for the approximate determination of quasisolutions on 𝑀 , consisting of their
construction on an expanding sequence of subsets whose union is dense in a
specific manner.

§ 1. STABILITY
Quasisolutions
Let 𝑋 and 𝑌 be metric spaces, and let 𝐴 be an operator with domain 𝐷(𝐴) ⊆ 𝑋
and range 𝑅(𝐴) ⊆ 𝑌 . Given an element 𝑦 ∈ 𝑌 , the objective is to determine an
element 𝑥 ∈ 𝑋 such that the following equality holds:

𝐴𝑥 = 𝑦.

O. A. Liskovets

Since the element 𝑦 does not necessarily belong to the range 𝑅(𝐴), and the
inverse operator 𝐴−1 is assumed to be neither continuous nor even necessarily
existent (i.e., single-valued), any of Hadamard’s conditions for well-posedness
may be violated.

Definition.

1. Operator
An operator 𝐴 ∶ 𝑋 → 𝑌 with domain 𝐷(𝐴) is called closed if its graph is
closed in 𝑋 × 𝑌 ; that is, if the relations 𝑥𝑛 → 𝑥, 𝐴𝑥𝑛 → 𝑦 (as 𝑛 → ∞) imply
that 𝐴𝑥 = 𝑦 (see [?, p. 70]). We shall assume the operator 𝐴 in (1) is closed.
Let 𝔐 ⊂ 𝑋 be a compact set (in metric spaces, the concepts of compact and
bicompact coincide), and let 𝑀 = 𝐷(𝐴) ∩ 𝔐.

We will show that the (generally multi-valued) inverse mapping 𝐴−1 possesses
a certain type of continuity on 𝑁 = 𝐴𝑀 . To this end, we require several new
concepts and their properties.

Definition 1. The semi-deviation of a set 𝑚 from a set 𝑚0 is defined as the
value

𝛽(𝑚, 𝑚0) = sup
𝑥∈𝑚

𝜌(𝑥, 𝑚0).
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The geometric meaning of this value is quite simple. If we denote the
𝜖-neighborhood of the set 𝑚0 (i.e., the set {𝑥 ∶ 𝜌(𝑥, 𝑚0) < 𝜖}) by 𝑈(𝑚0, 𝜖),
which coincides with the union of the 𝜖-neighborhoods of all points in 𝑚0, then
the relation 𝛽(𝑚, 𝑚0) < 𝜖 is equivalent to 𝑚 ⊂ 𝑈(𝑚0, 𝜖). Obviously, if 𝑚
consists of a single point 𝑥, then 𝛽(𝑥, 𝑚0) = 𝜌(𝑥, 𝑚0).
Definition 2. A (multi-valued) mapping 𝐹 ∶ 𝑌 → 𝑋 from one metric space 𝑌
to another is called 𝛽-continuous at the point 𝑦0 if, for any 𝜖 > 0, there exists
a 𝛿 > 0 such that for every 𝑦 satisfying 𝜌(𝑦, 𝑦0) < 𝛿, the following inequality
holds:

𝛽(𝐹𝑦, 𝐹𝑦0) < 𝜖.
(Here 𝐹𝑦 and 𝐹𝑦0 are the full images of the points). A mapping is called
𝛽-continuous if it is 𝛽-continuous at every point of the space 𝑌 .

Geometrically, 𝛽-continuous means that for all points sufficiently close to a given
point, their images lie within an 𝜖-neighborhood of the full image of the given
point. The following two properties follow directly from the definitions: A)
A single-valued 𝛽-continuous mapping is continuous in the conventional sense;
B) The superposition (composition) of two 𝛽-continuous mappings is also 𝛽-
continuous, provided that in the first mapping, the set of images of each point
is bicompact.

Theorem 1. If the operator 𝐴 is closed on the set 𝑀 (as defined above), then
the image 𝑁 = 𝐴𝑀 is closed in 𝑌 , and the inverse mapping 𝐴−1 ∶ 𝑁 → 𝑀
of the set 𝑁 onto 𝑀 is 𝛽-continuous. Note that the theorem refers to the full
pre-images of points in the set 𝑀 , not in 𝐷(𝐴).
Proof. We show the closedness of 𝑁 similarly to [?]. Let 𝑦 ∈ ̄𝑁 . Then there
exists a sequence 𝑦𝑛 ∈ 𝑁 such that 𝑦𝑛 → 𝑦 as 𝑛 → ∞. Take any of the pre-
images of the point 𝑦𝑛, i.e., an element 𝑥𝑛 ∈ 𝑀 (the existence of such 𝑥𝑛 since
𝑦𝑛 ∈ 𝑁 is certain). The sequence {𝑥𝑛} belongs to the compact set 𝔐, so there
exists a convergent subsequence 𝑥𝑛𝑘

→ 𝑥 ∈ 𝔐. Their images also converge:
𝐴𝑥𝑛𝑘

= 𝑦𝑛𝑘
→ 𝑦. Since all 𝑥𝑛𝑘

∈ 𝐷(𝐴), by Definition 1, 𝑥 ∈ 𝐷(𝐴) and 𝐴𝑥 = 𝑦.
From this, 𝑥 ∈ 𝑀 and 𝑦 ∈ 𝐴𝑀 = 𝑁 ; therefore, 𝑁 is closed. V. K. Ivanov
brought the last condition, which was absent in [?], to my attention.

ILL-POSED PROBLEMS WITH A CLOSED NON-
INVERTIBLE OPERATOR
In passing, we have effectively proven that for any convergent sequence 𝑦𝑛 ∈ 𝑁
(𝑦𝑛 → 𝑦0 as 𝑛 → ∞) and regardless of how the pre-images 𝑥𝑛 ∈ 𝐴−1𝑦𝑛 are
chosen, the set of limit points of the sequence {𝑥𝑛} is non-empty and belongs
to the full pre-image 𝐴−1𝑦0.

The 𝛽-continuity of the mapping 𝐴−1 at the point 𝑦0 follows from this. Indeed, if
this were not the case, then for some 𝜖 > 0 there would exist 𝑦𝑖 ∈ 𝑁 (𝑖 = 1, 2, …)
such that although 𝑦𝑖 → 𝑦0 as 𝑖 → ∞, the sets 𝐴−1𝑦𝑖 do not lie entirely within
the neighborhood 𝑈(𝐴−1𝑦0, 𝜖). That is, points 𝑥𝑖 ∈ 𝐴−1𝑦𝑖 could be found
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outside this neighborhood. The sequence {𝑥𝑖} must have limit points; otherwise,
it would contradict the established property. However, it cannot have limit
points either, because they would have to lie outside 𝑈(𝐴−1𝑦0, 𝜖) (since the
complement 𝑋 ∖ 𝑈(𝐴−1𝑦0, 𝜖) is closed), which is impossible. Since the element
𝑦0 is arbitrary, the theorem is fully proven.

Corollary. In the case of a single-valued mapping 𝐴−1 ∶ 𝑁 → 𝑀 , it is continu-
ous (by virtue of property A).

Thus, in the case of metric spaces, Theorem 1 generalizes the topological the-
orem from [?]. Even if 𝐴 is continuous and 𝔐 is compact, the stronger 𝛼-
continuity cannot be proven. The significance of the proven theorem is that
if, instead of the exact value 𝑦, a sufficiently close right-hand side 𝑦𝛿 of (1) is
known, then every pre-image 𝑥 ∈ 𝐴−1𝑦𝛿 approximates some exact solution of
equation (1) with a given level of error.

The requirement that the initial data belong to the set 𝑁 is quite burdensome
and, as a rule, cannot be verified effectively (usually it is assumed a priori if
the compact set 𝔐 is chosen appropriately). The following concepts help to
eliminate this requirement.

Definition 3. A (metric) projection of a point 𝑦 onto a closed set 𝑁 of a metric
space is any point 𝑦′ ∈ 𝑁 for which

𝜌(𝑦, 𝑦′) = 𝜌(𝑦, 𝑁).

We shall call the set 𝑃𝑦 = {𝑦′ ∶ 𝑦′ ∈ 𝑁, 𝜌(𝑦, 𝑦′) = 𝜌(𝑦, 𝑁)} the full projection
of 𝑦 onto 𝑁 . In this section, we assume everywhere that 𝑃𝑦 ≠ ∅. If we denote
by 𝑆[𝑦, 𝜌] the sphere {𝑦′ ∶ 𝜌(𝑦, 𝑦′) = 𝜌}, then clearly 𝑃𝑦 = 𝑁 ∩ 𝑆[𝑦, 𝜌]. From
this, it is evident that 𝑃𝑦 is closed. By assumption, it is non-empty. We thus
have a (generally multi-valued) projection 𝑃 ∶ 𝑌 → 𝑁 of the entire space onto
its closed subset 𝑁 .

5. Element
An element 𝑥′ ∈ 𝑀 is called a quasi-solution of equation (1) on the set 𝑀 (or
on a compact set 𝑀) if:

𝜌(𝐴𝑥′, 𝑦) = min
𝑥∈𝑀

𝜌(𝐴𝑥, 𝑦).

In other words, a quasi-solution is the preimage of some projection of the point
𝑦 onto the set 𝐴𝑀 . The (complete) set of quasi-solutions is evidently the full
preimage 𝐴−1𝒫𝑦 = 𝐴−1Φ𝑦 = 𝑇 𝑦 of the set of projections. It should be noted
that Theorem 2 in [3] is erroneous, as demonstrated by counterexamples. Theo-
rem 1 of the present section confirms the validity of all other results in [3], with
the exception of the final conclusion of Theorem 5.
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From this, it follows, among other things, that the set of quasi-solutions is
non-empty and coincides with the set of exact solutions of equation (1) if such
solutions exist—that is, if 𝑦 ∈ 𝐴𝑀 .

Theorem. A non-empty metric projection 𝑃 of a metric space 𝑈 onto a subset
𝑀 is 𝛽-continuous at every point 𝑦 ∈ 𝑈 .

Proof. Let 𝑦 ∈ 𝑈 and 𝜖 > 0. Since 𝑃𝑦 is non-empty, there exists a 𝛿 <
𝜖/2. According to (3), 𝑃𝑦 = 𝑁 ∩ 𝑆(𝑦, 𝛿) ⊂ 𝑆(𝑦, 𝜖) ⊂ 𝑈(𝑃𝑦, 𝜖), which was
to be proved. For this theorem to hold, it is evidently sufficient that there
exists a neighborhood of the element 𝑦, every point of which has a (non-empty)
projection in 𝑀 . If 𝑀 is a compact set, the mapping is 𝛽-continuous on the
entire space (see [3]).

Definition.

If for any
If its metric projection exists and is unique, the set is called a Chebyshev set in
the space.

Corollary. The projection of a space onto a Chebyshev set is continuous at the
points of that set.

From the representation given in (4), Theorems 1 and 2, and property B) of
𝛽-continuous mappings, we derive the fundamental theorem of this section:

Theorem. The mapping 𝑇 , which assigns to each 𝑦 ∈ 𝑌 the complete set of
quasi-solutions 𝑚 on a compact set 𝑀 for equation (1) with a closed operator
𝐴, is 𝛽-continuous at every element 𝑦 ∈ 𝑌 . The projections of each point 𝑦 onto
𝑁 form a non-empty compact set (specifically, if 𝑁 is a Chebyshev set).

The condition 𝑦 ∈ 𝑈(𝑦𝛿, 𝛿) is no longer essential here. However, if the minimum
residual exceeds the error in the initial data—that is, if min 𝜌(𝐴𝑥, 𝑦) > 𝜌(𝑦, 𝑦𝛿)
—then using a quasi-solution instead of the exact solution generally makes no
sense. In such a case, one must either select a different element 𝑦 (which is often
difficult in practice) or choose a different compact set 𝑀 (specifically, a broader
one) instead of 𝑀0.

Geometrically, the last theorem implies that for 𝑦 ∈ 𝑈(𝑦𝛿, 𝛿), the set of quasi-
solutions 𝑚 = 𝑇 𝑦 is such that for each 𝑥 ∈ 𝑚, there corresponds (at least one)
𝑥𝛿 ∈ 𝑀0 such that 𝜌(𝐴𝑥, 𝐴𝑥𝛿) ≤ 2𝛿. However, it is not necessarily true that
for every 𝑥𝛿 ∈ 𝑀0 there must exist an 𝑥 ∈ 𝑚; that is, not every exact solution
(if multiple exist in 𝑀) is guaranteed to have an 𝜖-approximation among the
quasi-solutions. Conversely, if the exact solution 𝑥𝛿 is unique, then any element
𝑥 ∈ 𝑚 represents its 𝜖-approximation.

Corollary. If the mapping 𝑇 ∶ 𝑌 → 𝑀 in the theorem is single-valued—that
is, if 𝑃 ∶ 𝑌 → 𝑁 and 𝐴−1 ∶ 𝑁 → 𝑀 are uniquely defined operations—then the
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quasi-solution on the compact set 𝑀 depends continuously on the right-hand
side of equation (1) at any point 𝑦 ∈ 𝑌 .

We emphasize once more that⋯

results
The statements in this section are conditional: they are derived under the as-
sumption that there exists a non-empty compact set of metric projections onto
the set 𝐴. However, for a set closed in a general metric space, this condition
is not always satisfied. To satisfy this assumption, we will introduce a number
of additional properties below. Furthermore, we will not subsequently require
that 𝑦0 ∈ 𝐹 , i.e., that an exact solution exists within the compact set 𝔐.

Properties of Metric Projection and the Theory of Quasi-
solutions
In this section, we determine the conditions under which the existence of a
projection onto 𝐹 implies its uniqueness.

Definition 7. A linear metric space 𝑌 (generally with a metric that is not
translation-invariant) is called quasi-rotund if no sphere 𝑆(𝑦0, 𝜌) contains any
straight-line segment [𝑦1, 𝑦2] = {𝑦 ∶ 𝑦 = 𝛼𝑦1 + (1 − 𝛼)𝑦2, 0 ≤ 𝛼 ≤ 1}. This
requirement is formally weaker than the rotundity (strict convexity) of the space,
but in many cases, it coincides with it.

Lemma 1. For the complete projection of every point in a linear metric space 𝑌
onto any convex set 𝐹 ⊂ 𝑌 to contain no more than one element, it is necessary
and sufficient that 𝑌 be quasi-rotund.

Proof. The necessity of the condition is obvious, as otherwise, one could take
the segment and the point 𝑦0 from Definition 7. Conversely, suppose there exist
𝑦1, 𝑦2 ∈ 𝐹 such that 𝑦1 ≠ 𝑦2 and 𝑦1, 𝑦2 ∈ 𝑃𝐹 (𝑦0). Denoting

𝜌(𝑦0, 𝐹 ) = 𝜌, 𝑉 (𝑦0, 𝜌) = {𝑦 ∶ 𝜌(𝑦, 𝑦0) ≤ 𝜌},
we have, analogously to (3): 𝑃𝐹 (𝑦0) = 𝐹 ∩𝑉 (𝑦0, 𝜌). As the intersection of convex
sets, 𝑃𝐹 (𝑦0) is convex and therefore contains the entire segment [𝑦1, 𝑦2]. By the
definition of a projection, 𝜌(𝑦, 𝑦0) = 𝜌 for any 𝑦 ∈ [𝑦1, 𝑦2], i.e., [𝑦1, 𝑦2] ⊂ 𝑆(𝑦0, 𝜌).
This violates Definition 7, and the lemma is proved.

A special case of linear metric spaces is (linear) normed spaces. For our purposes,
they are of interest because in such spaces, quasi-rotundity coincides with the
well-known property of rotundity (strict convexity).

Definition 8.
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8. Normed Space
A normed space is called strictly convex (or rounded) if no open segment of an
arbitrary ball 𝑉 (𝑦0, 𝜌) intersects its boundary 𝑆(𝑦0, 𝜌). In a Banach space, it is
sufficient to require this property for a single ball, such as the unit ball (see [?],
p. 187).

Lemma. The strict convexity of a normed space is equivalent to its quasi-strict
convexity.

Proof. It is quite obvious that quasi-strict convexity follows from strict con-
vexity. We prove the converse implication by assuming that Definition 8 does
not hold for some ball 𝑉 (𝑦0, 𝜌). That is, there exist distinct 𝑦1, 𝑦2 ∈ 𝑉 (𝑦0, 𝜌)
such that 𝑦𝛼 = 𝛼𝑦1 + (1 − 𝛼)𝑦2 ∈ 𝑆(𝑦0, 𝜌) for some 0 < 𝛼 < 1. Then:

‖𝑦𝛼 − 𝑦0‖ ≤ 𝛼‖𝑦1 − 𝑦0‖ + (1 − 𝛼)‖𝑦2 − 𝑦0‖ ≤ 𝛼𝜌 + (1 − 𝛼)𝜌 = 𝜌.

This implies that the internal inequalities must, in fact, be equalities; i.e.,
𝑦1, 𝑦2 ∈ 𝑆(𝑦0, 𝜌). Thus, the endpoints of any segment in 𝑉 (𝑦0, 𝜌) containing
an interior point on 𝑆(𝑦0, 𝜌) must themselves lie on 𝑆(𝑦0, 𝜌). Consequently, the
entire segment lies on the boundary, and Definition 7 is violated, which was to
be proved.

Since the projection of a point onto a compact set always exists, the proven
lemmas imply that every convex compact set is a Chebyshev set in any (quasi-
)strictly convex linear space. We now turn to the question of the existence of
projections onto a closed convex set.

Lemma (Liskovets). In a reflexive space 𝑌 , the metric projection of every
point onto an arbitrary closed convex set exists.

Proof. Let 𝑑(𝑦, 𝑀) = 𝜌 and consider the set

𝑀1 = 𝑀 ∩ 𝑉 (𝑦, 𝜌 + 1).

Since the space, being a Banach space, is locally convex, and the set 𝑀1 is convex
and closed, it is also weakly closed ([?], p. 457). In view of its boundedness
in a reflexive Banach space, it is weakly compact ([?], p. 461). According to
Shmulyan’s theorem ([?], p. 469), it follows that any decreasing sequence of
non-empty closed convex subsets has a non-empty intersection.

M k = N n V ( y , p + V k ) ( * = 1, 2 , , . . )

must have a non-empty intersection, which obviously represents the complete
projection of the point.

Remark 1. It is easy to see that Lemma 3 remains valid in the case where 𝑀
is the union of a finite number of convex sets (we shall call such a set “finitely-
convex”) and is closed. By Theorem 2, the projection is 𝛽-continuous at these
points. We now apply these results to equation (1). To this end, we shall
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henceforth assume that the operator 𝐴 is linear, i.e., additive and homogeneous
on the domain 𝐷(𝐴). Such an operator maps a convex set into a convex set
(see, for example, [?], p. 444); therefore, Theorem 3 takes the following form.

Theorem 4. Let 𝑋 be a metric space and 𝑌 be a reflexive Banach space. Let 𝐴
be a linear closed operator from 𝑋 into 𝑌 such that the set 𝑀 is finitely-convex.
Then the set of quasi-solutions on 𝑀 depends 𝛽-continuously on the right-hand
side of (1) at every point 𝑦, provided that all 𝑃𝑦 are compact. A sufficient
condition for 𝑀 to be finitely-convex is that the compact set 𝔐 possesses this
property.

8. By comparing the lemmas from the preceding sections, we can confirm that
in a strictly convex (round) reflexive Banach space, every closed convex
set is a Chebyshev set (this is characteristic of this class of spaces, see
[?]). In the general case, Theorem 4 also holds here, but this time in
an unconditional form, since 𝑃𝑦 consists of a finite number of points. In
the case of a convex and single-valued mapping 𝐴−1, the theorem can be
further refined.

Corollary. If, under the conditions of Theorem 4, the space 𝑌 is also strictly
convex, the set 𝑀 is convex, and the inverse operator 𝐴−1 exists, then the quasi-
solution of equation (1) on 𝑀 depends continuously on its right-hand side at
every point 𝑦.
Remark.

2. In the case of ^-space
As noted in [?] (p. 64), one can achieve uniqueness of the mapping by considering
equation (1) on the quotient space 𝑋/𝑋0, where 𝑋0 is the linear subspace
of solutions to the homogeneous equation 𝐴𝑥 = 0. This subspace is closed
due to the closedness of the operator 𝐴. Under these conditions, the operator
remains linear and closed. However, the disadvantage of this approach lies
in the necessity of considering all (quasi-)solutions from the equivalence class
simultaneously. Consequently, it becomes impossible to isolate a specific desired
subset of solutions by enclosing them within a suitable compact set 𝑀 .

9. Previous works
Results can be improved by imposing stricter requirements on the space 𝑌 .
Thus far, even under the conditions of Corollary 4, where 𝑀 is a closed convex
Chebyshev set, we could only assert the continuity of the metric projection onto
𝑀 at points belonging to the set 𝑀 itself. Whether the projection is continuous
throughout an entire rounded reflexive Banach space 𝑌 for a closed convex set
𝑀 remains unknown in the general case.

Therefore, we consider a narrower class of spaces 𝑌 , the so-called 𝐸-spaces [?].
These are Banach spaces in which, for every closed convex set 𝑀 , any sequence
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{𝑦𝑛} ⊂ 𝑀 converges if it satisfies the condition:

lim
𝑛→∞

‖𝑦𝑛‖ = inf
𝑦∈𝑀

‖𝑦‖

(A series of equivalent definitions is provided in [?] and [?]; uniformly convex
spaces, and specifically complete Hilbert spaces, are 𝐸-spaces, which in turn
are rounded and reflexive (see [?])). As shown in [?], the projection onto a
closed convex set is continuous throughout the entire 𝐸-space and is, therefore,
well-posed in the sense of Hadamard. From this, it is easy to deduce that in
an 𝐸-space, the metric projection onto a closed finitely-convex set possesses
𝛽-continuity. Consequently, the following theorem holds:

Theorem 2. If, under the conditions of Theorem 1, 𝑌 is an 𝐸-space, then the
set of quasi-solutions of equation (1) on 𝑀 depends 𝛽-continuously on 𝑦 ∈ 𝑌 .

Thus, we have eliminated the requirement 𝑦 ∈ 𝑇 (𝑀), so there is no longer a
need to insist that a solution to equation (1) with the “exact”right-hand side
exists within the chosen compact set.

Corollary 5. If, under the conditions of Corollary 4, 𝑌 is an 𝐸-space, then
the quasi-solution of equation (1) on 𝑀 depends continuously on 𝑦 ∈ 𝑌 , and
therefore the problem of finding such a quasi-solution is well-posed in the sense
of Hadamard. This means that for a metric space 𝑋, this theorem generalizes
the main result of [?]. Remark 2 also applies to this case.

Just as in [?], it is not difficult—given a convex 𝑀—to provide an estimate for
the 𝛽-stability of quasi-solutions via the modulus of 𝛽-continuity of the mapping
𝑇 at point 𝑦0, which is understood as:

𝜔(𝑦0, 𝛿) = sup
‖𝑦−𝑦0‖≤𝛿

𝛽(𝑇𝑦, 𝑇𝑦0
)

This specific value was chosen rather than the modulus of 𝛽-continuity over the
entire 𝑌 because, by Theorem 1, it is infinitesimal as 𝛿 → 0. It is obvious that
𝜌(𝑇𝑦, 𝑇𝑦0

) ≤ 𝜌(𝐴−1𝑃𝑦, 𝐴−1𝑃𝑦0) ≤ 𝜔𝐴(‖𝑃𝑦 − 𝑃𝑦0‖), and it is only necessary to
estimate ‖𝑃 𝑦 − 𝑃𝑦0‖ in terms of ‖𝑦 − 𝑦0‖; that is, to estimate the modulus of
continuity of the projection operation 𝑃 . For Hilbert spaces, such an estimate is
given in [?]. It turns out that ‖𝑃𝑦 −𝑃𝑦0‖ ≤ ‖𝑦 −𝑦0‖ for 𝑦, 𝑦0 ∈ 𝑌 , and therefore:

𝜌(𝑇𝑦, 𝑇𝑦0
) ≤ 𝜔𝐴(‖𝑃𝑦0, ‖𝑦 − 𝑦0‖), 𝑦, 𝑦0 ∈ 𝑌 .

3. APPROXIMATE CONSTRUCTION OF QUASI-
SOLUTIONS
Let us now turn to the practical question of methods for finding quasi-solutions.
In doing so, we shall restrict our consideration to the most important case, that
of Hilbert space.
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A. LISKOVETS. Let the set Φ be convex, and suppose there exists some in-
creasing sequence of convex subsets Φ1 ⊂ Φ2 ⊂ ⋯ ⊂ Φ𝑛 ⊂ ⋯ ⊂ Φ. Then their
images under a linear closed operator 𝐴 also constitute an increasing sequence
of convex closed sets: 𝐴Φ1 ⊂ 𝐴Φ2 ⊂ ⋯ ⊂ 𝐴Φ𝑛 ⊂ ⋯ ⊂ 𝐴Φ. Let us denote

M o0 =UM i , N o0 = uN i =AM oa .

For the following discussion, it is crucial that 𝑁0 is dense in 𝑁 , i.e., ̄𝑁0 = 𝑁 .
In practice, however, direct verification of this condition can be quite difficult.
Therefore, it is preferable to provide a corresponding sufficient condition ex-
pressed in terms of the space 𝑋.

Lemma 4

Let 𝑋 be a metric space, 𝑌 be a Banach space, 𝐴 ∶ 𝑋 → 𝑌 be a linear closed
operator, and 𝑀 ⊂ 𝑋 be a relatively compact, finitely convex set. If for some
𝑀 ′ ⊂ 𝑀 and any segment 𝑙 ⊂ 𝑀 , the intersection 𝑙 ∩ 𝑀 ′ is dense in 𝑙, then the
image 𝑁 ′ = 𝐴(𝑀 ′) is dense in 𝑁 = 𝐴(𝑀).
Proof. It is clearly sufficient to consider convex sets 𝑀 . Let us show that
𝑁 possesses the same properties as 𝑀 . Take arbitrary points 𝑦1, 𝑦2 ∈ 𝑁 and
any of their pre-images 𝑥1, 𝑥2 ∈ 𝑀 . We restrict the operator 𝐴 to the segment
𝑙 = [𝑥1, 𝑥2]. This restriction is obviously a closed, one-to-one linear operator.
According to Corollary 1, it has a continuous inverse on its image 𝐴(𝑙). Since
the set 𝐴(𝑙) is one-dimensional, bounded, and closed in the metric of the Banach
space 𝑌 , it is compact. Consequently, the operator 𝐴 itself is continuous on 𝑙.
Combined with condition (5), this implies that 𝐴(𝑙 ∩ 𝑀 ′) is dense in 𝐴(𝑙). The
relations 𝐴(𝑙 ∩ 𝑀 ′) ⊂ 𝑁 ′ ∩ 𝐴(𝑙) and 𝑦1, 𝑦2 ∈ 𝐴(𝑙) ⊂ 𝑁 complete the proof.

We shall now assume that 𝑌 is a Hilbert space. For an arbitrary 𝑦 ∈ 𝑌 , let 𝑦𝑛
denote its full metric projections onto the previously constructed sets 𝑁𝑛.

Theorem

If the space 𝑌 is Hilbert, the sets 𝑁𝑛 are convex, and 𝑁0 is dense in 𝑁 (specifi-
cally, if condition (5) is satisfied for 𝑀0), then the projections of the point 𝑦 ∈ 𝑌
converge:

𝑦𝑛 → 𝑦0, 𝑛 → ∞

Proof. By virtue of the results⋯

§ 2 Projections
exist and each consist of a single point. Let us denote

𝑃(𝑦, 𝑁) = 𝑝(𝑦, 𝑛) = 𝑝, 𝑃(𝑦, 𝑀) = 𝑝(𝑦, 𝑚) = 𝑝1.

It follows from the inclusions that 𝑙 + 1. Therefore, the sequence (𝑖 = 1, 2, …)
converges, and since it is dense in, it converges to 𝑝. The assertion of the
theorem follows directly from this.
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Indeed, by analogy with (3), 𝑛 ∈ 𝑁 ∩ 𝐿 ∩ 𝑆(𝑝, 𝐽) ∩ 𝑆(𝑦, 𝑃𝑡). If 𝑝 = 0 and
𝑛 = {𝑦}, then for {𝑦, 𝑝} ∪ {𝑛}, if 𝑝 > 0 and {𝑦′}, where 𝑦′ ≠ 𝑦, we separate the
sets (𝑦, 𝑝) and 𝑁 by a hyperplane ℎ (this is possible by Eidelheit’s theorem [?],
p. 42). This hyperplane is a supporting hyperplane to the point (𝑦, 𝑝); that is,
it is orthogonal to the segment [𝑦, 𝑦′], since there can be no other supporting
hyperplanes at point 𝑦 due to the smoothness of the Hilbert space. Of the two
resulting closed half-spaces, one contains the set, which we denote by 𝐻. Then
[𝑆(𝑦, 𝐻) ∩ 𝑆(𝑦, 𝑃 )]. We shall now show that for 𝑝1 − 𝑝2

H[§(y, Pi )CU(y’,e) = U(n ,E).

To achieve this, we pass an arbitrary two-dimensional plane through [𝑦, 𝑦′]. This
plane is clearly Euclidean. A chord of the circle 𝐿 ∩ 𝑆(𝑦, 𝜌) passes through the
point 𝑦′. The point 𝑦′ serves as the midpoint of this chord, since 𝑦′ ⟂ 𝑦. Among
the points in the truncated part of the circle, the endpoints of the chord are
the most distant; the distance to them is equal to 𝜌, which completes the proof.
Along the way, we obtain the convergence rate of the projections:

𝜌(𝑦′, 𝜋) < √𝜌2 − 𝜌𝑜′2

If the sets in the theorem are assumed to be finitely convex, it is evident from
the proof that they are 𝛽-convergent, i.e., 𝜌(𝜋𝑖, 𝜋) → 0 as 𝑖 → ∞.

Corollary 6. Under the conditions of the theorem, if the sets are finitely
convex, each closed convex component of the set 𝜋 is individually approximated,
in the sense of this theorem, by the corresponding components of the sets 𝜋𝑖. A
similar result was proven in [?] for a continuous operator 𝐴, which allowed for a
significant reduction in many other requirements. Denoting the quasi-solutions
of equation (1) on the sets 𝑀𝑖 and 𝑀 as 𝑥𝑖 and 𝑥 respectively, we arrive at the
following conclusion, which is the primary result of this section.

Theorem. Under the conditions of the theorem and Corollary 6, given a linear
operator 𝐴, the sets 𝑥𝑖 are 𝛽-convergent to 𝑥. In particular, under the con-
ditions of the corollary to the theorem, the quasi-solution 𝑥𝑖 converges to the
quasi-solution 𝑥 as 𝑖 → ∞. This theorem is especially useful when the sets 𝑀𝑖
are finite-dimensional. In such cases, the functional ‖𝐴𝑥−𝑓‖ depends on a finite
number of variables. There are many effective methods available for minimiz-
ing such functionals, which makes it possible to find the set of quasi-solutions
𝑥𝑖. Moreover, if the quasi-solution is unique, it is sufficient to find any single
element 𝑥𝑖, as any such element will approximate the desired quasi-solution 𝑥.
Comparing these results⋯

results
Based on the preceding sections, we can verify that:

𝑃(𝜂 > 𝜂0) < 𝑃 (𝑓(𝑦0) + ⟨𝑦 − 𝑦0, ∇𝑓(𝑦0)⟩ + 1
2𝜌‖𝑦 − 𝑦0‖2 > 𝜂0)
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as 𝑡 → ∞ for 𝑦 > 𝑦0 and 𝑦 ∈ 𝑌 .

convex and finitely-convex

In conclusion, we note that the assumption regarding the inclusions 𝑗 > 1 is not
strictly required by the nature of the problem; it is used primarily to simplify
the proof. Through a somewhat more complex derivation, it can be shown that
the presented results remain valid even in the case where the lower limit of the
sequence of sets 𝑀𝑗 ⊂ 𝑋 (denoted again by 𝑀∞) is considered, i.e., the set:

𝑀∞ =
∞
⋃
𝑘=1

∞
⋂
𝑗=𝑘

𝑀𝑗

satisfies the conditions stated previously. In this case, it follows that the con-
vergence in (6) is no longer required to be monotonic.
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