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MATHEMATICS

S. D. IVASISHEN, S. D. EIDELMAN

ESTIMATES OF THE GREEN MATRIX OF A
HOMOGENEOUS PARABOLIC BOUNDARY-
VALUE PROBLEM
(Presented by Academician I. N. Vekua, 18 IV 1966)

In recent years a detailed investigation has been carried out of boundary-value
problems for linear parabolic systems in various function spaces (1−5). It has
thereby been established that the algebraic Lopatinskii condition imposed on the
connection of the boundary operators with the system of equations guarantees
the correct solvability of these problems (in what follows we shall call such
problems parabolic).

Here it is established that the operator solving a homogeneous parabolic
boundary-value problem is an integral operator, and sharp estimates up to
the boundary are obtained for the derivatives of the kernel of this operator—
the Green matrix. These results are then applied to establishing analogous
estimates of the Green matrix of elliptic boundary-value problems generated
by parabolic ones.

For simplicity the exposition is given for systems of first order with respect to
𝑡; all results are valid for Petrovsky-parabolic systems of any order.

1. Let 𝑄 be the cylindrical domain [0, 𝑇 ] × Ω, where 𝑇 is a finite positive
number and Ω is a finite or infinite domain in the space 𝐸𝑛. The boundary
𝑆 of the domain Ω may also be infinite and is assumed to belong to the
class 𝐶𝑙 with some sufficiently large 𝑙 > 0 (for the definition of the class of
surfaces 𝐶𝑙 and of all other classes of functions occurring below, see (4)).
In the domain 𝑄 there is given a Petrovsky-parabolic system

𝐿𝑢 ≡ 𝜕𝑢
𝜕𝑡 − ∑

|𝑘|≤2𝑏
𝐴𝑘(𝑡, 𝑥)𝐷𝑘

𝑥𝑢 = 𝑓(𝑡, 𝑥), (1)

the initial condition

𝑢∣𝑡=0 = 𝜑(𝑥) (2)
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and the boundary conditions

𝐵𝜈(𝑡, 𝑥, 𝐷𝑥)𝑢∣Γ ≡
𝑁

∑
𝑗=1

∑
|𝑘|≤𝑟𝜈

𝑏(𝑘)
𝜈𝑗 (𝑡, 𝑥)𝐷𝑘

𝑥𝑢𝑗∣Γ = 0, (3)

where Γ = (0, 𝑇 ] × 𝑆, 𝑟𝜈 ≤ 2𝑏 − 1, 𝜈 = 1, 2, … , 𝑏𝑁*.

The following main theorem holds.

Theorem 1. 1) If the coefficients 𝐴𝑘(𝑡, 𝑥) of the system (1) belong to the class
𝐶𝛼,𝛼/2𝑏

𝑥,𝑡 (𝑄), the coefficients 𝑏(𝑘)
𝜈𝑗 (𝑡, 𝑥) of the boundary operators belong to the

class 𝐶2𝑏−𝑟𝜈+𝛼, 1
2𝑏 (2𝑏−𝑟𝜈+𝛼)

𝑥,𝑡 (Γ), and 𝑆 ∈ 𝐶2𝑏+𝛼, 0 < 𝛼 < 1, then there exists
a matrix 𝐺(𝑡, 𝑥; 𝜏, 𝜉), defined in 𝑄 × 𝑄 for 𝑡 > 𝜏 , having 2𝑏 derivatives with
respect to 𝑥 and one derivative with respect to 𝑡, and possessing the following
properties:

* Everywhere the algebraic Lopatinskii condition is assumed to be satisfied (1−4).
a) 𝐺(𝑡, 𝑥; 𝜏, 𝜉) = 𝑍(𝑡, 𝑥; 𝜏, 𝜉) + 𝑣(𝑡, 𝑥; 𝜏, 𝜉), where 𝑍(𝑡, 𝑥; 𝜏, 𝜉) is the funda-

mental matrix of solutions of the system (1), (2); 𝐺(𝑡, 𝑥; 𝜏, 𝜉), for 𝑡 > 𝜏 ,
satisfies in 𝑡 and 𝑥 the system 𝐿𝑢 = 0 and the boundary conditions (3),
and 𝑣(𝑡, 𝑥; 𝜏 , 𝜉)∣𝑡=𝜏 = 0, when at least one of the points 𝑥 or 𝜉 lies inside
the domain Ω.

b) If 𝑓(𝑡, 𝑥) ∈ 𝐶𝛼,0
𝑥,𝑡 (𝑄), 𝜑(𝑥) ∈ 𝐶𝛼(Ω), then the vector-function

𝑢(𝑡, 𝑥) = ∫
Ω

𝐺(𝑡, 𝑥; 0, 𝜉)𝜑(𝜉) 𝑑𝜉 + ∫
𝑡

0
𝑑𝜏 ∫

Ω
𝐺(𝑡, 𝑥; 𝜏, 𝜉)𝑓(𝜏, 𝜉) 𝑑𝜉

is a solution of the problem (1), (2), (3).

c) For arbitrary matrices 𝐺(𝑡, 𝑥; 𝜏, 𝜉) and 𝑣(𝑡, 𝑥; 𝜏 , 𝜉) the estimates

∣ 𝜕𝑚0

𝜕𝑡𝑚0
𝐷𝑚𝐺

𝑥 (𝑡, 𝑥; 𝜏 , 𝜉)∣ ≤ 𝐶𝑚0𝑚(𝑡 − 𝜏)−(𝑛+|𝑚|+2𝑏𝑚0)/2𝑏 exp{−𝑐 |𝑥 − 𝜉|𝑞
(𝑡 − 𝜏)1/(2𝑏−1) } ,

(4)

∣ 𝜕𝑚0

𝜕𝑡𝑚0
𝐷𝑚

𝑥 𝑣(𝑡, 𝑥; 𝜏 , 𝜉)∣ ≤ 𝐶𝑚0𝑚(𝑡 − 𝜏)−(𝑛+|𝑚|+2𝑏𝑚0)/2𝑏×

× exp{−𝑐 [|𝑥 − 𝜉| + 𝜌(𝜉, 𝑆)]𝑞

(𝑡 − 𝜏)1/(2𝑏−1) }
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(2𝑏𝑚0 + |𝑚| ≤ 2𝑏);

∣Δ𝑥
𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘𝐺

𝑥 (𝑡, 𝑥; 𝜏 , 𝜉)∣ ≤ 𝐶𝑘0𝑘|𝑥 − 𝑥′|𝛼(𝑡 − 𝜏)−(𝑛+2𝑏𝑘0+|𝑘|+𝛼)/2𝑏×

× [exp{−𝑐 |𝑥 − 𝜉|𝑞
(𝑡 − 𝜏)1/(2𝑏−1) } + exp{−𝑐 |𝑥′ − 𝜉|𝑞

(𝑡 − 𝜏)1/(2𝑏−1) }] (5)

(2𝑏𝑘0 + |𝑘| = 2𝑏);

∣Δ𝑡
𝜕𝑠0

𝜕𝑡𝑠0
𝐷𝑠𝐺

𝑥 (𝑡, 𝑥; 𝜏 , 𝜉)∣ ≤ 𝐶𝑠0𝑠|𝑡 − 𝑡′|(2𝑏−2𝑏𝑠0−|𝑠|+𝛼)/2𝑏×

× [(𝑡 − 𝜏)−(𝑛+2𝑏+𝛼)/2𝑏 exp{−𝑐 |𝑥 − 𝜉|𝑞
(𝑡 − 𝜏)1/(2𝑏−1) } +

+(𝑡′ − 𝜏)−(𝑛+2𝑏+𝛼)/2𝑏 exp{−𝑐 |𝑥 − 𝜉|𝑞
(𝑡′ − 𝜏)1/(2𝑏−1) }] (6)

(0 < 2𝑏𝑠0 + |𝑠| ≤ 2𝑏)

and the same estimates hold for the derivatives of 𝑣(𝑡, 𝑥; 𝜏 , 𝜉), only everywhere,
instead of |𝑥 − 𝜉| and |𝑥′ − 𝜉|, one must put, respectively, |𝑥 − 𝜉| + 𝜌(𝜉, 𝑆) and
|𝑥′−𝜉|+𝜌(𝜉, 𝑆). In the estimates (4)—(6), 𝑞 = 2𝑏/(2𝑏−1), 𝜌(𝜉, 𝑆) is the distance
of the point 𝜉 to the boundary 𝑆, Δ𝑥𝑓(𝑥) = 𝑓(𝑥) − 𝑓(𝑥′), Δ𝑡𝑓(𝑡) = 𝑓(𝑡) − 𝑓(𝑡′).
The constants 𝐶𝑚0𝑚, 𝐶𝑘0𝑘, 𝐶𝑠0𝑠, and 𝑐 depend on the norms of the coefficients
of the system and of the boundary operators, on various characteristics of the
boundary 𝑆 and of the domain Ω, on the numbers 2𝑏, 𝑛, 𝛼, 𝑇 , and 𝛿 from the
parabolicity condition.

d) If the coefficients of the system and of the boundary operators do not
depend on 𝑡, then for 𝐺(𝑡, 𝑥; 𝜏, 𝜉) ≡ 𝐺(𝑡 − 𝜏, 𝑥, 𝜉) and 𝑣(𝑡, 𝑥; 𝜏 , 𝜉) ≡ 𝑣(𝑡 −
𝜏, 𝑥, 𝜉) the estimates (4)—(6) hold, in which the constants 𝐶𝑚0𝑚, 𝐶𝑘0𝑘, and
𝐶𝑠0𝑠 are replaced respectively by the functions 𝐶′

𝑚0𝑚𝑒𝐴(𝑡−𝜏), 𝐶′
𝑘0𝑘𝑒𝐴(𝑡−𝜏),

𝐶′
𝑠0𝑠𝑒𝐴(𝑡−𝜏), where 𝐶′

𝑚0𝑚, 𝐶′
𝑘0𝑘, 𝐶′

𝑠0𝑠, and also 𝑐, do not depend on 𝑇 , and
𝐴 is some nonnegative number.

2) If one assumes that
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𝐴𝑘(𝑡, 𝑥) ∈ 𝐶 𝑙+𝛼, 1
2𝑏 (𝑙+𝛼)

𝑥,𝑡 (𝑄), 𝑏(𝑘)
𝑣𝑗 (𝑡, 𝑥) ∈ 𝐶 2𝑏−𝑟𝑣+𝑙+𝛼, 1

2𝑏 (2𝑏−𝑟𝑣+𝑙+𝛼)
𝑥,𝑡 (Γ), 𝑆 ∈ 𝐶2𝑏+𝑙+𝛼, 𝑙 > 0,

then for 𝐺(𝑡, 𝑥; 𝜏, 𝜉) and

for 𝑣(𝑡, 𝑥; 𝜏 , 𝜉) the estimates (4)—(6) are valid, in which 2𝑏𝑚0 + |𝑚| ≤ 2𝑏 + 𝑙,
2𝑏𝑘0 + |𝑘| = 2𝑏 + 𝑙, 𝑙 < 2𝑏𝑠0 + |𝑠| ≤ 2𝑏 + 𝑙, and in the estimate (6), instead of
2𝑏 − 2𝑏𝑠0 − |𝑠|, 𝑛 + 2𝑏 there stand 2𝑏 + 𝑙 − 2𝑏𝑠0 − |𝑠|, 𝑛 + 2𝑏 + 𝑙.
The proof is based on an analysis of an explicit, very cumbersome formula by
means of which the solution of problem (1), (2), (3) is given (3,4), on estimates of
integrals of the type of volume and surface parabolic potentials, in which there
are systematically used sharp estimates of the fundamental matrices of solutions
of systems of equations, previously obtained by the authors, sharp estimates of
the Green matrices of homogeneous parabolic boundary problems in the half-
space, sharp estimates of half-space fundamental matrices of solutions, and the
equality to zero of the averages of their corresponding derivatives (2,4).

2. From Theorem 1, by the usual method (2), one can obtain sharp results
on the Green matrix of the homogeneous elliptic boundary problem

∑
|𝑘|≤2𝑏

𝐴𝑘(𝑥)𝐷𝑘
𝑥𝑢 + 𝜆𝑢 = 𝑓(𝑥), (7)

𝐵𝜈(𝑥, 𝐷𝑥)𝑢∣𝑆 = 0, 𝜈 = 1, 2, … , 𝑏𝑁, (8)

Re𝜆 > 𝐴 (𝐴 is the number discussed in item �) of Theorem 1), generated by
the parabolic boundary problem (1), (2), (3).

Theorem 2. 1) If 𝐴𝑘(𝑥) ∈ 𝐶𝛼(Ω), 𝑏(𝑘)
𝜈𝑗 (𝑥) ∈ 𝐶2𝑏−𝑟𝑗+𝛼(Γ) and 𝑆 ∈ 𝐶2𝑏−𝛼, then

there exists a matrix Φ(𝑥, 𝜉; 𝜆), defined in Ω×Ω for 𝑥 ≠ 𝜉, having 2𝑏 derivatives
with respect to 𝑥 and possessing the following properties:

a)

Φ(𝑥, 𝜉; 𝜆) = ∫
∞

0
𝐺(𝑡, 𝑥, 𝜉; 𝜆) 𝑑𝑡 = 𝜑(𝑥, 𝜉; 𝜆) + 𝑤(𝑥, 𝜉; 𝜆),

where 𝐺(𝑡, 𝑥; 𝜉, 𝜆) is the Green matrix of the parabolic problem generating prob-
lem (7), (8); 𝜑(𝑥, 𝜉; 𝜆) is the fundamental matrix of solutions of system (7);
Φ(𝑥, 𝜉; 𝜆) for 𝑥 ≠ 𝜉 satisfies the homogeneous system (7) and the boundary
conditions (8).

b) If 𝑓(𝑥) ∈ 𝐶𝛼(Ω), then the vector-function
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𝑢(𝑥) = ∫
Ω

Φ(𝑥, 𝜉; 𝜆)𝑓(𝜉) 𝑑𝜉

is a solution of problem (7), (8).

c) For the matrix Φ(𝑥, 𝜉; 𝜆) the estimates

|𝐷𝑚
𝑥 Φ(𝑥, 𝜉; 𝜆)| ≤ 𝐶𝑚𝑒−𝑐0𝛿|𝑥−𝜉|

⎧{{
⎨{{⎩

𝐶1, 𝑛 + |𝑚| < 2𝑏,

𝐶1 ln
1

|𝑥 − 𝜉| + 𝐶2, 𝑛 + |𝑚| = 2𝑏,

𝐶1|𝑥 − 𝜉|−𝑛−|𝑚|+2𝑏, 𝑛 + |𝑚| > 2𝑏

(9)

(|𝑚| ≤ 2𝑏),

∣Δ𝑥𝐷𝑘
𝑥Φ(𝑥, 𝜉; 𝜆)∣ ≤

≤ 𝐶𝑘|𝑥 − 𝑥′|𝛼 [𝑒−𝑐0𝛿|𝑥−𝜉||𝑥 − 𝜉|−𝑛−|𝑘|+2𝑏−𝛼 + 𝑒−𝑐0𝛿|𝑥′−𝜉||𝑥′ − 𝜉|−𝑛−|𝑘|+2𝑏−𝛼] ,

(|𝑘| = 2𝑏), (10)

where 𝛿 = (Re𝜆 − 𝐴)1/2𝑏, and the constants depend on the norms of the coef-
ficients of the system and of the boundary operators, on various characteristics
of the boundary 𝑆 and the domain Ω, and on the numbers 2𝑏, 𝑛, 𝛼, 𝛿. For the
matrix 𝑤(𝑥, 𝜉; 𝜆) the estimates (9), (10) hold, in which |𝑥 − 𝜉| and |𝑥′ − 𝜉| are
replaced respectively by |𝑥 − 𝜉| + 𝜌(𝜉, 𝑆) and |𝑥′ − 𝜉| + 𝜌(𝜉, 𝑆).
2) If 𝐴𝑘(𝑥) ∈ 𝐶𝑙+𝛼(Ω), 𝑏(𝑘)

𝑣𝑗 (𝑥) ∈ 𝐶2𝑏−𝑟𝑣+𝑙+𝛼(Γ), and 𝑆 ∈ 𝐶2𝑏+𝑙+𝛼, 𝑙 > 0, then
for Φ(𝑥, 𝜉; 𝜆) the estimates (9), (10) are valid, in which |𝑚| ≤ 2𝑏 + 𝑙, |𝑘| = 2𝑏 + 𝑙.
Let us note that the results obtained imply the solvability of the boundary-value
problems (1), (2), (3) and (7), (8) under restrictions on 𝑓(𝑡, 𝑥), 𝜑(𝑥), and 𝑓(𝑥)
weaker than those formulated in Theorems 1 and 2: it is sufficient to assume
that these functions satisfy the Dini condition.

3. The results obtained above make it possible, using the usual techniques (2),
to obtain sharp estimates also for the Green functions (kernels) Φ𝛽(𝑥, 𝜉; 𝜆)
of fractional negative powers of the elliptic operator corresponding to the
problem (7), (8), defined by the formulas
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Φ𝛽(𝑥, 𝜉; 𝜆) = 1
Γ(𝛽) ∫

∞

0
𝑡𝛽−1𝐺(𝑡, 𝑥, 𝜉; 𝜆) 𝑑𝑡, 0 < 𝛽 < 1.

Theorem 3. If the conditions of the first part of Theorem 2 are satisfied, then
Φ𝛽(𝑥, 𝜉; 𝜆) is defined in Ω × Ω for 𝑥 ≠ 𝜉, has derivatives with respect to 𝑥 up to
order 2𝑏, for which the estimates

∣𝐷𝑚
𝑥 Φ𝛽(𝑥, 𝜉; 𝜆)∣ ≤ 𝐶𝑚𝑒−𝑐0𝛿|𝜉−𝑥| ×

⎧{{
⎨{{⎩

𝐶1, 𝑛 + |𝑚| < 2𝑏𝛽,

𝐶1 ln
1

|𝑥 − 𝜉| + 𝐶2, 𝑛 + |𝑚| = 2𝑏𝛽,

𝐶1|𝑥 − 𝜉|−𝑛−|𝑚|+2𝑏𝛽, 𝑛 + |𝑚| > 2𝑏𝛽.

are valid.

Estimates of the Green function of boundary-value problems for a divergent
parabolic equation of second order were established in (6); those for an elliptic
boundary-value problem were announced in (7).

Chernivtsi State University

Received
4 IV 1966
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