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1. The present note is devoted to defining the concept of a generalized func-
tion in constructive mathematics. First of all we introduce some concepts and
notation*.

By a word of type * we shall mean the complete code of a uniformly continuous
function on the interval —kAk, where k is an arbitrary natural number greater
than 0. By C} we shall denote the normed space of words of type *. Let us note
that if & < I, then every word of type ! is a word of type ¥. The equality relation,
the addition algorithm, and the algorithm of multiplication by real duplexes in
the space C), will be denoted respectively by

Let f be an everywhere defined constructive function. We shall say that f is
an almost uniformly continuous function if there is an algorithm ¢ of type
( — ) such that, for every k > 1, g, is a regulator of uniform continuity of the
function f on the interval —kAk.

The algorithm g is called a regulator of almost uniform continuity of the
function f. The word £f1£g will be called the complete code of the almost
uniformly continuous function, and also a word of type . One can define an
equality relation , an addition algorithm +, and an algorithm of multiplication
by real duplexes - in the usual way, so that the set of words of type forms
a constructive linear space. We denote this space by €. It is not difficult to
construct an algorithm ¢ having the following property: for every & > 1, &,
transforms any word of the form £f1£g into the word £f1£g,. Obviously, &,
transforms every word of type into a word of type ¥. Let ; and , be words of
type . Instead of the formula

§(k0y) = &(k0y)

&

we shall simply write

,_.
B
o
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We can construct an algorithm J;, which, when applied to any word of the
form kOzOyO ’f, where k is a natural number > 1, z and y are real duplexes,
—k <2 <y <k, and ¥ is a word of type ¥, transforms every such word into the
integral of the complete code ¥ in the space £ (z,y) (see (2), § 15.5). Then we
construct an algorithm J such that, for every k > 1, J,, is an algorithm of type
(¥ — *) and such that, for any number k& > 1, any word ’f of type ¥, and any
duplex z, —k < x < k, the following holds:

J(kOY)(z) ~ J (kO min(z00)0x0%) — J, (kO min(z00)000%).
2

* All specifically unexplained terms and notation are understood in the same
way as in (173).

The number J(kOsh¥)(x) is called the integral of the complete cipher sh¥ from
0 to @, and J(kOsh%) is called the primitive of the complete cipher sh* on
the segment —kAk. Now we can construct an algorithm I such that, for every
k > 1, I, is an algorithm of type (nsh® — sh*) and the following scheme is
satisfied:

I(kD00sh%) ~ shk; I(kOn + 10sbY) ~ J (kDI (kOnOsh})).

I(anDsh’f) is called the primitive of order n of the complete cipher 5f)’f on
the segment —kAk.

After this one can construct an algorithm J of type (nsh — sh), satisfying the
following condition for any numbers k,n (k > 1) and any word sh; of type sb:

¢(kO3(nOsh,)) = I(kOnDE(kDsh, ).

J(nOsbh, ) is called the primitive of order n of the complete cipher sb;.

We shall call every o-system of real duplexes a polynomial germ, and also
a word of type yu (?). Let L denote an algorithm computing the number of
o-terms in a word of type hu, and let G' denote an algorithm of type (yu—sbh)
having the following property: whatever the word yu,,

VI(G(Uul)(x) ~a; +ay -+ +a,- J;"il),

where n =~ L(yu,), and a; is the i-th o-term of the word yu; (i = 1,...,n).
We note that all judgments constructed with the aid of the indicated concepts
and notation can be formulated rigorously within the framework of the logico-
mathematical languages of N. A. Shanin (1).

2. We now define the concept of a constructive generalized function. In order
to define this concept, we shall rely on the classical definition of Mikusinski—
Sikorski—Korevaar (7).

sovietrxiv.org/items/ru-196701.15832 Machine Translation


https://sovietrxiv.org/items/ru-196701.15832

Of an algorithm A of type (n—sh) we shall say that it is a fundamental se-
quence of words of type sh if potentially realizable algorithms N of type
(n = n), P of type (nn — nyu), and @ of type (nn — n) exist, satisfying the
following conditions:

*
)

1) Vkn(L(P(kOn)) < N(k))

2) Vkijmaz(|lz| <k & i,j > Q(kOm) D |F(kDi)(x) — F(kOj)(x)] <2").

where F is an algorithm of type (nn — sh), defined as follows:

Vkn(F(kOn) ~ J(N(k)OM(n)) + G(P(kOn))).

Of a word X in the alphabet €h, we shall say that it is an F-generalized
function if the algorithm (X) is a fundamental sequence of words of type sb.

Of a word A in the alphabet €h,U{t} we shall say that it is an F'R-generalized
function if it has the form XtYtZtT, where X is a record of some algorithm
A of type (n — sh), Y is a record of some algorithm N of type (n — n), Z is a
record of some algorithm P of type (nn — nu), T is a record of some algorithm
Q of type (nn — n), and conditions 1)—2) are satisfied.

An FR-generalized function we shall also call a constructive generalized
function or a word of type ®. It is easy to see that the set of constructive
generalized functions can be defined by a normal formula.

* The notation < is understood in the following way:

(Lyuy) <n) < (n>1D L(yu; <n) & (n=0D yu, =0)),

where nu; is a word of type yu and n is a natural number.

Let ®; &2 EAENEPEQE be a constructive generalized function. We agree to
denote:
D1, 2 N(k);  [®4]y,, 2 P(kOn).

According to condition 2), the algorithm (&, o Fj) determines a sequence of
words of type ¥ converging in itself, with convergence regulator ;5. One can
construct an algorithm that transforms each word of the form AUJ®, into the
limit of the sequence (£, 0 Fy,) in the space C),. We denote this limit by {®,},.
This is a word of type *

Let two constructive generalized functions ®; and ®, be given. Denote

e 2 [Pk QG 2 | P, l;, 22 max(p,Ogy,).

sovietrxiv.org/items/ru-196701.15832 Machine Translation


https://sovietrxiv.org/items/ru-196701.15832

We shall say that ®; is equal to ®, and shall write ®; = ®,, if there is an
algorithm 2 of type ( — ) satisfying the conditions:

1) YE(L(P(k)) < 1,);
2) VE(I(kOl, — pp0{ @, }) = I(kOl, — q,0{®y}) + E(OG(P(K)))).

Theorem 1. There is an algorithm that transforms each pair of equal construc-
tive generalized functions ®, and P4 into a notation of some algorithm P of
type ( — ) satisfying conditions 1)—2).

It follows from Theorem 1 that the relation of equality between constructive
generalized functions can be defined by a normal formula.

Let ®; &= X7Y7Z7T be a constructive generalized function. The word X
will be called the basis of the generalized function ®,. We shall say that the
constructive generalized function ®, is equal to the F-generalized function X,
if it is equal to some constructive generalized function whose basis is X.

Theorem 2. a) For every F-generalized function one can construct an equal
constructive generalized function; b) there is no algorithm that transforms every
F-generalized function into an equal constructive generalized function.

It is not difficult to define addition of constructive generalized functions, mul-
tiplication of constructive generalized functions by real duplexes, and the zero
constructive generalized function in such a way that the set of constructive
generalized functions forms a linear space (see the definition in (6)).

3. We now define the derivative of a constructive generalized function.

Let @, = X7Y7Z71T be a constructive generalized function. Construct algo-
rithms v and § of type ( — ), such that for any natural numbers k, n:

_ @15
) = ) o) =i (2> ).

After this, construct algorithms A of type ( — ), N of type ( — ), P of
type ( — ), and @ of type ( — ), satisfying the following conditions for any
natural numbers k,n, m and any duplex x:

An)(x) = 27 (X)(n)(z +277) = (X)(n)(2));  N(k) = [@ ] +1;

(X)(n)(0)

P(kOn) ~ [®4]4.,, + 00 ... 000 s
’ D ]!

|®,]; times

Q(kOm) ~ max(m + 1 + 6(k)Ok + 10(T)(kOm + 1)).

Put
X, 2 EXNE, Y, @ ENE, Z, 2 EPE, T, & EQE.
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It is easy to prove that the word X, 7Y, 72,771} is a constructive generalized func-
tion. We shall call this generalized function the derivative of the constructive
generalized function ®;. One can construct an algorithm D,

constructing, for each constructive generalized function, its derivative. After
this one can construct an algorithm D of type (nf — ®) satisfying the scheme:

D(nOP,) =~ Dy; D(n+ 109,) ~ D(D(nO,)).

D(ndd,) is called the derivative of n-th order of ®;. Thus every constructive
generalized function has derivatives of arbitrary order.

4. Denote by R an algorithm of type (m — ®) which transforms every word
m, of type m into a word XtYtZtT of type ® such that

Vo (X)(n) =my); Vi ((Y)(R) = 0);
Vi ((2)(kOn) = 0); ¥y, ((T)(kOm) = 0).

We shall say that R(m,) is a representative of the complete cipher of
an almost uniformly continuous function m; in the space of constructive
generalized functions.

Let ®, be a constructive generalized function. We shall say that ®, is a gener-
alized function of order < n, if

Iy (D) = P& VE(| Do), > 1));

that @, is a generalized function of finite order if there exists a number n such
that @, is a generalized function of order < n; that ®, is a generalized function
of n-th order if it is a generalized function of order < n and, when n > 1, it
is not a generalized function of order < n — 1; that ®; is a regular generalized
function if it is a generalized function of order 0.

Theorem 3. It is not true that for every constructive generalized function ®,
of finite order there exists a number n such that ®, is a constructive generalized
function of n-th order.

Theorem 4. There is no algorithm which constructs, for every constructive
generalized function @, of finite order, a number n such that ®, is a constructive
generalized function of order < n.

Theorem 5. There exists an algorithm which transforms every pair of the form
nO®,, satisfying the condition Vk(|®,|, < n), into a word m; of type m such
that

&, =D (nOR(my)).

Roughly speaking, this means that every constructive generalized function of
order < n is the derivative of n-th order of some locally uniformly continuous
function.
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Corollary. For every regular constructive generalized function one can con-
struct a word m; of type m such that

®;, = R(my).

Theorem 6. Whatever the natural number n, there is no algorithm which
transforms every constructive generalized function @, of order < n into a con-
structive generalized function ®, such that

D) = P& VE(|Pyf, <n).
Corollary. There is no algorithm which transforms every regular constructive
generalized function ®; into a word m; of type m such that
&, = R(my).

Theorem 3 is proved with the aid of Lemma 2, § 2 from (4). Theorem 6 is
proved with the aid of Theorems 10.2.2 and 10.3.1 from (5).

The author expresses deep gratitude to A. A. Markov and N. A. Shanin for
valuable advice and attention to the work.
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