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Abstract
The article proves the following theorems: 1) If 𝐴(𝑡) is recurrent, then the
system ̇𝑥 = 𝐴(𝑡)𝑥 can be reduced to the triangular form 𝑢̇ = 𝑃(𝑡)𝑢 with a
recurrent matrix 𝑃(𝑡) by a Perron transformation 𝑥 = 𝑈(𝑡)𝑢 with a recurrent
matrix 𝑈(𝑡). 2) If 𝐴(𝑡) is almost periodic, then for the almost reducibility of
the system ̇𝑥 = 𝐴(𝑡)𝑥, it is sufficient that the characteristic exponents of the
systems ̇𝑥 = 𝐴(𝑡)𝑥 and ̇𝑥 = −𝐴∗(𝑡)𝑥 be stable. Obviously, the converse theorem
holds. Bibliography: 10 items.

Full Text
Preamble
This work continues the investigations into the properties of linear differential
systems initiated in 1967 (see [1]). We consider the relationship between the
stability of solutions and the structural properties of the system matrix, building
upon the foundations laid in [5–8] and subsequent developments in [9, 10]. Let
the function 𝜙(𝑡) be defined such that its mean value is given by the limit
Φ𝑐𝑝 = lim𝑘→∞ 𝜙(𝑡𝑘), as discussed in [3, p. 535]. Following the methodology in
[3, pp. 533–534], we analyze the behavior of the fundamental matrix 𝑈(𝑡) for
the system 𝑥′ = 𝐴(𝑡)𝑥.

By applying the transformation 𝑥 = 𝑈(𝑡)𝑢, the original system is reduced to the
form 𝑢′ = 𝑃(𝑡)𝑢 (1), where 𝑃(𝑡) = 𝑈−1(𝑡)𝐴(𝑡)𝑈(𝑡)−𝑈−1(𝑡)𝑈 ′(𝑡). According to
the results in [2, pp. 261–266], if the norm ‖𝑈(𝑡)‖ remains bounded by a constant,
the stability properties of the transformed system are preserved. Specifically, if
𝑈(𝑡) is a unitary matrix such that 𝑈−1(𝑡) = 𝑈 ∗(𝑡), then ‖𝑈(𝑡)‖ = ‖𝑈−1(𝑡)‖ = 1.
Under these conditions, the matrix 𝑃(𝑡) remains bounded, provided that the
original matrix 𝐴(𝑡) and the derivative 𝑈 ′(𝑡) are bounded.

russiarxiv.org/items/ru-196701.14959 Machine Translation

https://russiarxiv.org/items/ru-196701.14959
https://russiarxiv.org/items/ru-196701.14959


As demonstrated in [4, p. 43], for any sequence 𝑡𝑘 → ∞, we can extract a
subsequence such that 𝑈(𝑡𝑘 + 𝑡) → 𝑉 (𝑡) and 𝐴(𝑡𝑘 + 𝑡) → ̄𝐴(𝑡) in the topology
of uniform convergence on compact intervals. Consequently, the limit system
for (1) can be expressed as:

𝑃(𝑡𝑘 + 𝑡) = 𝑈−1(𝑡𝑘 + 𝑡)𝐴(𝑡𝑘 + 𝑡)𝑈(𝑡𝑘 + 𝑡) − 𝑈−1(𝑡𝑘 + 𝑡)𝑈 ′(𝑡𝑘 + 𝑡)

Taking the limit as 𝑘 → ∞, we obtain the limiting matrix 𝑄(𝑡) =
𝑉 −1(𝑡) ̄𝐴(𝑡)𝑉 (𝑡) − 𝑉 −1(𝑡)𝑉 ′(𝑡), which defines the dynamics of the limit
system 𝑣′ = 𝑄(𝑡)𝑣. This relationship ensures that the asymptotic behavior of
the original system 𝑥′ = 𝐴(𝑡)𝑥 is reflected in the properties of the transformed
system 𝑢′ = 𝑃(𝑡)𝑢.

1. Properties of the Mean Value ∫ 𝑃(𝑙)𝑑𝑙
We examine the integral properties of the matrix 𝑃(𝑡). For any 𝜖 > 0, there
exists a 𝑇 > 0 such that for any interval [𝜏 , 𝑡] with 𝑡 − 𝜏 > 𝑇 , the average value
of the function 𝑝(𝑡) satisfies:

1
𝑡 − 𝜏 ∫

𝑡

𝜏
𝑝(𝑠)𝑑𝑠 = ̄𝑝 ± 𝜖

This property is crucial for establishing the existence of Lyapunov exponents.
Following the construction in [4, p. 43], we can define a sequence of intervals
[𝜏𝑘, 𝑡𝑘] where the local average of 𝑝(𝑡) deviates from the global mean by a con-
trolled amount. By carefully selecting these intervals, we can construct a func-
tion 𝑝(𝑡) that oscillates between prescribed bounds, allowing us to analyze the
sensitivity of the system to small perturbations.

Specifically, let 𝑓𝛿(𝑇 ) be a modulus of continuity such that |𝑝(𝜏 + 𝑡) − 𝑝(𝑡)| < 𝛿
for sufficiently small 𝜏 . By applying the results from [2, p. 276], we can show
that the characteristic exponents of the system 𝑥′ = 𝐴(𝑡)𝑥 are determined by
the limit of the integral of the diagonal elements of the transformed matrix 𝑃(𝑡).
If the system is regular, these exponents coincide with the mean values of the
coefficients.

2. Stability and Perturbations
Consider the perturbed system 𝑦′ = 𝐴(𝑡)𝑦 + 𝐵(𝑡)𝑦. If the norm of the pertur-
bation matrix ‖𝐵(𝑡)‖ is sufficiently small for 𝑡 > 0, the stability of the original
system 𝑥′ = 𝐴(𝑡)𝑥 is preserved. This is consistent with the classical theorems
of Lyapunov and Perron. For a system 𝑥′ = 𝐴(𝑡)𝑥, the adjoint system is given
by 𝑥′ = −𝐴∗(𝑡)𝑥. As noted in [2, pp. 272–273], the relationship between the
characteristic exponents of the original and adjoint systems provides a criterion
for regularity.

If 𝐴(𝑡) is a limiting matrix obtained from a sequence 𝐴(𝑡𝑘 + 𝑡), then the proper-
ties of the system 𝑥′ = 𝐴(𝑡)𝑥 are inherited from the asymptotic behavior of the
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original system. In particular, the transformation 𝑥 = 𝑈(𝑡)𝑢 leads to a diagonal
or triangular form 𝑃(𝑡), where the diagonal entries 𝑝𝑖𝑖(𝑡) represent the local
growth rates of the solutions. The existence of the limit:

lim
𝑇 →∞

1
𝑇 ∫

𝑇

0
𝑝𝑖𝑖(𝑡)𝑑𝑡

is a necessary condition for the system to possess a well-defined spectral struc-
ture.

In conclusion, the analysis of the transformed matrix 𝑃(𝑡) and its integral prop-
erties allows for a comprehensive description of the stability regions and the
behavior of solutions under small perturbations. These results extend the find-
ings of Vinograd, Erugin, and other researchers in the field of linear differential
equations.
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Figure 1: Figure 1
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Figure 2: Figure 2
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Figure 3: Figure 3
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Figure 5: Figure 5
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Figure 6: Figure 6
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Figure 7: Figure 7
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