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S. N. Bernstein (173) first observed that the sequence of best uniform approxi-
mations of the function |z —¢[? (=1 < ¢ < 1, p > 0) on the interval [—1,1] by
algebraic polynomials of degree n is asymptotically equal to (V1 — ¢2)Pu(p)n=?
(n — o0), where pu(p) is a certain constant, and indicated a method for finding
the value of u(p). These works play a fundamental role in the study of the prop-
erties of best approximation by polynomials of other functions with singularities
of the same type.

Subsequently I. I. Ibragimov (*) applied S. N. Bernstein’ s method to the es-
timation of best uniform approximation of functions of the form z"|z|* In"™ |z|
(r+a >0, m>0, rand m are integers, « is a real number) on the interval
[—1,1] by means of a polynomial of degree n; he also considered the case of the
function (a —z)"™*In"(a — z) (a > 1).

S. M. Nikol" skii (%) investigated the asymptotic properties of the best approxi-
mation of the function |a — z|* by polynomials in the metric of the space L on
the interval [—1, 1], and obtained the corresponding asymptotic equalities.

The present note is devoted to best approximation by polynomials in the metric
of the space L,(—1,1) (1 < g < c0) of the function (z—a)" x |z —a|*In" |z —al,
where r and m are integers, and o and a are real numbers. In these investigations
the main role is played by a general limit theorem of S. N. Bernstein (see (%),
Theorem VII bis), and also Theorem 1, generalizing the well-known method of
S. N. Bernstein (®) (this theorem is analogous to S. N. Bernstein’ s theorems
not only in formulation, but also in the method of proof).

Theorem 1 (generalization of Bernstein’ s inequality). Suppose that for the best
approzimation of a function f(x) (f(x) € L,(=2,2)) the following conditions
are satisfied

Blnn

1) Enl(f;a,b)Lq<<1+ )En(f;a,b)Lq (—2<a<0<b<2) (1)

n
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where B > 0 is some constant; «,, is a monotonically increasing sequence (1 <
a,, < n) such that, for any constant v (0 <y < 1),

| Anto(n
lim ?fb -0 and lim —® —q,
n—oo oy, v n—00 «,,
C2y 2w 2v
2) En(.TQpr(.'lf);a,b)Lq < %En(f;aﬂb)an (2)

where p and v are natural numbers; C' > 0 is some constant independent of v
and n.

3) There exists a natural number j such that

lim njEn(f;a,b)Lq = 00. (3)

n—oo

Then

l
E, (Z By f(x —ay); —1, 1) =
k=1

L(I

l

1/q
= [1+o(1)] {ZIBquEZ(f(I—ak);—Ll)Lq} ; (4)

k=1

where B;, are constants, —1 < a, <1, a; # a; (k#1), [ < o0.

Consider the best weighted approximation

b
En,r(z)(f7 a, b)Lq = chif {/

where the weight r(x) satisfies the following conditions:
1) r(x) > > 0;
2)

1/q

[ ()} dw} ; ()

f(z) — Z cp®
k=1

1/q

{/b[r(x)]qdm} <M<oo (—2<a<0<b<?2);

3) the function r(x) is continuous at the point = = 0.
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Corollary. If the function f(x) is continuous outside every neighborhood of
zero and satisfies the conditions of Theorem 1, then the following asymptotic
equality holds (n — 0):

En,r(:v) (fa a, b)Lq = [1 + 0(1)]T(O>En(f7 a, b)Lq’ (6)

Lemma. For any 0 < 4,, < 1, for all natural n > 1, on intervals [a, b], where
a < 0 < b, the inequality holds (r + « > —1/¢, r and m > 0 are integers)

(1+6,)" 1 +1
(1 + 5n>n—7'—(x -1

En—l(xr|x|a lnm ‘$|, a, b)Lq <

" <1+C(1+5n) ~~*In(1+4,)

E, (z"|z|*In™ |z|;a,b
[<1+5n)n+1/q+1]1nn ) n(lL’ |$| n ‘.’E|,CL, )qu (7)

where C' > 0 is some constant.

If in this inequality we put (1 +4,)" " = 2n, then we obtain (see (3,7))

Dlnn

B (fiab)y, < (14 =00 ) By (fiab) ®

where D > 0 is some constant.

Thus, for the function z"|z|*In™ |z| condition (1) of Theorem 1 is satisfied.
It is not difficult to verify that for this function conditions (2) with p = 1
and condition (3) are satisfied. Thanks to the general limit theorem of S. N.
Bernstein (%), this makes it possible to prove the following theorem.

Theorem 2. If r + a > —1/q, m > 0, and |a,| < 1 (r and m are integers, «
and a;, are real numbers), then the equality holds (n — o0)

k=1

1
E, (ZBk(x—ak)T|x—ak°‘1nm |x—ak|;—1,1> =
L

q

q 1/‘1
} E, («"]a|* ™ [z}, ~1,1),, (9)

r+a+l/q
B, (\ /1— a%)

(B, are constants, [ < 00).

!
=[1+o0(1)] {Z
k=1

If « is not an even integer, then
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nr+a+1/q
Jim. WEn(;gqﬂamm o =1,1), = A (a"|z|") <oo;  (10)

if o is an even integer, then

nr+a+1/q
lim ————F, (2" In" |z]; —1,1)

i Gyt P = mA, (z" ln|x|)Lq < oo, (11)

L‘Z

where A;[f(x)] 1, is the best approximation of the function f (x) by entire func-
tions of degree <1 in the metric of the space L (—o0,00).

Relations (9) and (10), when 7 is even and m = 0, for ¢ = oo constitute the
theorem of S. N. Bernstein (), and for ¢ = 1 the result of S. M. Nikol’ skii
(5). For arbitrary natural » and m = 0, for ¢ = oo this asymptotic equality was
proved in the book of A. F. Timan (7), and for arbitrary q it was given in a note
(8). Relations (10) and (11) were obtained by I. I. Ibragimov (*) (¢ = 00) (see
also (?)). In the case l=m = ¢ =1, r = a = 0, equalities (9) and (11) were
obtained by another method by V. I. Gukevich (7).

Using the corollary of Theorem 1, we obtain the theorem:

Theorem 3. Whatever the noninteger s > —1/2¢ and the integer m > 0 may
be, for the best approximation of the function (1 —2)*In" (1 — ) in the metric
of the space L, (1 < ¢ < co) with weight (1 — 22)~1/24 by algebraic polynomials
on [—1,1] there exists the limit

n23+1/q m Y )

3 . _ s _ . _ om—s—1/q s
Tblgrgo (1nn)”LE,n1(17m2>—1/2q[(1 z)*In" (1 —x); 1,1]Lq =2 A (|| zfé;
and in the case when s > 0 and m > 0 are integers,

n2s+1/q Cm
nh_}rglo WER’<17I2>71/2(1 [(1—2)*In™(1—x); —1, 1]Lq =
=m2m Y94, (225 In |z]), - (13)

q

For the best approximation of the function (¢ — z)*In""(a — ) (a > 1) in the
metric of the space L,(—1,1), it is not difficult to obtain the inequalities

2a+D/4(q? — 1)(5+1/2(Inn)™(1 —
(a ) (Il?’l) ( €n) SEnKa_x)slnm(a_l‘), _lal]L <

IT(=s)|nst(a + Va% — 1)7+2 a
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< 24(g? — 1) V2 (Inn)™(1 +¢,,)
T T(—9)|ntHa+ Va2 —1)”

; (14)

where €,, — 0 as n — 00, s is not a nonnegative integer, and

2@t 1)/9(g2 — 1))/ 261y (Inn)™ 1 (1 —
(a ) S m( Hn) ( 677,) S En[<a_x)$ lnm(a—x)' —1,1}L S

nstl(a + Va2 — 1)n+2 ’ a

< 21/4(g? — 15~V 25l m(lnn)™ (1 +¢,)
- ns 1 (a + Va2 —1)" ’

(15)

if s > 0 is an integer.

I express my deep gratitude to Prof. A. F. Timan for posing the problem and
for his attention to the present work.
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