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Let a lattice Γ be given in Euclidean space 𝐸𝑛, and from each of its points
as center let a ball of radius 𝑅 be described; if the radius 𝑅 is such that the
resulting system of balls forms a covering of the space 𝐸𝑛, and no smaller radius
satisfies this condition, then one says that a covering of the space 𝐸𝑛 by
equal balls corresponding to the lattice Γ (a lattice covering) is given, and
the radius 𝑅 is called the covering radius of the lattice Γ. The ratio 𝜃(Γ)
of the volume of a ball of radius 𝑅 to the volume of a fundamental domain of
the lattice Γ is called the density of the corresponding covering.

A special role in the theory of coverings is played by the lattice Γ𝑛
1 , i.e., the

lattice constructed on the basis with metric form

𝑛
∑
𝑖=1

𝑛𝑥2
𝑖 −

𝑛
∑
𝑖=1
𝑖≠𝑗

𝑛
∑
𝑗=1

𝑥𝑖𝑥𝑗

“the principal form of the first type of Voronoi.”

Indeed, this lattice gives the minimum density (the “best”one) among all lat-
tices of two, three, and four dimensions. The first is obvious, since the lattice
Γ2

1 is constructed on a regular triangle; the second was proved by the Indian
mathematician Bambah (1), the third by B. N. Delone and S. S. Ryshkov (2).
In addition, it is known that the lattice Γ𝑛

1 is the best among a rather broad
class of 𝑛-dimensional lattices (see A. F. Gametskii (3) and S. S. Ryshkov (4)).
On the other hand, from the asymptotic estimates of Davenport (5), Watson
(6), and, finally, Rogers (7), it follows that for sufficiently large 𝑛 there exist
lattices giving a density smaller than the lattice Γ𝑛

1 . However, no estimate of
such a number 𝑛 was obtained in these works.

In the present note the author, using one lemma from Davenport’s paper (5),
constructs, for all even 𝑛 ≥ 114 and for all odd 𝑛 ≥ 201, lattices better than
the lattice Γ𝑛

1 .
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1∘. The following Lemma 1 is a somewhat modified formulation of Lemma 1
from Davenport’s paper (5).
Lemma 1. Let a lattice be constructed on a basis given by a metric form with
matrix ‖Γ‖ = ‖𝐴‖ ⊗ ‖𝐵‖, where the square matrix ‖𝐴‖ of order 𝑚 + 1 has the
form

∥
∥
∥
∥
∥

1 0 0 … 1/𝑁
0 1 0 … 1/𝑁
0 0 1 … 1/𝑁
⋯ ⋯ ⋯ ⋯ ⋯

1/𝑁 1/𝑁 1/𝑁 … (𝑚 + 1)/𝑁2

∥
∥
∥
∥
∥

;

the matrix ‖𝐵‖ is the metric matrix of some basic basis of an arbitrary 𝑘-
dimensional lattice 𝐵, and the symbol ⊗ denotes the Kronecker product of ma-
trices. Then the formula holds

𝑅2 < (𝑚 + 1) [∫ 𝑟2 𝑑𝑣/ ∫ 𝑑𝑣] + 𝜀𝑁2,

where 𝑅 denotes the covering radius of the lattice Γ, the integration being taken
over the Dirichlet region of the lattice 𝐵, lim𝑁→∞ 𝜀𝑁 = 0.

For what follows it is important to know the geometry of the principal sublattice
of the lattice Γ. First consider the orthogonal product of 𝑚+1 copies of lattices
specified by the matrix 𝐵. The resulting (𝑚 + 1)𝑘-dimensional lattice has as
its metric matrix the matrix ‖𝐸‖ ⊗ ‖𝐵‖, where ‖𝐸‖ denotes the identity matrix
of order 𝑚 + 1. We shall further denote the vectors of each of the factors by
𝑎(𝑖)

𝑗 , where the lower index is the number of the vector in the lattice 𝐵 and runs
from 1 to 𝑘, while the upper index is the number of the factor and runs from 1
to 𝑚 + 1. It is now easy to verify that the matrix ‖Γ‖ is the metric matrix of
the sublattice

{𝑎(1)
1 , … , 𝑎(1)

𝑘 , 𝑎(2)
1 , … , 𝑎(2)

𝑘 , … , 𝑎(𝑚)
1 , … , 𝑎(𝑚)

𝑘 , 1
𝑁 (𝑎(1)

1 + 𝑎(2)
1 + … + 𝑎(𝑚+1)

1 ), …

… , 1
𝑁 (𝑎(1)

𝑘 + 𝑎(2)
𝑘 + … + 𝑎(𝑚+1)

𝑘 )} .

Lemma 2. Let the lattice Γ∗ be specified by a sublattice with metric matrix

‖Γ∗‖ = 1
𝑚 + 1‖Γ𝑚

1 ‖ ⊗ ‖𝐵‖,
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where ‖Γ𝑚
1 ‖ denotes the matrix of the principal form of the first type, and ‖𝐵‖ the

metric matrix of some principal sublattice of an arbitrary 𝑘-dimensional lattice
𝐵. Then the formula

𝑅2 ⩽ (𝑚 + 1) [∫ 𝑟2 𝑑𝑣/ ∫ 𝑑𝑣] ,

holds, where 𝑅 denotes the covering radius of the lattice Γ∗, and the integration
is carried out over the Dirichlet region of the lattice 𝐵.

For the proof, first we shall show that the lattice Γ∗ is the orthogonal projection
of the lattice Γ described above along the space specified by the sublattice

𝔄 = {(𝑎(1)
1 + 𝑎(2)

1 + … + 𝑎(𝑚+1)
1 ), … , (𝑎(1)

𝑘 + 𝑎(2)
𝑘 + … + 𝑎(𝑚+1)

𝑘 )} .

Indeed, the vector

𝑏(𝑖)
𝑗 = 𝑎(𝑖)

𝑗 − 1
𝑚 + 1(𝑎(1)

𝑗 + 𝑎(2)
𝑗 + … + 𝑎(𝑚+1)

𝑗 ),

where 𝑖 = 1, … , 𝑚 + 1 and 𝑗 = 1, … , 𝑘, is perpendicular to all vectors of the
sublattice 𝔄, i.e. is the projection we need of the vector 𝑎(𝑖)

𝑗 . Computing the
scalar products and the squares of the vectors 𝑏(𝑖)

𝑗 , we are convinced of the
validity of our first assertion.

It remains now to note that the covering radius of the lattice Γ is not less than
the covering radius of the lattice Γ∗ (for the orthogonal projection of a ball
is a ball!) and that the covering radius of the lattice Γ∗ does not depend on
the number 𝑁 , which, consequently, may be chosen arbitrarily large. This last
observation completely proves our lemma.

2∘. Since

det[‖𝐴‖ ⊗ ‖𝐵‖] = (det ‖𝐴‖)𝑘(det ‖𝐵‖)𝑚,

where 𝑘 and 𝑚 are, respectively, the orders of the matrices ‖𝐵‖ and ‖𝐴‖, the
density of the covering corresponding to the lattice Γ∗ described in Lemma 2 is
estimated with the aid of the inequality

𝜃(Γ𝑘𝑚
∗ ) ⩽ √(𝑚 + 1)𝑘𝑚 ̄𝑟𝑘𝑚

√𝐷𝑚
𝑘 /(𝑚 + 1)𝑘

𝐼𝑚𝑘.

Here 𝐷𝑘 denotes the determinant of the matrix ‖𝐵‖, 𝐼𝑚𝑘 denotes the volume of
the 𝑚𝑘-dimensional ball of unit radius, and
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̄𝑟 = [∫ 𝑟2 𝑑𝑣/ ∫ 𝑑𝑣]
1/2

,

where the integration is carried out over the Dirichlet region of the lattice 𝐵.

In the special case when the lattice 𝐵 is taken to be the lattice Γ2
1, this inequality

has the form

𝜃(Γ2𝑚
∗ ) ⩽ [ 5

18
√

3(𝑚 + 1)]
𝑚

(𝑚 + 1)𝐼2𝑚.

On the other hand, for the lattice Γ𝑛
1 the density 𝜃(Γ𝑛

1 ) is computed exactly
(see, for example, (3), p. 994):

𝜃(Γ𝑛
1 ) = [ 𝑛(𝑛 + 2)

12(𝑛 + 1)]
𝑛/2 √

𝑛 + 1 𝐼𝑛,

or, for 𝑛 = 2𝑚,

𝜃(Γ2𝑚
1 ) = [ 𝑚(𝑚 + 1)

3(2𝑚 + 1)]
𝑚 √

2𝑚 + 1 𝐼2𝑚.

Hence it follows that

𝜃(Γ2𝑚
1 )

𝜃(Γ2𝑚∗ ) ≥ (6
√

3
5

𝑚
2𝑚 + 1)

𝑚 √2𝑚 + 1
𝑚 + 1 .

This last number is greater than one for all 𝑚 ≥ 57.

Thus we have proved the following theorem:

Theorem. The density of the lattice covering of the space 𝐸𝑛 by equal balls
corresponding to the lattice Γ2𝑚

1 is greater than the density corresponding to the
lattice Γ2𝑚

∗ , given by the reper with metric matrix

‖Γ2𝑚
∗ ‖ = 1

𝑚 + 1 ‖Γ𝑚
1 ‖ ⊗ ‖Γ2

1‖

for all 𝑚 ≥ 57.

3∘. Multiplying the lattice Γ2𝑚
∗ described above by a specially chosen one-

dimensional lattice, we obtain a lattice of 2𝑚 + 1 dimensions which is better
than the lattice Γ2𝑚+1

1 , beginning with 𝑚 = 100.
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4∘. It would be interesting to find the first dimension 𝑛 for which there exists a
lattice Γ𝑛 satisfying the condition

𝜃(Γ𝑛) < 𝜃(Γ𝑛
1 ).
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