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PHYSICS

V. A. MOSKALENKO

ON THE ELECTRODYNAMICS OF TWO-
BAND SUPERCONDUCTORS
THE VICINITY OF THE UPPER CRITICAL FIELD
(Presented by Academician N. N. Bogolyubov, 20 V 1966)

The thermodynamic properties of pure two-band superconductors were consid-
ered in work (¹) (see also (²) on the basis of Bardeen’s model (³) and the Bo-
golyubov 𝑢, 𝑣-transformation (�)). An attempt to consider the electrodynamic
properties of pure two-band superconductors is contained in Tilley’s work (�),
in which the upper critical magnetic field of a superconductor is determined. In
the present work the basic equations of the electrodynamics of two-band super-
conductors are formulated in a form valid both for pure superconductors and for
superconductors with an impurity, and a detailed investigation of the vicinity
of the upper critical field of pure substances is given. The latter investigation
is carried out on the basis of A. A. Abrikosov’s theory (�) of type-II supercon-
ductors and the development of this theory in the works of Kleiner et al. (�) and
Laper (�).

On the basis of the Hamiltonian of two-band superconductors of work (¹), sup-
plemented by the interaction of electrons with an impurity, we obtain equations
for the temperature Green functions (�)

𝐺𝑚𝑛(x𝜎x′𝜎′|𝜏 − 𝜏 ′) = ⟨𝑇 ̃𝜓𝑚(x𝜎𝜏) ̃𝜓𝑛(x′𝜎′𝜏 ′)⟩,

𝑃𝑚𝑛(x𝜎x′𝜎′|𝜏 − 𝜏 ′) = ⟨𝑇 ̃𝜓𝑚(x𝜎𝜏) ̃𝜓𝑛(x′𝜎′𝜏 ′)⟩, (1)

in the form

[−𝑖Ω𝑛 + 𝐻0 (−𝑖ℏ∇ − 𝑒
𝑐 A)] 𝐺𝑚𝑛(x𝜎x′𝜎′|Ω)

+ ∑
𝑛′𝑘𝑠

∫ 𝑑𝑦 𝜓∗
𝑚𝑘(y)𝜓𝑚𝑘(x)𝑉𝜎𝑠(y)𝐺𝑛′𝑛(y𝑠x′𝜎′|Ω)

+ ∑
𝑛′𝑠

𝑉𝑚𝑛′Δ𝑛′𝜎𝑠(x)𝑃𝑚𝑛(x𝑠x′𝜎′|Ω) = 𝛿𝜎𝜎′𝛿𝑛𝑚 ∑
𝑘

𝜓𝑚𝑘(x)𝜓∗
𝑚𝑘(x′);

(2)
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[−𝑖Ω𝑛 − 𝐻0 (𝑖ℏ∇ − 𝑒
𝑐 A(x))] 𝑃𝑚𝑛(x𝜎x′𝜎′|Ω)

− ∑
𝑠𝑘𝑛′

∫ 𝑑𝑦 𝜓𝑚𝑘(y)𝜓∗
𝑚𝑘(x)𝑉𝑠𝜎(y)𝑃𝑛′𝑛(y𝑠x′𝜎′|Ω)

− ∑
𝑛′𝑠′

𝑉𝑛′𝑚Δ∗
𝑛′𝑠′𝜎(x)𝐺𝑚𝑛(x𝑠x′𝜎′|Ω) = 0;

(3)

Δ∗
𝑛𝜎(x) = 𝑃𝑛𝑛(x𝑠x𝜎|0) = 1

𝛽 ∑
Ω

𝑃𝑛𝑛(x𝑠x𝜎|Ω). (4)

An analogous equation holds for the function 𝑅, which is obtained from 𝑃 by
replacing 𝜓 by 𝜓; 𝜓𝑚𝑘(x) are Bloch functions, and the remaining notations are
standard.

Let us introduce the Green functions of the normal metal with impurity
𝑔𝑛𝑚(x𝜎x′𝜎′|Ω) and pass from equations (2), (3) to integral equations. Suppose

assuming in the latter the smallness of the quantities Δ𝑛, i.e., the closeness of
the temperature 𝑇 to the value 𝑇𝑐, or the closeness of the concentration of the
paramagnetic impurity to the critical value, we can carry out an iteration of the
integral equations and obtain the system

Γ∗𝑚
𝜎′𝜎(x) = 1

𝛽 ∑
Ω

∑
𝑛𝑛′𝑠𝑠′

∫ 𝑑𝑦 𝑉𝑛𝑚𝑔𝑛′𝑛(𝑦𝑠′x𝜎 ∣ Ω)Γ∗𝑛′
𝑠𝑠′ (𝑦)𝑔𝑛′𝑛(𝑦𝑠𝜎′ ∣ −Ω)

− 1
𝛽 ∑

Ω
∑

𝑛𝑛′𝑝𝑝′
∑

𝛼𝛼′𝛽𝛽′𝑠𝑠′
∫ 𝑑𝑦 𝑑𝑦′ 𝑑𝑦″ 𝑉𝑛𝑚Γ∗𝑛′

𝑠𝑠′ (𝑦)𝑔𝑛′𝑛(𝑦𝑠′x𝜎 ∣ Ω)

× Γ𝑝
𝛼′𝛼(𝑦′)𝑔𝑛′𝑝(𝑦𝑠𝑦′𝛼′ ∣ −Ω)Γ∗𝑝′

𝛽𝛽′(𝑦″)𝑔𝑝′𝑝(𝑦″𝛽𝑦′𝛼 ∣ Ω)𝑔𝑝′𝑛(𝑦″𝛽′x𝜎′ ∣ −Ω);
(5)

Γ𝑝
𝛼𝛼′(𝑦) = ∑

𝑙
𝑉𝑝𝑙Δ𝑙𝛼′𝛼(𝑦). (6)

All quantities appearing in these formulas depend on the electromagnetic po-
tential A(x). According to (10), the dependence of the Green functions on the
magnetic field has the form of phase factors. Expanding these factors in a series
in A and taking into account the weak dependence of the quantities Γ(x) on
the argument x, we obtain the following system of Ginzburg—Landau equations
(11) for two-band superconductors:
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Γ∗𝑚
𝜎′𝜎(x) = ∑

𝑛𝑛′𝑠𝑠′
𝑉𝑛𝑚𝑄𝑛′𝑛

𝑠′𝜎𝑠𝜎′(x)Γ∗𝑛
𝑠𝑠′(x) + 1

2 ∑
𝑛𝑛′𝑠𝑠′

∑
𝑗𝑙

𝑉𝑛𝑚

× 𝑄𝑛′𝑛
𝑠′𝜎𝑠𝜎′(x; 𝑗𝑙) (∇𝑗 + 2𝑖𝑒

𝑐ℏ 𝐴𝑗(x)) (∇𝑙 + 2𝑖𝑒
𝑐ℏ 𝐴𝑙(x)) Γ∗𝑛′

𝑠𝑠′ (x)

− ∑
𝑛𝑛′𝑚𝑝

∑
𝛼𝛼′𝛽𝛽′𝑠𝑠′

𝐵 𝑛′𝑛 𝑛′𝑝 𝑚′𝑝 𝑚′𝑛
𝑠′𝜎𝑠𝛼′𝛼𝛽𝛽′𝜎′ (x)Γ∗𝑛′

𝑠𝑠′ (x)Γ𝑝
𝛼′𝛼(x)Γ∗𝑚′

𝛽𝛽′ (x),

(7)

where

𝑄𝑛′𝑛
𝑠′𝜎𝑠𝜎′(x) = ∫ 𝑑𝑦 𝑄𝑛′𝑛

𝑠′𝜎𝑠𝜎′(x; 𝑦),

𝑄𝑛′𝑛
𝑠′𝜎𝑠𝜎′(x; 𝑗𝑙) = ∫ 𝑑𝑦 (𝑦 − 𝑥)𝑗(𝑦 − 𝑥)𝑙 𝑄𝑛′𝑛

𝑠′𝜎𝑠𝜎′(x; 𝑦),

𝑄𝑛′𝑛
𝑠′𝜎𝑠𝜎′(x; 𝑦) = 1

𝛽 ∑
Ω

𝑔𝑛′𝑛(𝑦𝑠′x𝜎 ∣ Ω)𝑔𝑛′𝑛(𝑦𝑠𝜎′ ∣ −Ω), (8)

𝐵 𝑛′𝑛 𝑛′𝑝 𝑚′𝑝 𝑚′𝑛
𝑠′𝜎𝑠𝛼′𝛼𝛽𝛽′𝜎′ (x) = 1

𝛽 ∑
Ω

∫ 𝑑𝑦 𝑑𝑦′ 𝑑𝑦″ 𝑔𝑛′𝑛(𝑦𝑠′x𝜎 ∣ Ω)

× 𝑔𝑛′𝑝(𝑦𝑠𝑦′𝛼′ ∣ −Ω)𝑔𝑚′𝑝(𝑦″𝛽𝑦′𝛼 ∣ Ω)𝑔𝑚′𝑛(𝑦″𝛽′x𝜎′ ∣ −Ω).

The system of equations (7) should be supplemented by an expression for the
electric current

𝑗𝑘(x) = 𝑒
2 ∑

𝑛𝑚
∑

𝛼𝛼′𝑠𝑠′
∑

𝑙
{𝐼 𝑛𝑚

𝑠𝑠′𝛼𝛼′(x; 𝑘𝑙)Γ𝑛
𝑠′𝑠(x) (∇𝑙 + 2𝑖𝑒

𝑐ℏ 𝐴𝑙(x)) Γ∗𝑚
𝛼𝛼′(x) + c.c.} ;

(9)

𝐼 𝑛𝑚
𝑠′𝑠𝛼𝛼′(x; 𝑘𝑙) = 1

𝛽 ∑
Ω

∑
𝑛′𝑚′𝜎

∫ 𝑑𝑦 𝑑𝑦′ (𝑦′ − 𝑥)𝑙[ ̂𝑣𝑘(x)𝑔𝑛′𝑛(x𝜎𝑦𝑠′ ∣ Ω)

× 𝑔𝑚𝑛(𝑦′𝛼𝑦𝑠 ∣ −Ω)𝑔𝑛𝑚′(𝑦′𝛼′x𝜎 ∣ Ω)
− 𝑔𝑛′𝑛(x𝜎𝑦𝑠′ ∣ Ω)𝑔𝑚𝑛(𝑦′𝛼𝑦𝑠 ∣ −Ω)𝑣𝑘(x)𝑔𝑚𝑚′(𝑦′𝛼′x𝜎 ∣ Ω)],

(10)

where 𝑣𝑘(x) is the electron velocity operator.
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Finally, we give the expression, needed below, for the difference of the thermo-
dynamic potentials of the superconducting and normal states for small values
of the quantities Γ

Ω𝑠−Ω𝑛 = − 1
4𝛽 ∑

𝑛𝑚𝑝𝑝′ 𝜀𝜀′𝛼𝛼′𝛽𝛽′𝜎𝜎′
∫ 𝑑𝑥 [𝐵 𝑛𝑚 𝑝𝑛 𝑝𝑝′ 𝑚𝑝′

𝜎𝜀 𝛼′𝜀′ 𝛼𝛽 𝜎′𝛽′(x)]∗×Γ𝑝
𝛼′𝛼(x)Γ𝑚

𝜎𝜎′(x)Γ∗𝑝′

𝛽𝛽′(x)Γ∗𝑛
𝜀′𝜀(x).

(11)

In formulas (7)—(11), averaging over the positions of the impurity must be
carried out if the latter is present.

In the present paper we shall consider the case of pure superconductors. In this
case substantial simplifications are possible. However, even in this case the cal-
culations cannot be carried through to the end because of the band character of
the electronic energy spectrum. Calculations are possible if the Bloch functions
are replaced by plane waves.

The Ginzburg—Landau equations for two-band superconductors in the plane-
wave approximation have the form

Γ∗
𝑚(x) = ∑

𝑛
𝑉𝑛𝑚 [𝑄𝑛 + 𝑅𝑛

6 (∇ + 2𝑖𝑒
𝑐ℏ A)

2
− 𝐵𝑛|Γ𝑛(x)|2] Γ∗

𝑛(x),

rot rot A(x) = −4𝜋𝑖
3

ℏ𝑒
𝑐 ∑

𝑛
𝑅𝑛Γ∗

𝑛(x) (∇ − 2𝑖𝑒
𝑐ℏ A(x)) Γ𝑛(x) + c.c., (12)

where

𝑄𝑛 = 𝑁𝑛 ln (2𝛾𝛽ℏ𝜔̃𝑛
𝜋 ) ; 𝑅𝑛 = 𝐵𝑛𝑣2

𝑛 = 7𝜁(3)
8𝜋2 𝛽2𝑁𝑛𝑣2

𝑛; (13)

𝑁𝑛 is the density of states, 𝑣𝑛 is the velocity on the Fermi surface.

We investigate the mixed state, predicted by A. A. Abrikosov6 for superconduc-
tors of the second kind, on the basis of the equations given above. The method
of calculation is based on an expansion in the small parameter 𝜀, proposed in
the work of Lasher8:

𝜀 = (𝐻𝑐2 − 𝐵)/𝐵,

where 𝐻𝑐2 is the upper critical field and 𝐵 is the magnetic induction. We denote
by 𝐶2/𝐶1 the ratio of the quantities Γ2 and Γ1 at the critical temperature, and
by 𝐶2/𝐶1 this ratio multiplied by 𝑣1/𝑣2. We introduce the notation
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Ξ𝑟 = ∑
𝑛

𝑅2
𝑛

𝐵𝑛
∣𝐶𝑛
𝐶1

∣
2𝑟

; Ξ′
𝑟 = ∑

𝑛
∣𝐶𝑛
𝐶1

∣
2𝑟

, 𝑟 = 1, 2,

2𝜒2
1 = Ξ2 /(4𝜋

9
𝑒2

𝑐2 Ξ1Ξ′
1) ; 𝜒2

2
𝜒2

1
= Ξ2Ξ′

3/Ξ1Ξ′
2. (14)

It can be shown that the mean number of superconducting electrons of the first
band 𝑁0 has the form:

𝑁−1
0 = 2

9
𝑒2

𝑐2 Ξ1[1 + 𝜎(2𝜒2
1 − 1)]. (15)

For the free energy of the system in the second approximation in 𝜀 we have

Δ𝑓 = 1
8𝜋 {𝐵2 − (𝐻𝑐2 − 𝐵)2 1 + 𝜎(2𝜒2

2 − 1)
[1 + 𝜎(2𝜒2

1 − 1)]2 } . (16)

On the basis of this expression, for the external magnetic field 𝐻𝑒 and the
magnetic moment 𝑀 we obtain:

𝐻𝑒 = 𝐵 + (𝐻𝑐2 − 𝐵) 1 + 𝜎(2𝜒2
2 − 1)

[1 + 𝜎(2𝜒2
1 − 1)]2 ; (17)

− 4𝜋𝑀
𝐻𝑐2 − 𝐻𝑒

= 1 + 𝜎(2𝜒2
2 − 1)

𝜎[2(2𝜒2
1 − 1) − (2𝜒2

2 − 1) + 𝜎(2𝜒2
1 − 1)2] . (18)

For the magnetic field acting in the superconductor one has the expression

𝐻(𝑥, 𝑦) = 𝐻𝑒 − (𝐻𝑐2 − 𝐻𝑒) [2(2𝜘2
1 − 1) − (2𝜘2

2 − 1) + 𝜎(2𝜘2
1 − 1)2]−1 ×

× [|𝜑1|2
𝑁0

1 + 𝜎(2𝜘2
1 − 1)

𝜎 + 2(𝜘2
2 − 𝜘2

1)] ,
(19)

where |𝜑1|2 is the density of superconducting electrons of the first band; 𝜑1 is an
eigenfunction of the linearized equation (11), corresponding to the upper critical
field 𝐻𝑐2. It can be shown that at 𝑇 = 𝑇𝑐 the quantity 2𝜘2

2 is equal to the ratio
(𝐻𝑐2/𝐻𝑐)2, where 𝐻𝑐 is the thermodynamic critical magnetic field. Thus, for
two-band superconductors of the second kind 𝜘2

2 > 1/2. It is not difficult to
show that from the condition of positivity of the derivative 𝜕𝐵/𝜕𝐻, necessary
for the stability of the thermodynamic state of the system (12), there follow the
negativity of the magnetic moment 𝑀 , and also the following inequalities for
the parameters 𝜘1 and 𝜎:
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𝜘2
1 > 1

2; 𝜎 > 2𝜘2
2 − 1

2𝜘2
1 − 1 𝜎; 𝜎0 = 1

2𝜘2
1 − 1 [1 − 22𝜘2

1 − 1
2𝜘2

2 − 1] . (20)

For 𝜎0 < 1, in the region of interest to us 𝜎 > 1, the quantity Δ𝑓 (16) is
a monotonically decreasing function of the parameter 𝜎 as the latter decreases,
and, consequently, the smallest value of Δ𝑓 is attained at the smallest admissible
𝜎. As was shown in the work of Kleiner et al. (7), this value is 𝜎 ≃ 1.16. In this
case the distribution of the magnetic field in the superconductor is characterized
by a triangular lattice.

For 𝜎0 > 1, the function (16) has a minimum at 𝜎 = 𝜎0, and, taking into account
the first inequality (20), we arrive at the conclusion that the smallest value of
𝜎 need not correspond to the smallest value of the free energy. In this case the
above-mentioned distribution of the magnetic field with a triangular lattice will
not correspond to a stable state of the system.

The author expresses his deep gratitude to Academician N. N. Bogolyubov for
his interest in the work and for discussion of the results.
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