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Abstract
The problem of approximate motion along a given trajectory is considered for
the system

𝑑𝑦
𝑑𝑡 = 𝑌 (𝑦, 𝑡, 𝑣) + 𝑔(𝑡),

where 𝑦 is an 𝑛-dimensional vector of phase coordinates, and 𝑣 is an 𝑟-
dimensional vector of control forces; 𝑌 (𝑦, 𝑡, 𝑣) is a given vector function
characterizing the dynamic properties of the system; 𝑔(𝑡) is an 𝑛-dimensional
vector of perturbing forces. To solve the problem, a method based on the use
of a computing device is proposed. Using the computing device, an analysis of
the perturbing forces acting on the system is performed, and a control vector is
selected to ensure sufficient proximity between the actual and desired motions.
Bibliography: 5 items. Illustrations: 2.

Full Text
Preamble
This work addresses the stabilization of dynamical systems under the influence
of external disturbances. We consider a system of the form:

𝑑𝑦
𝑑𝑡 = 𝑌 (𝑦, 𝑡, 𝑣) + 𝑔(𝑡) (1.1)

where 𝑦 is an 𝑛-dimensional state vector, 𝑌 is a vector function, 𝑔(𝑡) is an 𝑛-
dimensional vector representing external disturbances, and 𝑣 is an 𝑟-dimensional
control vector.

Following the methodology established by E. A. Barbashin [?, ?, ?], we first
consider the nominal system in the absence of disturbances:

𝑑𝑦
𝑑𝑡 = 𝑌 (𝑦, 𝑡, 𝑣) (1.2)
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with initial and boundary conditions 𝑦(0) = 𝑦0 and 𝑦(𝑡1) = 𝑦1. Let the optimal
control for this nominal system be denoted by 𝑣 = 𝑣∗(𝑡, 𝑦0, 𝑦1), which generates
the optimal trajectory 𝑦∗(𝑡, 𝑦0, 𝑦1).
When the disturbance 𝑔(𝑡) is present, we define the deviation from the optimal
trajectory as 𝑥 = 𝑦 − 𝑦∗ and the control deviation as 𝑢 = 𝑣 − 𝑣∗. The dynamics
of the error system can then be expressed as:

𝑑𝑥
𝑑𝑡 = 𝑓(𝑥, 𝑡, 𝑢) + 𝑔(𝑡) (1.6)

where the function 𝑓 is defined as:

𝑓(𝑥, 𝑡, 𝑢) = 𝑌 (𝑦∗ + 𝑥, 𝑡, 𝑣∗ + 𝑢) − 𝑌 (𝑦∗, 𝑡, 𝑣∗) (1.7)

Our objective is to maintain the state 𝑥 = 0 over the interval [0, 𝑡1]. To achieve
this, we discretize the time domain into intervals of length 𝑇 , such that 𝑡𝑘 = 𝑘𝑇
for 𝑘 = 1, 2, … , 𝑁 . Within each interval [(𝑘 − 1)𝑇 , 𝑘𝑇 ], we seek a control 𝑢𝑘
that minimizes the deviation 𝑥(𝑡).

Section 2. Estimation of the Disturbance
To compensate for the disturbance 𝑔(𝑡), we must first estimate its integral effect
over the current interval. Integrating the system equation (2.1) over the 𝑘-th
interval [(𝑘 − 1)𝑇 , 𝑘𝑇 ], we obtain:

𝑥𝑘 − 𝑥𝑘−1 = ∫
𝑘𝑇

(𝑘−1)𝑇
𝑓(𝑥(𝑡), 𝑡, 𝑢𝑘)𝑑𝑡 + ∫

𝑘𝑇

(𝑘−1)𝑇
𝑔(𝑡)𝑑𝑡 (2.2)

where 𝑥𝑘 = 𝑥(𝑘𝑇 ). From this, the integral of the disturbance can be isolated:

∫
𝑘𝑇

(𝑘−1)𝑇
𝑔(𝑡)𝑑𝑡 = 𝑥𝑘 − 𝑥𝑘−1 − ∫

𝑘𝑇

(𝑘−1)𝑇
𝑓(𝑥(𝑡), 𝑡, 𝑢𝑘)𝑑𝑡 (2.3)

Using numerical integration techniques, specifically the trapezoidal rule as dis-
cussed in [?], the integral of 𝑓 can be approximated as:

∫
𝑘𝑇

(𝑘−1)𝑇
𝑓(𝑥(𝑡), 𝑡, 𝑢𝑘)𝑑𝑡 ≈ 𝑇

2 [𝑓(𝑥((𝑘−1)𝑇 ), (𝑘−1)𝑇 , 𝑢𝑘)+𝑓(𝑥(𝑘𝑇 ), 𝑘𝑇 , 𝑢𝑘)]+𝑅(𝑓)

(2.5)
where 𝑅(𝑓) is the approximation error. Let 𝐹(𝑡, 𝑇 ) represent the average value
of the disturbance over an interval 𝑇 :

𝐹(𝑡, 𝑇 ) = 1
𝑇 ∫

𝑡

𝑡−𝑇
𝑔(𝜏)𝑑𝜏 (2.8)

By applying a Taylor series expansion to 𝐹(𝑡, 𝑇 ) and neglecting terms of 𝑂(𝑇 2),
we can derive a predictive formula for the disturbance in the subsequent interval.
Specifically, the predicted disturbance for the (𝑘+1)-th step, denoted as 𝐹 0((𝑘+
1)𝑇 , 𝑇 ), is calculated using values from preceding steps:

𝐹 0((𝑘 + 1)𝑇 , 𝑇 ) = 𝐹(𝑘𝑇 , 𝑇 ) + [𝐹(𝑘𝑇 , 𝑇 ) − 𝐹((𝑘 − 1)𝑇 , 𝑇 )] (2.10)
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Section 3. Control Synthesis
For the (𝑘+1)-th interval, we aim to determine the control 𝑢𝑘+1 that minimizes
the predicted deviation. The state at the end of the interval is approximated
using a Runge-Kutta type scheme:

𝑥𝑘+1 = 𝑥𝑘 + 1
6(𝑧1 + 4𝑧2 + 𝑧3) + 𝑂(𝑇 4) (3.3)

where the coefficients 𝑧𝑖 depend on the system dynamics 𝑓 and the predicted
disturbance 𝜉𝑘+1 = 𝐹 0((𝑘 + 1)𝑇 , 𝑇 ). This leads to a discrete-time transition
mapping:

𝑥𝑘+1 = 𝐴(𝑥𝑘, 𝑇 , 𝜉𝑘+1, 𝑢𝑘+1) (3.5)

The optimal control 𝑢𝑘+1 is found by minimizing the quadratic norm of the
terminal error:

‖𝑥𝑘+1‖2 = min
𝑢

∑(𝑥𝑖)2 (3.6)

This minimization yields a system of equations for the control components 𝑢𝑗:

𝜕
𝜕𝑢𝑗

∑(𝑥𝑖)2 = 0 (3.9)

For a linear system of the form ̇𝑥 = 𝐿𝑥 + 𝑀𝑢 + 𝑔(𝑡), the control law can be
expressed in a feedback form:

𝑢𝑘+1 = 𝑃𝑥𝑘 + 𝑄𝜉𝑘+1 (3.13)

where 𝑃 and 𝑄 are gain matrices determined by the system parameters and the
sampling period 𝑇 .

Section 4. Numerical Example
Consider a second-order system:

̇𝑥1 = 𝑥2
̇𝑥2 = 𝑥1 + 𝑢 + 𝑔(𝑡) (4.1)

Applying the discretization and control synthesis described above, we obtain the
iterative relations for 𝑥1 and 𝑥2. The disturbance is assumed to be a harmonic
function 𝑔(𝑡) = sin 𝑡.
[FIGURE: 1] [FIGURE: 2]

Figures 1 and 2 illustrate the trajectories of the system starting from different
initial conditions. In the first case, 𝑥1(0) = 1, 𝑥2(0) = 0, and in the second case,
𝑥1(0) = 0, 𝑥2(0) = 0. The results demonstrate that the proposed predictive
control effectively compensates for the external disturbance, maintaining the
system state near the origin.
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Figure 1: Figure 1
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Figure 2: Figure 2
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Figure 3: Figure 3
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Figure 4: Figure 4
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Figure 5: Figure 5
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Figure 6: Figure 6
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Figure 7: Figure 7
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