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MATHEMATICS

M. A. BRONSTEIN

ON VERBAL SUBGROUPS OF FREE GROUPS
(Presented by Academician P. S. Aleksandrov, 26 I 1967)

In the present paper the following question is answered affirmatively: does the
inclusion 𝑉 (𝑅) ⊇ 𝑉 (𝑆) imply the inclusion 𝑅 ⊇ 𝑆, if 𝔅 is some variety of groups
distinct from 𝔈, the variety of all groups, and 𝑅 and 𝑆 are normal divisors of
an arbitrary non-abelian free group 𝐹 . This assertion is a generalization of the
well-known theorem of Auslander and Lyndon (1) for the particular case of the
variety of all abelian groups. Other special cases were considered by various
authors (2−5). Related questions were considered by T. Taylor and M. Danbud
(6). The history and bibliography of the question are presented most fully in
(5). In its ideas and methods the present work is close to (5).
Let 𝔅 be some variety of groups; let a group 𝐺 be 𝔅-free and let the elements
𝑦1, 𝑦2, … , 𝑦𝑚 form its 𝔅-basis. We shall say that the elements 𝑦1, 𝑦2, … , 𝑦𝑚
multiply 𝔅-freely and that the group 𝐺 is 𝔅-freely generated by the elements
𝑦1, 𝑦2, … , 𝑦𝑚.

Theorem. Let 𝐹 be a non-abelian free group; let 𝑅 and 𝑆 be its normal divisors
such that 𝑆 ⊃ 𝑅, and let 𝔅 be a variety of groups such that 𝑉 (𝑆) ⊆ 𝑉 (𝑅); then
𝔅 coincides with the variety 𝔈 of all groups.

Obviously, this theorem is equivalent to the result formulated above.

In (5) P. M. Neumann showed that it is enough to prove the theorem in the
following special case: 𝐹 is the free group of rank 2 with free basis ⟨𝑎, 𝑏⟩; 𝑅 =
{𝑎𝑝, 𝑏}𝐹 , where 𝑝 is a prime number; the normal divisor 𝑆 is such that 𝐹 = 𝑆𝑅.
Hence it follows that in 𝑅 there is an element 𝑧 such that 𝑆 ∋ 𝑐 = 𝑎𝑧. Clearly,
𝑐 = 𝑎𝑝𝑛+1𝑏𝑚𝑤, where 𝑤 ∈ 𝐹 ′.

Next, following the ideas of P. M. Neumann (5), we construct a variety 𝔇
having the following properties: 𝐷(𝑅) = 𝐷(𝑆); 𝔇 ⊆ 𝔅; 𝔇 is generated by finite
𝑝-groups; hence, in particular, it follows that all free groups of this variety are
approximated by finite 𝑝-groups. Obviously, it suffices for us to prove 𝔇 = 𝔈.

Lemma 1. Let 𝐻 = 𝐹𝑘(𝔇) be the free group of the variety 𝔇 of finite rank 𝑘, and
let 𝑦1, 𝑦2, … , 𝑦𝑚 be elements of the group 𝐻, independent modulo the commutant
𝐻′ and such that the factor group 𝐻/𝐻′{𝑦1, … , 𝑦𝑚} is a finite group of order
relatively prime to 𝑝. Then the elements 𝑦1, 𝑦2, … , 𝑦𝑚 multiply 𝔇-freely.
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For the proof we refer to Lemma 2.4 of (5).
Put 𝐴 = 𝐹/𝐷(𝑅). We shall identify the elements of the group 𝐹 , as well as
the normal divisors 𝑅 and 𝑆, with their images in 𝐴. We know the following:
𝐴 is generated by the elements 𝑎 and 𝑏; the elements 𝑎𝑝, 𝑎−𝑖𝑏𝑎𝑖, 0 ≤ 𝑖 ≤ 𝑝 − 1,
𝔇-freely generate 𝑅; the normal divisor 𝑆 lies in 𝔇 and contains the element
𝑐 = 𝑎𝑧 = 𝑎𝑝𝑛+1𝑏𝑚𝑤, where 𝑧 ∈ 𝑅, 𝑤 ∈ 𝐴′.

Lemma 2. In the group 𝐴, the elements 𝑐𝑝, 𝑐−𝑖𝑏𝑐𝑖, 0 ≤ 𝑖 ≤ 𝑝 − 1, multiply
𝔇-freely.

This lemma is close to Lemma 5.9 of (5). One can prove that the elements under
consideration satisfy the conditions of Lemma 2 in the 𝔇-free group 𝑅.

Corollary 1. In the group 𝐴, the elements 𝑐𝑝, 𝑏, [𝑐𝑖, 𝑏], 1 ≤ 𝑖 ≤ 𝑝 − 1, are
𝔇-freely multiplied.

It suffices to indicate that [𝑐𝑖, 𝑏] = (𝑐−𝑖𝑏𝑐𝑖)−1𝑏.

Lemma 3. Let the group 𝐻 be 𝔇-freely generated by elements 𝑥 and 𝑦. Then
the elements 𝑥 and [𝑥, 𝑦] also are 𝔇-freely multiplied.

Consider the homomorphism 𝜑 ∶ 𝐻 → 𝑆, defined by 𝑥𝜑 = [𝑐, 𝑏], 𝑦𝜑 = 𝑐. As is
not hard to see, it is enough for us to prove that the elements [𝑐, 𝑏] and

[[𝑐, 𝑏], 𝑐] = [𝑐, 𝑏]−1[𝑐2, 𝑏][𝑐, 𝑏]−1

are 𝔇-freely multiplied. This is equivalent to saying that the elements [𝑐, 𝑏] and
[𝑐2, 𝑏] are 𝔇-freely multiplied. For 𝑝 > 2 this follows directly from Corollary 1.

For 𝑝 = 2 one should consider homomorphisms of the subgroup 𝑈 ⊂ 𝐴, 𝔇-
freely generated by the elements 𝑐2, 𝑏, [𝑐, 𝑏], into the group 𝑆, given by the
maps [𝑐, 𝑏] → 𝑐2, 𝑐2 → [𝑐, 𝑏], 𝑏 → 𝑐; [𝑐, 𝑏] → [𝑐, 𝑏]−1, 𝑐2 → 𝑐2, 𝑏 → 1, and
[𝑐, 𝑏] → 𝑐, 𝑐2 → [𝑐, 𝑏], 𝑏 → 1. It is easy to see that under the successive
application of these homomorphisms the images of the elements [𝑐, 𝑏] and [𝑐2, 𝑏]
lie in 𝑈 all the time. After applying all three homomorphisms, we see that the
elements [𝑐, 𝑏] and [𝑐2, 𝑏] go to the elements [𝑐, 𝑏], 𝑐2, which, by Corollary 1, are
𝔇-freely multiplied. Hence the assertion of the lemma follows for 𝑝 = 2.

Lemma 4. In the group 𝐴, the elements 𝑐 and [𝑐, 𝑏] are 𝔇-freely multiplied.

Proof. Consider the images 𝑎∗, 𝑏∗, 𝑐∗ of the elements 𝑎, 𝑏, 𝑐 under the natural
epimorphism 𝐴 → 𝐴∗ = 𝐴/𝐷(𝐴). It is easy to see that the elements 𝑎∗, 𝑏∗ 𝔇-
freely generate 𝐴∗, while the elements 𝑐∗ and 𝑏∗ satisfy the conditions of Lemma
1; then, by Lemmas 1 and 3, the elements 𝑐∗ and [𝑐∗, 𝑏∗], to which the elements
𝑐 and [𝑐, 𝑏] are mapped, are 𝔇-freely multiplied. This proves Lemma 4.

Further, the proof of the theorem is carried out analogously to the proof of
Theorem 4.1 of the paper (5).
Consider the group 𝐻, 𝔇-freely generated by elements 𝑥 and 𝑦, and in it the
normal divisor 𝑅1 = {𝑥𝑝, 𝑦}𝐻 . It, as a subgroup, is generated by the elements
𝑥𝑝, 𝑞𝑖, 0 ≤ 𝑖 ≤ 𝑝 − 1, where 𝑞𝑖 = 𝑥−𝑖𝑦𝑥𝑖.

sovietrxiv.org/items/ru-196701.11447 Machine Translation

https://sovietrxiv.org/items/ru-196701.11447


Lemma 5. In the group 𝐻 the following holds: 𝛼) for each 𝑖, 0 ≤ 𝑖 ≤ 𝑝 −1, the
two elements 𝑥𝑝, 𝑞𝑖 are 𝔇-freely multiplied; 𝛽) for each 𝑖, 0 ≤ 𝑖 ≤ 𝑝 − 1, there
exists an endomorphism 𝜀1,𝑖 ∶ 𝑅1 → 𝑅1 such that

𝑥𝑝𝜀1,𝑖 = 𝑥𝑝, 𝑞𝑖𝜀1,𝑖 = 𝑞𝑖, 𝑞𝑗𝜀1,𝑖 = 1, 0 ≤ 𝑗 ≤ 𝑝 − 1, 𝑖 ≠ 𝑗;

𝛾) the elements 𝑞0 and 𝑞𝑝−1 are 𝔇-freely multiplied.

Proof. In view of Lemma 5 it is enough to prove the corresponding assertions
for the elements 𝑐𝑝, 𝑧𝑖, 0 ≤ 𝑖 ≤ 𝑝 − 1, where 𝑧𝑖 = 𝑐−𝑖[𝑐, 𝑏]𝑐𝑖. It is easy to see
that these elements lie in the subgroup 𝑈 , 𝔇-freely generated by the elements
𝑐𝑝, 𝑐−𝑖𝑏𝑐𝑖, 0 ≤ 𝑖 ≤ 𝑝 − 1. For each 𝑖 construct a homomorphism 𝜒𝑖 of the group
𝑈 into the group 𝐻, 𝔇-freely generated by elements 𝑥 and 𝑦, as follows:

𝑐𝑝 → 𝑥, 𝑐−𝑘𝑏𝑐𝑘 → 𝑦, 𝑘 = 0, 1, … , 𝑖,

𝑐−𝑚𝑏𝑐𝑚 → 𝑥−1𝑦𝑥, 𝑚 = 𝑖 + 1, … , 𝑝 − 1.
It is easy to see that 𝑐𝑝𝜒𝑖 = 𝑥, 𝑧𝑖𝜒𝑖 = [𝑥, 𝑦], 𝑧𝑗𝜒𝑖 = 1, 𝑖 ≠ 𝑗. By Lemma 4, 𝑥
and [𝑥, 𝑦] are 𝔇-freely multiplied. This proves 𝛼).
Let 𝜑𝑖 be the restriction of 𝜒𝑖 to {𝑐𝑝, 𝑧1, … , 𝑧𝑝−1} = 𝑈 , and 𝜓𝑖 to {𝑐𝑝, 𝑧𝑖}. Then
𝜓𝑖 is an isomorphism and Im 𝜑𝑖 = Im 𝜓𝑖. As is not hard to see, one may put
𝜀1,𝑖 = 𝜑𝑖𝜓−1

𝑖 .

To prove 𝛾), construct the following homomorphism 𝑈 → 𝐻:

𝑐𝑝 → 𝑥, 𝑏 → 𝑦, 𝑐−𝑖𝑏𝑐𝑖 → 1, 1 ≤ 𝑖 ≤ 𝑝 − 1.

Under this homomorphism the elements 𝑧0 and 𝑧𝑝−1 go to the elements 𝑦 and
𝑥−1𝑦−1𝑥 = [𝑥, 𝑦]𝑦−1, which are 𝔇-freely multiplied. Lemma 6 is proved.

Consider now in the group 𝐻 the normal divisors 𝑅𝑛 = {𝑥𝑝𝑛 , 𝑦}𝐻 . Clearly, 𝑅𝑛 ⊇
𝑅𝑛−1; moreover, 𝑅𝑛, as a subgroup, is generated by the elements 𝑥𝑝𝑛 , 𝑞𝑖, 0 ≤
𝑖 ≤ 𝑝𝑛 − 1, where 𝑞𝑖 = 𝑥−𝑖𝑦𝑥𝑖.

Lemma 6. In the group 𝐻 the following holds: 𝛼∗) for each 𝑖, 0 ≤ 𝑖 ≤ 𝑝𝑛 − 1,
the two elements 𝑥𝑝𝑛 , 𝑞𝑖 are 𝔇-freely multiplied; 𝛽∗) for each 𝑖, 0 ≤ 𝑖 ≤ 𝑝𝑛 − 1,
there exists an endomorphism 𝜀𝑛,𝑖 ∶ 𝑅𝑛 → 𝑅𝑛 such that,

that 𝑥𝑝𝑛𝜀𝑛,𝑖 = 𝑥𝑝𝑛 , 𝑞𝑖𝜀𝑛,𝑖 = 𝑞𝑖, 𝑞𝑗𝜀𝑛,𝑖 = 1, 0 ≤ 𝑗 ≤ 𝑝𝑛 − 1, 𝑖 ≠ 𝑗; 𝛾∗) for all 𝑗,
0 ≤ 𝑗 ≤ 𝑝𝑛−1 − 1, the two elements 𝑞𝑗 and 𝑞𝑗+(𝑝−1)𝑝𝑛−1 multiply 𝔇-freely.

The proof is by induction on 𝑛 and coincides word for word with the proof of
Lemma 4.3 of paper (5).
Put

𝐷𝑛,𝑗 = {𝑞𝑗, 𝑞𝑗+(𝑝−1)𝑝𝑛−1}, 0 ≤ 𝑗 ≤ 𝑝𝑛−1 − 1.
From Lemma 6 and the definition of the subgroup 𝐷𝑛,𝑗 we obtain three corol-
laries:
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Corollary 2. 𝐷𝑛,𝑗 is isomorphic to 𝐻 for all 𝑛, 𝑗, 0 ≤ 𝑗 ≤ 𝑝𝑛−1 − 1.

Corollary 3. 𝐷𝑛,𝑗 = 𝑥−𝑗𝐷𝑛,0𝑥𝑗.

Corollary 4. For each 𝑛, the subgroups 𝐷𝑛,𝑗 multiply properly (see (7)) over
all 𝑗, 0 ≤ 𝑗 ≤ 𝑝𝑛−1 − 1.

Corollaries 2 and 3 are trivial. To prove Corollary 4, we observe that 𝜀𝑛−1,𝑗 acts
identically on 𝐷𝑛,𝑗 and maps 𝐷𝑛,𝑘 to 𝐸 when 0 ≤ 𝑘 ≤ 𝑝𝑛−1 − 1, 𝑗 ≠ 𝑘.

Lemma 7. Suppose a group 𝑄 generates the variety 𝔅. Suppose further that
in some group 𝐾, for each 𝑛, there is a subgroup 𝐵𝑛, an element 𝑑𝑛, and natural
numbers 𝑠𝑛 such that: 𝑄 ≈ 𝐵𝑛; all the subgroups 𝐵𝑛, 𝑑−1

𝑛 𝐵𝑛𝑑𝑛, … , 𝑑−𝑠𝑛𝑛 𝐵𝑛𝑑𝑛𝑠𝑛

are distinct and multiply properly, and the numbers 𝑠𝑛 are unbounded in the
aggregate. Then var(𝐾) ⊇ 𝔅 ∘ 𝔄, where 𝔄 is the variety of all abelian groups.

This lemma generalizes Lemma 2.2 of paper (5) and can be proved in exactly
the same way.

Apply Lemma 7 to the group 𝐻, 𝔇-freely generated by the elements 𝑥 and 𝑦.
For each 𝑛 put 𝐵𝑛 = 𝐷𝑛,0, 𝑑𝑛 = 𝑥, 𝑠𝑛 = 𝑝𝑛−1 − 1. Corollaries 2, 3, 4 show that
we are in the conditions of the lemma. Then we obtain var(𝐻) ⊇ var(𝐻) ∘ 𝔄,
whence var(𝐻) = ℭ, the variety of all groups. But the group 𝐻, by construction,
lies in 𝔇, therefore 𝔇 = ℭ. The theorem is proved.

I express my gratitude to P. M. Neumann for posing the problem.

Moscow State University
named after M. V. Lomonosov
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