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Abstract
The results published previously (Doklady Akademii Nauk SSSR, 167, No. 5,
pp. 1004–1007) are presented in detail. Bibliography: 20 items.

Full Text
Preamble
This work, following the foundational methods established in [1–4] and [7], ad-
dresses the qualitative analysis of differential equations in functional spaces.
Building upon the results of [5, 6], we examine the properties of solutions within
the framework of topological structures. Specifically, we investigate the behav-
ior of solutions to equation (13) as discussed in [8] and [9]. The stability and
asymptotic behavior of these solutions are analyzed under various conditions,
particularly focusing on the properties of the shift operator and the compactness
of trajectories in the function space ℱ, as defined in [15].

We consider a mapping 𝑓 from 𝑇 into the space (𝑋; 𝑌 ), where 𝑡 → 𝑓𝑡 represents
a continuous dependence as outlined in [16]. Let 𝑋 be a compact space and 𝑌
a metric space. We define the space of continuous mappings (𝑇 ; 𝑌 ) and (𝑋; 𝑌 )
with the topology of uniform convergence. Following the definitions in [15], the
distance between two functions 𝜙 and 𝜓 is given by:

𝜌(𝜙, 𝜓) = sup min{𝜌(𝜙(𝑡), 𝜓(𝑡)), 1}

This metric ensures that the space (𝑇 ; 𝑌 ) is complete if 𝑌 is complete.

2.1 Stability and Convergence

In the context of the work by M. V. Belyaev [5, 6], we consider the conditions
under which a solution 𝜙 is stable. Specifically, for any 𝜖 > 0, there exists a
𝛿 > 0 such that if 𝜌(𝜙, 𝜓) < 𝛿, then the supremum of the distance between

russiarxiv.org/items/ru-196701.10782 Machine Translation

https://russiarxiv.org/items/ru-196701.10782
https://russiarxiv.org/items/ru-196701.10782


the trajectories remains bounded by 𝜖 for all 𝑡. This leads to the definition of
almost-periodic functions in the sense of Bohr and Levitan, as discussed in [17].

We define the operator 𝐺(𝑡, 𝑥) acting on the domain 𝐷 ⊂ 𝐸. The convergence
of the sequence of functions {ℎ𝑛} to 𝑓 in the space (𝑇 ; (𝐷; 𝐵)) implies that the
corresponding solutions 𝜙𝑛 of the differential equations:

𝑥′ = ℎ𝑛(𝑡)𝑥

converge to the solution of the limit equation 𝑥′ = 𝑓(𝑡)𝑥. As demonstrated
in [15, p. 46], if 𝑓 and 𝑔 are continuous mappings, the distance between their
images under the shift operator satisfies:

𝜌(𝑓∗, 𝑔∗) = sup
|𝑡|<𝑙

𝜌(𝑓𝑡, 𝑔𝑡)

This relationship is critical for establishing the existence of almost-periodic so-
lutions for the system (13).

2.2 Asymptotic Properties

Consider the linear system 𝑥′ = 𝐴(𝑡)𝑥 + 𝑎(𝑡). According to the results in
[19] and [20], if the coefficient matrix 𝐴(𝑡) and the vector function 𝑎(𝑡) satisfy
certain regularity conditions, the existence of a bounded solution on the interval
[𝑡0, +∞) implies the existence of an almost-periodic solution. This is further
supported by the fixed-point theorems applied to the operator 𝑇 in the space
of continuous functions.

The analysis of the equation 𝑥′ = (𝑥−1)𝑥 for 0 < 𝑥 < 1 serves as a representative
example of the behavior described in Theorem 3. While the conditions for
stability are met, the global behavior of the trajectory depends heavily on the
initial values and the compactness of the set 𝐷 = 𝜙0(𝐽).
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Figure 1: Figure 1
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Figure 2: Figure 2
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Figure 3: Figure 3
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Figure 4: Figure 4
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Figure 5: Figure 5
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Figure 6: Figure 6

russiarxiv.org/items/ru-196701.10782 Machine Translation

https://russiarxiv.org/items/ru-196701.10782


Figure 7: Figure 7
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Figure 8: Figure 8
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