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Abstract

The results published previously (Doklady Akademii Nauk SSSR, 167, No. 5,
pp. 1004-1007) are presented in detail. Bibliography: 20 items.

Full Text

Preamble

This work, following the foundational methods established in [1-4] and [7], ad-
dresses the qualitative analysis of differential equations in functional spaces.
Building upon the results of [5, 6], we examine the properties of solutions within
the framework of topological structures. Specifically, we investigate the behav-
ior of solutions to equation (13) as discussed in [8] and [9]. The stability and
asymptotic behavior of these solutions are analyzed under various conditions,
particularly focusing on the properties of the shift operator and the compactness
of trajectories in the function space &, as defined in [15].

We consider a mapping f from T into the space (X;Y'), where t — f, represents
a continuous dependence as outlined in [16]. Let X be a compact space and Y
a metric space. We define the space of continuous mappings (7;Y) and (X;Y)
with the topology of uniform convergence. Following the definitions in [15], the
distance between two functions ¢ and 1 is given by:

p(¢,1) = supmin{p(e(t), (1)), 1}

This metric ensures that the space (T';Y) is complete if Y is complete.

2.1 Stability and Convergence

In the context of the work by M. V. Belyaev [5, 6], we consider the conditions
under which a solution ¢ is stable. Specifically, for any € > 0, there exists a
0 > 0 such that if p(¢,v) < 0, then the supremum of the distance between
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the trajectories remains bounded by € for all ¢t. This leads to the definition of
almost-periodic functions in the sense of Bohr and Levitan, as discussed in [17].

We define the operator G(t, z) acting on the domain D C E. The convergence
of the sequence of functions {h,, } to f in the space (T'; (D; B)) implies that the
corresponding solutions ¢,, of the differential equations:

2’ =h,(t)x

converge to the solution of the limit equation ' = f(¢t)z. As demonstrated
in [15, p. 46], if f and g are continuous mappings, the distance between their
images under the shift operator satisfies:

p(f*,9") = sup p(f;, ;)
|t]<t
This relationship is critical for establishing the existence of almost-periodic so-
lutions for the system (13).

2.2 Asymptotic Properties

Consider the linear system z’ = A(t)z + a(t). According to the results in
[19] and [20], if the coeflicient matrix A(¢) and the vector function a(t) satisfy
certain regularity conditions, the existence of a bounded solution on the interval
[ty, +00) implies the existence of an almost-periodic solution. This is further
supported by the fixed-point theorems applied to the operator T in the space
of continuous functions.

The analysis of the equation 2/ = (x—1)x for 0 < z < 1 serves as a representative
example of the behavior described in Theorem 3. While the conditions for
stability are met, the global behavior of the trajectory depends heavily on the
initial values and the compactness of the set D = ¢ (J).
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DIFFERENTIAL EQUATIONS

Ocroser 1967, VoL. 111, No. 10

UDC 517.917

ON ONE METHOD OF APPROXIMATE REALIZATION OF
MOTION ALONG A GIVEN TRAJECTORY

V. L. GAsiLov

3anava OCYILECTRNEHHN JBHXKEHHR TIO 33janHofi TPaeKTOPHH H TecHO CBR-
3aHHaR C Heif 3afava O CTabnIH3AUMM JIBHOKEHNH [INHASIMMECKHX CHCTEM HrpaioT
CYIL[ECTBEHHYIO PO/Ib B TEOPHH YTNpaBiReMblX npoieccos. B Gonbmom 4Hcae pa-
60T I3TH 3ajaYM paccMaTpIBAJHCh C NO3HINII KIACCHYECKOTo BaplAIBIOHHOIO
HCYHC/IEHHR, TEOPHH AHHAMHYECKOrO NpPOrpaMMHPOBAIHS, TEOPHH NPHONHKeNHit
H T. 4. B HacTORIeA CTaTke H3yMaeTcd 33ja¥a NpnG/RKEHHOrO OCYUIECTB/IERAR
JIBRIKEHHA N0 33;laHHOH TPAeKTOPHH JUIR CHCTEMEi, NOIBEPIReHHOH AeficTBNIO oc3-
MYIAIOMHX cit. Meron, npennaraeMbii Ans pelleRHR 33/1a4H, OCHOBLIBAETCR HA
HCMO/L30BAHHH  BBIYHCIHTE/ILHOTO ycrpofictea. C  NMOMOWLIO  BEIMHC/HTENKHOTO
ycTpoiicTBa NPOHSBOARTCR AHANH3 [efiCTBYIOLIHX HA CHCTeMY BO3SMYLIQIOUIHX
CHN H BbIGOP YNPABNRIOWIETO HEKTOpA, 06GecnevMHsalolIEro A0CTATOMHYK) GANZ0CTH
thakTHUECKOrO H JKenaemoro ABiDKenwi. Pabota npHMBKaeT K RCCIeZOBAHIRM
E. A. Bapbanmna no npHOMGKEHHOMY OCYIIeCTB/IeHHI0 TpaekTopufi [1 — 3].

§ 1. PROBLEM STATEMENT

Consider a controllable system described by the equation
dy

2 =Y L0+ ()]
Here y — n-dimensional vector of phase coordinates of the object;
v — r-dimensional vector of control forces; Y — given vector-

function characterizin% the dynamic properties of the object; g(r) —
n-dimensional vector of disturbing forces.
Along with (1.1) consider the equation

dy
=YW 1. (1.2)

Let us assume that among all solutions of equation (1.2), defined
on the time interval [0, #] and satisfying theq'boundary conditions

¥ =3°, yt)=y", 1.3
highlighted motion ! o
y=y*t 1 ¥, (1.4)

and
v=1v*{t, 3% y"). (1.5)

Let us call motion (1.4) unperturbed. .
This motion together with the control v*(t, y°, y*) does not satisfy equa-
tion (1.1) both because of various inaccuracies occurring in the system,

Figure 1: Figure 1
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ON THE METHOD OF APPROXIMATE REALIZATION OF MOTION 1719

as well as due to the action of perturbing forces g(r). The actual motion of
the controlled system will be described by the vector-functions

Yy=y*+x (1.6)

and
v=v*+u, 1.7

where x — is the perturbation of motion y*, and u — is the deviation of
the vector of control actions from v*.

Let the initial perturbations x(0) and u(0) be sufficiently small, and the
perturbing forces %r{ belong to some class of n-vector-functions G, which
will be described below. The problem of the approximate realization of
motion along a given trajectorz y*(t, »°, y') consists in such a choice of
of the control vector v, for which the real motion (1.6) of system (1.1)
differs little from the desired motion y*(r, °, y'). In the word "little" one
can invest a different meaninﬁ; in this case, different problems of realization of
motion will be obtained. In the present paper, by the closeness of the real and
desired trajectories, we will understand the uniform in time f closeness of
trajectories for 0 < r <.

Switching to new variables x = y — y*, u = v — v* in equation
(1.1), we obtain the equation for perturbations

% = fx, 1, @)+ (), (1.8)

where
S L) =Y +x v +u) - Y, 1, v,

which we will consider in the future. The problem of realization of motion
y*(t, ¥°, ¥) has now been reduced to the approximate realization of
motion

=0for0<r<ty. (1.9)

To solve this problem, we will divide the time interval [0, 1,] into N
peaual parts of duration T each (NT = #,). We will consider the contro
vector u constant on each of the intervals [kT, (k+ 1)T), where
k — is a non-negative integer, not exceuding N. Thus, the control vector u
is sought in the class of piecewise-constant vectors such as thaus that
sufficient closnecss of the realized montion x(rf) and the unperturbed
motion x = 0 is ensured. In this case, the control at the k-th step (i.e.
for (k — 1)T < t < kT) is constructed based on information about available
measurements of quanities, charakteriizing the state of the object and the
control unit.

We will assume that in the process of control, it is possible to meapure

the vector of state x at time moments f = s —, where p — is a positive ino-

mecter, and s =0, 1, 2, ..., Np, and, besides, in the system there is a detvice
carable of storeing the measured values of the vectora x, the developed
valunes of the control cunit vectora u, as well as some other quantities.
To form the control u at the k-th step, it is necesary to hews information
about the forces, describing in the system on the time interval (k — )T <
<t < kT. In ypuettion (1.8), the vector-function f(x, 7, u) describes the
known forces, and g(f) describes the unknown perturbing forces. These
perturbing forces are, as a rpabulo cryniam. Often they turn out to be fare

Figure 2: Figure 2
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1720 V. L. GASILOV

not “small” and therefore significantly affect the control process. Information about these forces in some cases cannot be obtai-
ned other than through the study of the realized motion. The next section devoted to one of the possible methods for indirect
investigation of disturbing forces.

§ 2. INDIRECT DETERMINATION OF DISTURBING FORCES

The vector of disturbing forces ﬁ'(t) belongs to the class G of n-dimensional vector-functions. We will assume that the elen-
ments of class G are continuously differentiable. Let us consider the time interval (k — 1)T < t <kT. Let a constant control vector
uy, be chosen in some w, on this interval. The control process at the k-th step is described by the equation

dx/dt = f(x, t, ux) + g(t) 2.1)
with the initial condition x((k — 1)T) = x,_;. Let us integrate the right and left parts of equation (2.1) within the limits from
(k— 1T to kT kT kT

=1 = [ SO budi+ [ g, @2
where xg = x(kT). From equation (2.2) we obtain
kT kT
Jooyr 8Ot =xe =z = [ Sx0), 1, wdr. @3

The inte%ral in the left part of (2.3) characterizes the average value of the disturbing forces on the considered time interval. In
order to find this integral, it is necessary to calculate

A ORI @4

The last integral can be found approximately using numerical integration formulas. Using, for example, the simplest Simpson’s
formula [5], we get

f(:Tl)Tf(x(t), tu)dt = L [fxe=1)T), (=T, ) + 4G k—)D), (= PT, ) + fKT), KT, u)| +R().  @.5)

Here R(f) is the remainder term, v
R TR\ (1)
rp=~(7) T, )

Figure 3: Figure 3
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where (k — 1) T < n < kT. In what follows we will assume that the number T is
small, and f“’gl:) for (k —1)T <t < kT is bounded for each k=1, 2, ..., N.
Therefore, neglecting the remainder term R(f) in formula (2.5), it is possible
to obtain the value of the integral (2.4) with the necessary accuracy, if T is
chosen sufficiently small. The state vector x can be measured at moments

*k—-DT, (k - %) T, kT. The matter now reduces to the calculation of the

vector-function f(x, #, t, t, u) at specific moments in time. This operation is
carried out in the computing device of the controlling organ. Thus, equation

(2.3) allows one to find with the necessary accuracy the value
kT

+ [ st @7

*=NT
which is the average value of the vector of perturbing forces on the interval

[k =1)T, kT).
Let us define the vector-function F (¢, T) in the following way:

i
F@,T)= % j g(@dr, 1=T. @.8)

=T

Since g(r) is assumed to be continuously differentiable, then F (1, T) has a
continuous second derisative with rescect to time t. By the Taylor formyla

FU+T, D =F@ D+ TEG D)+ 2= B, D+ o),

Ft—T, Ty=F@t, N—-TE@t, T)+ %ﬁ(z. T) + o(T9),

F(t—2T,T)=F(t, T)—2TF(t, )+ 2T2F(t, T) + o(TH),

whlere 0(T?) means a value of higher order of smallness compared to the
value .
It is easy to see that

F+T,T)=F(@—2T, ) +3[F(, N —F(t—T, D] +0o(T). (29

_ Formula (2.9) allows one to build a forecast of the vector F%(r+ T, T) by
its known valuees F (¢ — 2T, T), F(t — T, T) and F (1, T) with accuracy up to

o(T%:
FU+T, T)=F(t—-2T,T)+3[F(t, )= F(t—T,T)]. (210

Thus, after the k-th step, the computing device of the controlled system
calculates the value F (kT, T) — the average value of the vector of perturbations
at this step. Using formula (2.10), a forecast of perturbing forces at the next
new step is built. On the basis of this forecast, the choice of the controlling
vector at the (k 4 1)-th step is produced.

§ 3. BHOCE OF CONTROL

Let us consider the contre process at the (k + 1)-th step, assuming that the
vector of perturbations is constant on the entire time interval kKT <t <(k+ 1)T
and is equal to the forecassed FO((k + 1)T, T):

dx

o =St W) + P((k+1)T, T) (3.1)

7. Differential Equations No. 10

Figure 4: Figure 4
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and x(kT) = x*. For brevity of notation, let us set
Nt = PO((k+ 1) T, T). (3.2)

Using one of the Runge-Kutta formulas [5], x**! = x((k + 1) T) can be
represented in the followmg form:

o yky — (z**' +2245* 424 + 25 +o(TY), (33)
where the vectors z{*!, z““, 24*1, 2k*1 are determined by the formulas
L TIf(k, KT, ubHl) 4 AR,
AnoT [f (xk+ %zf“, (k + )T “m) +;\k+l:|
AT [f (x“+ %z{“, (k + 7) T, -.*ﬂ) +w*] R

AT [f(r" +2, (k1) T, u) + w] .
Su]l;stilming (3.4) into (3.3) and discarding o(T*), we arrive at the following
formula:
= A, k, T, N+, uk+), (3.5

Let us choose the control vector u**! from the condition of minimizing the
square of the Euclidean norm of the vector x**!

X2 = Z()?'“)2 = mmZ(A O (36)
Since x*, k, T, Ak+! are constant (scalar or vector) quantities, and vektor-
num) belivunants, to E (A;)? is a scalar function of the vector argument

agryments ut*!, Tlycts
W = kg . X

A
Let us expand the function z (4;)? in a series in the coordinates of the
i=1
vector § u**! in the neighborhood of u = u*
Z(A,)2=B+Zc,aufﬂ+z Djidut suft! 4. (38)
Here B, C;) Dj; are ﬁmctmns of lhe quantmes x*, k, T, N**1. Obviously,
the vector & u’ “, so, satisfying condition (3.6), must be found from the
system of equations

ﬁi(m)’:o G=1,2....7). 39

Taking into account (3.8), we arnve at the following system of equations
with respect to the quantmes Sult

Ci+ ZD,.au,k”+ =0 (j=1,2,...,r). (3.10)
i=1

Figure 5: Figure 5
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ON THE METHOD OF APPROXIMATE REALIZATION OF MOTION 1723

We will assume the quantities 3uf*! are small. Then the approximate
solution duf*! of the system of nonlinear algebraic equations (3.10) can be
found by solving the linear system

cj+§1>j,-8u¢;l:o G=L2..,0. @.11)

Since C; and Dy; (i, j =1, 2, ..., r) are functions of the quantities
x* k, T, l‘”. then at each step the choice of the control vector u**D is
connected with the solution of tﬁe correrstording to this step linear system
(3.11). Assuming that this procedure is carried out in a computing device of
system. Taking as **' the quantity u* + 84!, we obtain the control vector
at the (k + 1)-th step of the control process, approximately minimizing the
square of the length of vector x at the moment of time r=(k + 1) T.

Let us note the si)]ecial case when equation (1.8), describing the control
process, is linear with respect to the state vector x and the control vector
u, i.e. has the form

%=Lx+Mu+g(r). G.12)
Here L — n X n-matrix; M — n X r-matrix; g(r) — n-dimensional vector of
perturbing forces. The system of equations (3.10), corresponding to equation
(3.12), automatically turns out to be linear, so that subsequent linearization
is not required. If, in addition, matrices L and M are constant, then at each
step the control u**! can be represented in the form

Ukl = pb 4 o)k (3.13)

where matrices P and Q have dimension r X n. In this case, the elements of
matrices P and Q depend on the elements of matrices L and M and the
number 7', but do not depect on the number of the step of the control process.
Thus, the functions of the computing device are significently simplified.

§ 4. EXAMPLE

Consider a simple example illustrating the method set forth. Let the
controlled process be described by a linear system of the second order

£ -y, id?~=xl+u+g(r). @.1)
Note that the control object is unstable, and in the absence of the control
action u, an arbitrarily small perturbation g(r) con lead the object far from
the state of equilibrium.
Formula (3.5), applied to system (4.1), gives

A =1+ o)xt + B+ ot + 48,

4.2

A =Bk 4+ (14 o) xh + B +0k), e
Here x}{ = x,(kT), x5 = xo(kT), %*' = x,((k + )T), x5*' = xp((k + DT);

ut*! — control at the (k + 1)-th step; A¥*! — forecast of the average value

of perturbation g(r) in the time interval kT < ¢t < (k 4+ 1)T; and « and B are
determined by the formulas

Cne r

o=ty P=Tro. 4.3)

Figure 6: Figure 6
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According to (2.10) and (3.2),
M =F (k-2 T, +3[FKT,T)~F(*-1T, D], @4)
gde F(kT,T) (k=1,2,...,N)is calculated by the formyle
FUTT) =4 (5= = (o F o) =it @9)

P aF (01, F(=~T,T), F(=2T, T) pre-
1 numalours paanal to nyro.

eqfr uation for determining the control,
resulung om_conditions (3.6) and corres-
ponding formulas (4.2), has the form

e
0y
5 0 45 et pr 3 0t

Fig. 1. Fig. 2.
(x4 0% + B3 xt + (B + 2aB) x5 + (a2 + B2) (u**! + A1) =0.
Us gere 801+ 20)
64—kl 1+2a)
eis—as (l+a‘+B’)x* ol + B = “9
Calculations were performed on a digital computer with step T = 0.1 for
passive perturbing functions. In all cases the quality picture obtained was as
well as. Results presented for case g(rf) =sint predictables graphicontaly in
pricynes 1 and 2.
n Fig. 1, the coordinate x, is shown for initial data x,(0) = 1, x,(0) = 0;
n(g;ng g llzg)chaalge of the same coordinate in case of zero initial data
X x3(0) =
The author thanks E. A. Barbashin for attention and guidance in carrying
out the work.
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The validity of the formulated statement is established on the
basis of Theorem 3, Remark 4, and Corollary 3. :

In conclusion, we present one criterion for the existence of a
unique fully recurrent solution of a linear non-homogeneous system
of differential equations.

Theorem 4. Let A be a real matrix of order n, whose spectrum
does not intersect the imaginary axis. For any fully recurrent mapping
a : T—T", there exists a unique fully recurrent solution to the
differential equation . . .

x'=Ax+a(t). (19)

Proof. Let a be a fully recurrent mapping T— T". Since every

fully recurrent function is bounded, according to Theorem 2.3 [19],
there is a unique Lagrange stable solution to equation [19], which,
according to Corollary 4, is the unique fully recurrent solution of
this equation.

Theorem 4 is analogous to the criterion for the existence of a
unique almost periodic solution of equation (19), proven in [20].
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