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IMPROVING THE SMOOTHNESS OF FUNC-
TIONS IN A. N. KOLMOGOROV’S THEOREM
ON SUPERPOSITIONS

(Presented by Academician A. N. Kolmogorov on 20 IT 1967)

By A. N. Kolmogorov’ s theorem (1), every continuous function of n variables
can be represented in the form

2n+1 n
f(xy, 29, 2,) = Z Xi ( ‘Pi,j(%‘)) ) (A)
i=1 1

Jj=

where all the functions are continuous, and the ¢, ;(x;) are fixed and do not de-
pend on the function being decomposed f(z, z,, ..., x,,). G. M. Henkin showed
that the ¢, ;(z;) can be chosen to satisfy a Holder condition with any exponent
0 < a < 1. A. G. Vitushkin and G. M. Henkin proved that if continuously
differentiable functions are fixed as the cpi,j(xj), then the set of superpositions
of the form (A) is nowhere dense in the space of all continuous functions (2,3).
Here we shall show that the inner functions in A. N. Kolmogorov’ s construction
can be chosen to satisfy a Lipschitz condition. The precise formulation of the

result is as follows.

Theorem. Every function continuous on the cube 0 < x; <1 (j=1,2,...,n)
can be represented in the form

2n+1 n
f(xlaan ?xn) = Z Xi ( (pi7j(xj)) ’
=1 1

Jj=

where x;(v) are continuous functions, and ¢, ;(x;) are preassigned fived func-
tions, independent of the function f(xy,zs,...,x,), and satisfying a Lipschitz
condition.

For simplicity of exposition we shall give the proof for n = 2. The proof will
use the following lemma, whose proof may be found in (1).
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Lemma 1. (A. N. Kolmogorov). Let Pij (k=1,2,...,5; a=1,2,...,0,; j=
1,2,...) be closed rectangles in the square I,(0 <z <1, 0 <y < 1), satisfying
the following conditions:

1. For all k and j, if a; # a5, then

NPk =0.

Qg,j

Pk

ayq,J

2. The diameter of the rectangle P(Q ; tends to zero as the index j increases.

3. For every fixed j, every point of the square I, belongs to at least three
rectangles from the system {P(ic j} with one and the same fixed index j.

Suppose, further, that continuous functions ®,(x,y) are given such that, for all
k and 7, the sets {@k(PO’j])} (o =1,2,...,a;,) are pairwise disjoint.

Then, for every continuous function f(x,y) on I,, one can specify continuous
functions x,(x) such that

flo,y) = Xk (P (7, ).

B
Il o
—

For the proof of the theorem it suffices to construct a system of rectangles Pgi j
and functions ®,(z,y) = ¢, (z) + ¥, (y) satisfying the Lipschitz conditions and
Lemma 1.

Construction of the systems of rectangles. On the segment I; (0 <z < 1)
we construct a system {Sfj} of intervals S{fj (k=1,2,...,5; i =1,2,...,0,,; ] =
1,2,...) of length Af ;» possessing the following properties:

a) for any k and j, if i; # iy, then S'Lkl)j HSZJ = ()
b) AF, —0as j — oo;

c¢) for every j, each point of I; belongs to at least 4 intervals of the system
{Sf’j} with one and the same fixed j.

The construction of S{f ; will be carried out by induction on j. For j =1 we take
iy, = 1 and put Sfl = I,. We shall assume that the intervals Sf’nfl have been
constructed. From the set {SF, ;} choose an interval Sfl ' .1 such that

> Ak

7,n—1

Ak

i,m—1 =
for all 7 and k. Near its center, for example at a distance not exceeding iAZl’nfl,
fix a point xfﬁnil which is not an endpoint of the intervals {Sf’nfl}. By property
¢) this point belongs to either 4 or 5 intervals of the system {Sﬁn_l}. Having

fixed 2™

i1y We arrive at one of the following two cases.
,
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ky
1. i

A C S,y with A 5 af

211,m—1

belongs to 5 intervals {Sf’nfl}. Then a sufficiently small interval
will be covered by these same intervals.

Remove from Sfl ' -1 asufficiently small interval belonging to A, containing

the point xfll7n71, and lying at a positive distance from the endpoints of

the intervals of the system {Sf’nfl}. We obtain two intervals L and R (left
and right). In this case, for k # k; put SF, = SF, . As {Szk;} take the
system consisting of the intervals L and R and of the intervals {SiC Lt

with the exception of the interval Sfl Lt

Ky
iy,m—1

2. x belongs to 4 intervals {Sfynfl}. This means that for some p,

kq P
Li mn—1 ¢ U Smfl-
i

. k . k
In this case remove from the segment S;', ; an interval A 5 ;! of

such small length that it is possible to indicate an interval B} , , such
that
'sznflrWLJéﬁnflzzm
K

and thnfl D A. Let us note here that the length A, of the interval

thn_l can be chosen arbitrarily small. A, will be chosen below in the
construction of the functions.

In this case, as before, the intervals L and R (obtained by removing A from
SZl’nfl) and {55,1171} without the interval Sil,nq will constitute {Szk;} The
system {S},,} will consist of the intervals {S},,_,} and the interval B} ;. For

k #+ k, and k #+ p put S{fn = Sﬁn_l.

Thus the systems {Sf;} (k =1,2,...,5) on I; have been constructed. (In the
assumption that A, is given each time when this is necessary. It will be seen
below that A, is chosen immediately after the (n — 1)-st step of constructing
the systems of intervals.) They possess properties a), b), and c).

On the segment I 1 (0 <y < 1), in an analogous way, we construct systems of in-
tervals {Tfj} (In constructing the systems {7, }, in analogy with L, R, BY
) ) 1

iq,m—1

k
and mll

i1 there arise the intervals E, ]_%, prnfl and the point yfll,nfr)

Denote
P(]z,z),j ={(z,y) xS, ye ley}

Renumber the pairs (7,1) by the index « and put

k. _ k
Poi = Plita), 1t).5

The system of rectangles {Pc’f ;} satisfies the conditions of Lemma 1.
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Construction of the functions. ¢, (z) and ¥, (y) will be obtained as the
limits of certain sequences ¢, ;(x) and ¥, ;(y) as j — oc.

We shall construct ¢y ;(x) and 9, ;(y) so that they satisfy the following condi-
tions:

) for fixed j and k, the functions ¢, ;(z) and ¢, ;(y) are constant on the intervals

Sf, ; and Ti’fj, respectively, and linear in the intervals complementary to UZ S{f j
and |J, ﬂfj, respectively;

) . j(z) and 9 ;(y) are nondecreasing functions;

) the function
Dy (2, y) = @ () + Py ()
is such that, for any fixed k and 7 < j, and for a; # ao,

P(‘I)k,j(Pfl,T), ék,j(sz,T)) >e, >0,

where @, ;(P¥_) is the set of values of the function ®; ;(x,y) on the rectangle
Pk

wrs and p(B,C) is the distance between the sets B and C;

) the functions ¢, ;(z) and vy, ;(y) satisfy a Lipschitz condition with constant
<1;

)

max |0y, ;1 (z) — @y, ()| < 1/27, max ¢y, ;1 (y) = @k ;(9)] < 1/27

(condition () is needed only to ensure the uniform convergence of the functions
r.j () and Py ;(y) as j — oo).
The functions ¢, ;(z) and 9, ;(y) are constructed by induction.

For j=1,k=1,2,..,5, put ¢, 1 (¥) = ¥ 1(y) = 0. The passage from the func-
tions ¢y, , 1 (z) and ¥y ,,_;(y) to the functions ¢, , () and 9, (y) is connected
with the construction of the intervals {an} and {Ti’fn}7 and is therefore carried
out by one of the following two methods.

I. In case 1 (see the construction of the systems of intervals), for k # k; we take

(pk,n(‘r> = Spk,nfl (LC)

and

wk,n (y) = wk,nfl(y)'

For k = ky, on all intervals Sf’ .

k
on Ti,vlw except and ) pUt 1pkrl,n(y) = 1/1k1,n71(y)~
Put

except and , put ¢y ,(7) = ¢, 1(2), and

kal,n() = @kl,n—lo + €n,1» 1/}k1,n(> = 1/}k1,n—1(> —En,2
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om0 =P, n10) + €43 Vi, () = Vi, 1O + €4 as

and in the intervals complementary to UZ Sf 1 and U T respectively, define

,m?

@r, () and ¢y, (y) to be linear and to agree at the endpomts of the intervals
with the already assigned values.

Choose the numbers ¢, 5 > 0 so that ¢, ,(z) and 1, ,(y) still satisfy condi-
tions (), (), (), and ( ) (We note that under condition ( ), for sufficiently small
€y, it 1S necessary to monitor only the case 7 = n, since for small changes of
@k, m—1(x) and ¥y, (y) the obtained functions ¢, ,(z) and ¥y, ,(y) satisty
condition () for 7 < n.)

II. In case 2 (see the construction of the systems of intervals), for k # k; and

k # p put
@k,n(x) = <Pk,n71($)

and
Vien (V) = Vpn_1(y)-
On the intervals
in 7 Bl
and
17, # By
respectively, take
Ppn(T) = Oppn1(T)
and
wp,n(w = wpﬂL—l(y)'
Put

ky —P k
@p,n(szl,nfl) = @p,n—l(le,n 1) + 8n7 wp,n(Bil,n—l) = 1r/)p,n—1<yi11,nfl) + 8;/“

where ], and e, will be chosen below.

In the intervals complementary to U m and U m, respectively, define
¢pn(z) and ¥, ,,(y) to be linear and to agree at the endpoints of the intervals
with the already assigned values. Recall that we could choose the length A,
of the intervals Bfl _, and F}? _; arbitrarily. We now choose it so that, for
sufficiently small &, and &/, gopn( x) and 1, ,(y) satisfy condition (). Now
choose ¢, and ¢, so that the functions ¢, ,(z) and v, ,,(y) satisfy conditions

() (), (), and ().

The functions ¢, () and ¢, ,(y) are obtained from the functions ¢, ,,_;(z)
and ¢y, ,_1(y) in the same way as in case 1.

Now set

o(z) = lim 901”( ), Yp(y) = lim T/Jkg( )s

]*)OO j*}OO
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Qp(z,y) = () + V().

Since for @, ;(z,y) condition (e) is fulfilled for every j, the ®;(z,y) satisfy the
conditions of Lemma 1. From condition () it follows that ¢, (x) and ¥, (y), for
every k, satisfy a Lipschitz condition with constant 1. The theorem is proved.

I express my gratitude to A. G. Vitushkin and G. M. Khenkin for their guidance
in carrying out this work.
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