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1. In the present note we consider the question of the existence of a solution
for the nonlinear equation

AF(z) == (1)

in a real Hilbert space. Here A and F(z) are, respectively, linear and nonlinear
operators acting in H. Such equations were considered in the works (*6). Tt
was assumed there that the operator A is self-adjoint and bounded, and that
F(z) is a potential operator satisfying certain conditions.

Here we shall consider equation (1) under more general assumptions concerning
the operator A; namely, we shall not assume that the operator A is bounded.
In Theorem 4 we shall also consider the case when the operator F(x) is not
potential. The theorems established here for equation (1) will be applied to the
study of nonlinear Hammerstein-type integral equations, and we shall establish
new assumptions for them.

2. Theorem 1. Let A be a positive self-adjoint operator defined on a dense set
in the Hilbert space H, and let f(x) be a weakly differentiable and weakly upper
semicontinuous functional satisfying the condition

f(x) < ay(z,2)° + ay(z, 2)* + ag,
where a; <0, ay >0, a3 >0, 0 < pu<l<1.
Then the equation AF(x) = x, where F(x) = grad f(z), has at least one solution.
Theorem 2. Suppose that the following conditions are satisfied:

1°. A is a positive self-adjoint operator defined on a dense set in the Hilbert
space H; F(x) is a potential operator acting in H.

2°. For some fived element x, € R(A'Y?) the inequality

(DF (g + thyh),h) < ~y(h)|R],  0<7 <1,
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holds, where y(h) <0, limy,_,o v(h) = —o0, DF(x,h) is the Gateauz differen-
tial of the operator F(x).

3°. The potential of the operator F(x) is weakly upper semicontinuous.
Then the operator equation AF(x) = x has at least one solution.

Remark 1. If, instead of condition 3° of the theorem, one requires that for all
x,h € H the inequality (DF(x,h),h) < 0 hold, with equality possible only for
h =0, then the equation AF(x) = z has a unique solution.

Theorem 3. Let A be a positive self-adjoint operator defined on a dense set in
H; let F(z) be a potential operator satisfying, for some fized x, € R(AY?), the
inequality

(F'(zg +h) = Fzo), h) < ~([h)]A],

where y(t) <0, lim, , v(t) = —oc.

Then, if the potential of the operator F(z) is weakly upper semicontinuous, the
equation AF(x) = x has at least one solution.

Remark 2. If, in the conditions of the theorem, one additionally requires that
for any z, h € H the inequality

(F(x+h)—F(x),h) <0
hold, with equality only for h = 0, then the equation AF(z) = x has a unique
solution.

Theorem 4. Let A be a positive self-adjoint operator, defined on a dense set
in H; let F(x) be a nonlinear operator satisfying the conditions:

B IF(@+h) — F@)] < N0, @ o+heD,
where D, is the ball of radius r with center at the point 2 = 0.
2°.

(F(x+h) — F(z),h) <m(r)|h|?, =, z+heD,,
where m(t) <0,

lim tm(t) = —occ.
t—o00

Then the operator equation AF(z) = = has a unique solution.

3. We shall apply the results presented here to establishing existence and unique-
ness theorems for the solution of the nonlinear integral equation

ulz) = / K (2, 1)g(u(y), v) dy. (2)
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Here ) is a measurable set of finite or infinite measure in an m-dimensional
Euclidean space.

Such propositions were considered in the works (4,5,7). It was assumed there

that the integral operator generated by the kernel K(x,y) is self-adjoint and
bounded.

However, when kernels of a more general type (Carleman kernels) are considered,
this condition may fail. Recall that a Carleman kernel is a function K(z,y),
measurable on the set Q2 x 2, such that almost everywhere in 2 x Q

K(z,y) = K(y,x)
and, for almost all x € €,

/uaLm%w<w.
Q

We shall consider equation (2), without assuming boundedness of the operator

Au:éK@wW@Mu

generated by the kernel K (x,y).

In what follows we shall require that A be a self-adjoint, positive operator
defined on a dense set in H. Examples of kernels generating unbounded integral
operators are given in (1).

Our basic assumption concerning the nonlinear part g(u, ) consists in requiring
continuity of the Nemytskii operator hu = g(x,u(x)) from LP into LY (1/p +
1/q¢=1).

A necessary and sufficient condition for continuity of hu was established in (?).

The following propositions hold:
1°. Let p = 2, and let the functional

ﬂ@—éGW@Jﬂm

be the potential of the operator hu.
Suppose further that
G(u,r) < a;u? + ay(z)|u|® + az(z),
where a; <0, 0 < ay(x) € L??% 0 <a<2and 0 < az(z) € L'

Then, if f(u) is weakly upper semicontinuous, equation (2) has at least one
solution belonging to L2(2).

2°. Let the function g(u,x) satisfy the following conditions:
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1) g(u,x) < ayu+ ay()|ul® + ag(x), u = 0;
2) g(u,x) = byu + by(@)[ul” + by(2), u < 0;

here a; < 0, b, < 0; 0 < ay(x) € L0 0 > by(x) € L¥1%; 0 < a <
1; 0 <ag(z) € L 0> by(x) € L**.

Then, if the potential of the operator hu is weakly upper semicontinuous, equa-
tion (2) has at least one solution belonging to L?(2).

The proof of these propositions is based on Theorem 1.

3°. Let H be the function g(u, z) such that for all u, v € (—o0, +00) and almost

all x € O

(9w +v,2) — g(u,2))v < av?,

where a < 0**.
Then equation (2) has a unique solution in the space L?((2).
In the next proposition we shall assume that the measure of the set {2 is infinite.
4°. Let A be a positive self-adjoint operator (bounded or unbounded) acting
in the space L?(€). Suppose, moreover, that A is a bounded operator from LP
into L4
(I/p+1/qg=1).

Assume further that H is the function g(u, z) satisfying the following conditions:

1) glu,x) < ag(x)[ul® + ag(x), u=0,

g(u,z) > —aq(x)|u|® —ag(z), u <O0;
here 0 < ay(z) € LP/IP-D=0l 0 < a < 1, 0 < ay(x) € LY.
2) The Nemytskii operator hu = g(u(z), x) is continuous from LP into L9.

Then, if the functional f(u), which is the potential of the operator hu, is weakly
upper semicontinuous, the integral equation (2) has at least one solution be-
longing to the space LP(Q).

Let us note that analogous propositions can also be established for systems of
nonlinear integral equations of the form

u; () :/QKi(:v,y)gi(ul(y),UQ(y)y-~-,un(y),y) dy,

1 =1,2,...,n. In this case we additionally assume the existence of a function
G(uq, Ug, ..., Uy, x) such that
0
9;(Up, Ugy ooy Uy, ) = a—uG(ul,UQ, ey Uy, T).

)

The proof of these propositions is based on the method proposed by us in (7).
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* The existence of such constants a,, b;, a and functions a,(z), b;(z), i = 1,2,
follows from the continuity condition for the Nemytskii operator.

** This condition, in particular, will be fulfilled if g(u, z) has a partial derivative
with respect to u, g, (u,z), which for almost all x € Q satisfies the inequality
gy (u,x) < a (a <0) and is bounded below.

Note: Figure translations are in progress. See original paper for figures.
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