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(Presented by Academician A. N. Kolmogorov on 21 X 1966)

1. In the present note we consider the question of the existence of a solution
for the nonlinear equation

𝐴𝐹(𝑥) = 𝑥 (1)

in a real Hilbert space. Here 𝐴 and 𝐹(𝑥) are, respectively, linear and nonlinear
operators acting in 𝐻. Such equations were considered in the works (3,6). It
was assumed there that the operator 𝐴 is self-adjoint and bounded, and that
𝐹(𝑥) is a potential operator satisfying certain conditions.

Here we shall consider equation (1) under more general assumptions concerning
the operator 𝐴; namely, we shall not assume that the operator 𝐴 is bounded.
In Theorem 4 we shall also consider the case when the operator 𝐹(𝑥) is not
potential. The theorems established here for equation (1) will be applied to the
study of nonlinear Hammerstein-type integral equations, and we shall establish
new assumptions for them.

2. Theorem 1. Let 𝐴 be a positive self-adjoint operator defined on a dense set
in the Hilbert space 𝐻, and let 𝑓(𝑥) be a weakly differentiable and weakly upper
semicontinuous functional satisfying the condition

𝑓(𝑥) ≤ 𝑎1(𝑥, 𝑥)𝜃 + 𝑎2(𝑥, 𝑥)𝜇 + 𝑎3,

where 𝑎1 < 0, 𝑎2 ≥ 0, 𝑎3 ≥ 0, 0 ≤ 𝜇 < 𝜃 < 1.
Then the equation 𝐴𝐹(𝑥) = 𝑥, where 𝐹(𝑥) = grad 𝑓(𝑥), has at least one solution.

Theorem 2. Suppose that the following conditions are satisfied:

1∘. 𝐴 is a positive self-adjoint operator defined on a dense set in the Hilbert
space 𝐻; 𝐹(𝑥) is a potential operator acting in 𝐻.

2∘. For some fixed element 𝑥0 ∈ 𝑅(𝐴1/2) the inequality

(𝐷𝐹(𝑥0 + 𝜏ℎ, ℎ), ℎ) ≤ 𝛾(ℎ)‖ℎ‖, 0 ≤ 𝜏 ≤ 1,
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holds, where 𝛾(ℎ) ≤ 0, lim‖ℎ‖→∞ 𝛾(ℎ) = −∞, 𝐷𝐹(𝑥, ℎ) is the Gateaux differen-
tial of the operator 𝐹(𝑥).
3∘. The potential of the operator 𝐹(𝑥) is weakly upper semicontinuous.

Then the operator equation 𝐴𝐹(𝑥) = 𝑥 has at least one solution.

Remark 1. If, instead of condition 3∘ of the theorem, one requires that for all
𝑥, ℎ ∈ 𝐻 the inequality (𝐷𝐹(𝑥, ℎ), ℎ) ≤ 0 hold, with equality possible only for
ℎ = 0, then the equation 𝐴𝐹(𝑥) = 𝑥 has a unique solution.

Theorem 3. Let 𝐴 be a positive self-adjoint operator defined on a dense set in
𝐻; let 𝐹(𝑥) be a potential operator satisfying, for some fixed 𝑥0 ∈ 𝑅(𝐴1/2), the
inequality

(𝐹(𝑥0 + ℎ) − 𝐹(𝑥0), ℎ) ≤ 𝛾(‖ℎ‖)‖ℎ‖,

where 𝛾(𝑡) ≤ 0, lim𝑡→∞ 𝛾(𝑡) = −∞.

Then, if the potential of the operator 𝐹(𝑥) is weakly upper semicontinuous, the
equation 𝐴𝐹(𝑥) = 𝑥 has at least one solution.

Remark 2. If, in the conditions of the theorem, one additionally requires that
for any 𝑥, ℎ ∈ 𝐻 the inequality

(𝐹(𝑥 + ℎ) − 𝐹(𝑥), ℎ) ≤ 0

hold, with equality only for ℎ = 0, then the equation 𝐴𝐹(𝑥) = 𝑥 has a unique
solution.

Theorem 4. Let 𝐴 be a positive self-adjoint operator, defined on a dense set
in 𝐻; let 𝐹(𝑥) be a nonlinear operator satisfying the conditions:

1∘.
‖𝐹 (𝑥 + ℎ) − 𝐹(𝑥)‖ ≤ 𝑁(𝑟)‖ℎ‖, 𝑥, 𝑥 + ℎ ∈ 𝐷𝑟,

where 𝐷𝑟 is the ball of radius 𝑟 with center at the point 𝑥 = 0.
2∘.

(𝐹 (𝑥 + ℎ) − 𝐹(𝑥), ℎ) ≤ 𝑚(𝑟)‖ℎ‖2, 𝑥, 𝑥 + ℎ ∈ 𝐷𝑟,
where 𝑚(𝑡) ≤ 0,

lim
𝑡→∞

𝑡𝑚(𝑡) = −∞.

Then the operator equation 𝐴𝐹(𝑥) = 𝑥 has a unique solution.

3. We shall apply the results presented here to establishing existence and unique-
ness theorems for the solution of the nonlinear integral equation

𝑢(𝑥) = ∫
Ω

𝐾(𝑥, 𝑦)𝑔(𝑢(𝑦), 𝑦) 𝑑𝑦. (2)
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Here Ω is a measurable set of finite or infinite measure in an 𝑚-dimensional
Euclidean space.

Such propositions were considered in the works (4,6 ,7 ). It was assumed there
that the integral operator generated by the kernel 𝐾(𝑥, 𝑦) is self-adjoint and
bounded.

However, when kernels of a more general type (Carleman kernels) are considered,
this condition may fail. Recall that a Carleman kernel is a function 𝐾(𝑥, 𝑦),
measurable on the set Ω × Ω, such that almost everywhere in Ω × Ω

𝐾(𝑥, 𝑦) = 𝐾(𝑦, 𝑥)
and, for almost all 𝑥 ∈ Ω,

∫
Ω

|𝐾(𝑥, 𝑦)|2 𝑑𝑦 < ∞.

We shall consider equation (2), without assuming boundedness of the operator

𝐴𝑢 = ∫
Ω

𝐾(𝑥, 𝑦)𝑢(𝑦) 𝑑𝑦,

generated by the kernel 𝐾(𝑥, 𝑦).
In what follows we shall require that 𝐴 be a self-adjoint, positive operator
defined on a dense set in 𝐻. Examples of kernels generating unbounded integral
operators are given in (1).
Our basic assumption concerning the nonlinear part 𝑔(𝑢, 𝑥) consists in requiring
continuity of the Nemytskii operator ℎ𝑢 = 𝑔(𝑥, 𝑢(𝑥)) from 𝐿𝑝 into 𝐿𝑞 (1/𝑝 +
1/𝑞 = 1).
A necessary and sufficient condition for continuity of ℎ𝑢 was established in (2).
The following propositions hold:

1∘. Let 𝑝 = 2, and let the functional

𝑓(𝑢) = ∫
Ω

𝐺(𝑢(𝑥), 𝑥) 𝑑𝑥

be the potential of the operator ℎ𝑢.
Suppose further that

𝐺(𝑢, 𝑥) ≤ 𝑎1𝑢2 + 𝑎2(𝑥)|𝑢|𝛼 + 𝑎3(𝑥),
where 𝑎1 < 0, 0 ≤ 𝑎2(𝑥) ∈ 𝐿2/(2−𝛼), 0 < 𝛼 < 2 and 0 ≤ 𝑎3(𝑥) ∈ 𝐿1.

Then, if 𝑓(𝑢) is weakly upper semicontinuous, equation (2) has at least one
solution belonging to 𝐿2(Ω).
2∘. Let the function 𝑔(𝑢, 𝑥) satisfy the following conditions:
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1) 𝑔(𝑢, 𝑥) ≤ 𝑎1𝑢 + 𝑎2(𝑥)|𝑢|𝛼 + 𝑎3(𝑥), 𝑢 ≥ 0;
2) 𝑔(𝑢, 𝑥) ≥ 𝑏1𝑢 + 𝑏2(𝑥)|𝑢|𝛼 + 𝑏3(𝑥), 𝑢 < 0;

here 𝑎1 < 0, 𝑏1 < 0; 0 ≤ 𝑎2(𝑥) ∈ 𝐿2/(1−𝛼); 0 ≥ 𝑏2(𝑥) ∈ 𝐿2/(1−𝛼); 0 < 𝛼 <
1; 0 ≤ 𝑎3(𝑥) ∈ 𝐿2; 0 ≥ 𝑏3(𝑥) ∈ 𝐿2*.

Then, if the potential of the operator ℎ𝑢 is weakly upper semicontinuous, equa-
tion (2) has at least one solution belonging to 𝐿2(Ω).
The proof of these propositions is based on Theorem 1.

3∘. Let 𝐻 be the function 𝑔(𝑢, 𝑥) such that for all 𝑢, 𝑣 ∈ (−∞, +∞) and almost
all 𝑥 ∈ Ω

(𝑔(𝑢 + 𝑣, 𝑥) − 𝑔(𝑢, 𝑥))𝑣 ≤ 𝑎𝑣2,
where 𝑎 < 0**.
Then equation (2) has a unique solution in the space 𝐿2(Ω).
In the next proposition we shall assume that the measure of the set Ω is infinite.

4∘. Let 𝐴 be a positive self-adjoint operator (bounded or unbounded) acting
in the space 𝐿2(Ω). Suppose, moreover, that 𝐴 is a bounded operator from 𝐿𝑝

into 𝐿𝑞

(1/𝑝 + 1/𝑞 = 1).

Assume further that 𝐻 is the function 𝑔(𝑢, 𝑥) satisfying the following conditions:

1) 𝑔(𝑢, 𝑥) ≤ 𝑎2(𝑥)|𝑢|𝛼 + 𝑎3(𝑥), 𝑢 ≥ 0,

𝑔(𝑢, 𝑥) ≥ −𝑎2(𝑥)|𝑢|𝛼 − 𝑎3(𝑥), 𝑢 < 0;

here 0 ≤ 𝑎2(𝑥) ∈ 𝐿𝑝/[(𝑝−1)−𝛼], 0 < 𝛼 < 1, 0 ≤ 𝑎3(𝑥) ∈ 𝐿𝑞.

2) The Nemytskii operator ℎ𝑢 = 𝑔(𝑢(𝑥), 𝑥) is continuous from 𝐿𝑝 into 𝐿𝑞.

Then, if the functional 𝑓(𝑢), which is the potential of the operator ℎ𝑢, is weakly
upper semicontinuous, the integral equation (2) has at least one solution be-
longing to the space 𝐿𝑝(Ω).
Let us note that analogous propositions can also be established for systems of
nonlinear integral equations of the form

𝑢𝑖(𝑥) = ∫
Ω

𝐾𝑖(𝑥, 𝑦)𝑔𝑖(𝑢1(𝑦), 𝑢2(𝑦), … , 𝑢𝑛(𝑦), 𝑦) 𝑑𝑦,

𝑖 = 1, 2, … , 𝑛. In this case we additionally assume the existence of a function
𝐺(𝑢1, 𝑢2, … , 𝑢𝑛, 𝑥) such that

𝑔𝑖(𝑢1, 𝑢2, … , 𝑢𝑛, 𝑥) = 𝜕
𝜕𝑢𝑖

𝐺(𝑢1, 𝑢2, … , 𝑢𝑛, 𝑥).

The proof of these propositions is based on the method proposed by us in (7).
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* The existence of such constants 𝑎1, 𝑏1, 𝛼 and functions 𝑎𝑖(𝑥), 𝑏𝑖(𝑥), 𝑖 = 1, 2,
follows from the continuity condition for the Nemytskii operator.

** This condition, in particular, will be fulfilled if 𝑔(𝑢, 𝑥) has a partial derivative
with respect to 𝑢, 𝑔′

𝑢(𝑢, 𝑥), which for almost all 𝑥 ∈ Ω satisfies the inequality
𝑔′

𝑢(𝑢, 𝑥) ≤ 𝑎 (𝑎 < 0) and is bounded below.

Note: Figure translations are in progress. See original paper for figures.
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