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ON EXTREMALLY DISCONNECTED BI-
COMPACTA

(Presented by Academician P. S. Aleksandrov, 5 IV 1966)

P. S. Aleksandrov, at a seminar at Moscow University, posed the following prob-
lem: does there exist a universal extremally disconnected bicompactum of weight
7*, topologically containing every other extremally disconnected bicompactum
of weight < 77 In this note it is proved (Theorem 1) that for all admissible car-
dinal numbers such a bicompactum exists. Here the cardinal number 7 is called
admissible if 78 = 7. It is further proved (Theorem 2) that this bicompactum is
homogeneous with respect to character®*. This answers a question proposed by
M. Ya. Antonovskii: do there exist extremally disconnected bicompacta homo-
geneous with respect to character? Finally, Theorem 3 asserts that the weight
of any infinite extremally disconnected bicompactum is an admissible cardinal
number, which completely solves both problems.

§ 1. V. I. Ponomarev (173) and A. Gleason (*) proved that for every completely
regular (Gleason—for locally bicompact) space X there exists an irreducible
perfect*** extremally disconnected preimage pX, which the former called an
absolute and the latter a projective space. For a bicompact space X, the simplest
construction is that of S. Iliadis (%), S. V. Fomin (), which consists in the
following. The points of pX are declared to be all possible maximal centered
systems § consisting of open subsets of X. As a base of closed sets in pX one
takes sets of the form I'y; = £(F : U € §), if U is open in X. It can be proved
that the space pX is bicompact and extremally disconnected. Assigning to each
point z € pX (= a maximal centered system §) its unique point of contact from
X (X a bicompactum), we obtain an irreducible mapping of pX onto X.

Lemma 1. The weight of the absolute pX of a bicompactum X is equal to the
cardinality of all canonically closed subsets of X**.

Proof. Let f : pX — X be an irreducible mapping of pX onto X. To each
canonically closed [U] C X we assign

V= [filU}pX»

a certain open-and-closed subset of pX. It can be proved that, by virtue of the
irreducibility and perfection of the mapping f, this rule establishes a one-to-one

sovietrxiv.org/items/ru-196701.07681 Machine Translation


https://sovietrxiv.org/items/ru-196701.07681

correspondence between all open-and-closed subsets of pX and all canonically
closed subsets of X. Since the cardinality of any open-and-closed base of pX is
equal to the weight of pX, the lemma follows.

* A topological space X is called extremally disconnected if the closure [U]
of any open U C X is again open. The minimum of the cardinalities of open
bases of the space X is called the weight and is denoted by wX.

** The character x(F, X) of a set F' in X is the minimum of the cardinalities
of fundamental systems of neighborhoods of F' in X.

**% A continuous mapping f : X — Y is irreducible if there is no proper closed
subset F' C X for which f(F) =Y. A mapping is called perfect if it is closed
and bicompact.

#HHK A set F' = [U] is called canonically closed if it is the closure of a nonempty
open U.

Definition. A cardinal number 7 will be called admissible if 780 = 7.

Theorem 1. Let 7 be an admissible cardinal number, D™ = [[ D%, a € A,

|A| = 7, be the generalized Cantor discontinuum of weight 7. Then the absolute
pD7 is a universal extremally disconnected bicompactum of weight T.

Proof. First of all, let us note that pD” is an extremally disconnected bicom-
pactum of weight 7. Indeed, in the space D" every canonical closed set has type
G5 (Theorem 5 (®)). By virtue of bicompactness and zero-dimensionality of D7,
every closed set of type G5 in D7 is the intersection of a countable number of
open-and-closed sets. Since the cardinality of all open-and-closed sets in D7 is
7, the cardinality of all closed sets of type G5 in D™ is 7% = 7 (7 is admissible!).
Applying Lemma 1, we obtain that w(pD7) = 7. Let us prove the universal-
ity of pD7. Let X be an arbitrary extremally disconnected bicompactum of
weight < 7. By a theorem of N. B. Vedenisov (°), the bicompactum X, as a
zero-dimensional space in the sense of ind, can be topologically embedded in
D™. Let X C D™ and let f: pD™ — D" be irreducible. Then Y = f~1X C pD".
By Brawer’ s theorem (1°, p. 27), in pD™ there exists X* C Y C pD7 such that
f(X*) = X, and on X* the mapping f is irreducible. This means, by virtue of
the extremal disconnectedness of X, that X* is homeomorphic to X (Lemma
2.3 (%)), as was required to prove.

§ 2. A system B = {[U]} consisting of nonempty canonical closed sets will be
called a d-system of the closed set F' C R, if: 1) for any two [U], [V] € B
we have [U]N[V] = [W] € B, and 2) N[U] = F for all [U] € B. The minimum
of the cardinalities of all §-systems of the closed set F' C R will be called the ¢-
character of F' in R, and will be denoted by §(F, R). If R is a compact metric
space, then §(F,R) < ¢(F,R) = x(F,R)**. In general, only the inequality
holds

0(F,R) <¢(F,R) < x(F,R).
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a) Let f: X — Y be an irreducible mapping of the bicompactum X onto Y.
Then §(F,X) > 6(f, F,Y).

This proposition follows from the fact that the irreducible image of a d-system
F is a d-system fF.

b) For all x € D7, we have §(z, D) = ¢(x, D7) = x(z, D7).

Let us prove b). Since 6(z, D7) < ¢(x, D7) = x(x, D7) = 7 (®), it is enough to
prove that 7 < d(z,D7). Let B = {[U]} be a minimal J-system of the point
x € D". Since in D" every canonical closed set has type G (Theorem 5 (%)),
for every [U] € B we have [U] = ﬂ;il O, [U]; hence

r=ul =) Ol
k=1

where the first intersection is taken over all [U] € 9. Thus we obtain that
T =1(z, D7) < Ry|B| = |B|, as was required to prove.

Theorem 2. Let T be an admissible cardinal number. Then pD™ is an extremally
disconnected bicompactum homogeneous with respect to character 7%,

Proof. Since 7 is an admissible cardinal number, by Theorem 1 we have
Xx(z,pD7) < w(pD™) = 7. Therefore it is enough to prove that x(z,pD7) > 7.
Suppose that x(z,pD7) = m < 7. Let f: pD™ — D7 be irreducible; then, by
property a), we have m = x(x,pD7) > é(x,pD7) > 6(fxz, D). By property b),
0(fx,D7) = x(fx,D7) = 7. Thus—

* | Al is the cardinality of the set A.

** The pseudocharacter ¢(F, X) of the set F in X is the least cardinal number
m such that F =0, a € A, all O, are open and |A| = m. If F' is closed and
X is a bicompactum, then y(F, X) = ¢(F, X).

*** A space X is called homogeneous with respect to character 7 if
x(x,X) =7 for all z € X.

Thus we have obtained that m > 7, contrary to the assumption. The theorem
is proved.

§ 3. The sign @ denotes the disjoint union of spaces X,; 5X denotes the Stone-
Cech compactification of X. Let

X = éxk
k=1

and f; : X, — Y); then by
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= @ fk:
k=1
we denote the mapping
f : X — @ Yk7
k=1

for which the restriction f/X; = f.

Lemma 2. Let {m;} be a countable set of infinite cardinal numbers and

o0
T = Hmk.
k=1

Then ™80 = 7.

Proof. It is enough to prove that 780 < 7. Since

00
my < kav
k=1
we have
00 ) 00 Ro
k=1 k=1 k=1

Therefore, using the distributivity of product with respect to sum ((12), p. 191),
we obtain

oo NO'NO oo NO oo oo
mos(Sm) = (Em) S TIme aculIm-
k=1 k=1 k=1

acAi=1

= Ng" Hmk = H(NO -my) = I_Im,c =T
k=1 k=1 k=1

The lemma is proved.

Lemma 3. Let
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X = é Xk7
k=1

where the X, are bicompacta and wX;, > R,. Then

w(fX) = H wX,.
k=1

Proof. Put wX,; = m,; and

00
H mk =T.
k=1

We first prove that w(5X) < 7. For this it is enough to prove that the cardinality
of the set of all bounded continuous functions on X does not exceed 7. Denote
this set by 9t = {f}. Let f, = f/X, be the restriction of an arbitrary function
f € 9% to Xy; then

f=@ fi
k=1

Conversely, a combination of arbitrary continuous functions f; on X, gives some
continuous function on X. Hence

RUESY | fle(C. o8]
k=1
if C'(X},) is the ring of all continuous real-valued functions on X,. Since

(11) and C(X},) is a metric space, it follows that

C(X)] < (wX;)N =mye.

Further, applying Lemma 1, we obtain

o0 o0 NU o0
|m|§Hm:°: <Hmk> ZHmeT.
k=1 k=1 k=1
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Thus the inequality w(5X) < 7 is proved. We now prove that w(5X) > 7.
Since wC(BX) = w(BX), to prove this inequality it is enough to find in C(8X)
a family 9 = {f}, || > 7, consisting of functions whose pairwise distances are
> 1. Since wC(X,) = wX,;, = my, in C(X,,) there exists a family 9, = {f,} of
functions such that*: 1) p(fi, gi) = Supyx, [fy(®) — 9@ = 1, fy # gy € My
2) SUP e x, |fe(z)] =1, fi € My; 3) (M| = my.

* If X, is zero-dimensional, then for 9, one may take the family of functions f
for which f(V) =0 and f(X,\V) =1, where V is an arbitrary open-and-closed
subset of X.

Next put f = @zil fis if f € M. Let f* be the Stone-Cech extension of the
function f to X, which exists since f is bounded. Then the family 9% = {f*},
which is obtained from {f} if the f, independently range over the 9, is the

desired one. Indeed,

o0
|m|:H‘mk|: mg =7;
k=1 k=1

further, for any distinct f*, g* € 9t we have

p(f*9°) =p(f,9) = SUp Sup | fe(z) — gi(2)] = 1,

since for some X, necessarily f, # g,. The lemma is proved.

Theorem 3. The weight of an infinite extremally disconnected bicompactum is
an admissible cardinal number.

Proof. Let R be an extremally disconnected bicompactum, |R| > ¥,, and
wR = 7. Construct open-and-closed sets U, C R such that

o0
U
k=1

Let T be the set of all isolated points in R*. Consider two cases: 1) [T] = R
and 2) [T] # R. In the first case |T| > ®;, hence T = @ A,, A, C T
and |A,| > Ny. Then [A,]p = U, are the required sets. In the second case
the sets [T] and R \ [T] are open-and-closed, and F = R\ [T] is extremally
disconnected and contains no isolated points. By transfinite induction one can
construct open-and-closed V,,, a € A, |A| > X, such that V, C F, V, NV, =0,
if a # 8, wV,, >N, and

U.NnU,=0, iftk+n, w(U,) >R, and =R.

=F.

U Ve

acA

it A, #0, A, N A, = 0. In this case

U v

a€cA,

Represent A =@° A

no

Un =
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are the required sets**. Thus, in both cases we have constructed an extremally
disconnected space

o0
X=PU, wlU, =X,

n=1

and the U, are bicompacta, which is dense in R. Consequently, by Gleason’ s
theorem (Theorem 4.1 (%)), R = 8X. Applying Lemma 3, we obtain

T=w(pX) = 1°_°[ wU},
k=1

and by Lemma 2, 7% = 7, which completely proves the theorem.
Corollary. Let

o0
T = ka7 mk Z NO and mk <T.
k=1

Then there does not exist an extremally disconnected bicompactum of weight T.

By virtue of the fact that an infinite extremally disconnected bicompactum is the
Stone space of representation of some complete Boolean algebra and conversely,
we obtain.

Theorem 4. The cardinality of every complete infinite Boolean algebra is an
admissible cardinal number.

The author expresses gratitude to P. S. Aleksandrov for his attention to this
work.

Moscow Geological Prospecting Institute
named after S. Ordzhonikidze

Received
31 IIT 1966

REFERENCES
1. V. I. Ponomarev, DAN, 143, No. 1, 46 (1962).

2. V. I. Ponomarev, Matem. sborn., 60 (102), No. 1, 89 (1963).
3. V. L. Ponomarev, DAN, 149, No. 1, 26 (1963).

4. A. Gleason, Illin. J. Math., 2, No. 4A, 482 (1958).

5. S. Tliadis, DAN, 149, No. 1, 22 (1963).

6. S. Iliadis, DAN, 152, No. 4, 798 (1963).

sovietrxiv.org/items/ru-196701.07681 Machine Translation


https://sovietrxiv.org/items/ru-196701.07681

7. S. V. Fomin, Matem. sborn., 8 (50), No. 2, 285 (1940).
8. B. A. Efimov, Tr. Mosk. matem. obshch., 14, 211 (1965).
9. N. B. Vedenisov, Uch. zap. MGU, 30, 131 (1939).

10. C. Kuratowski, Topologie, 2, Warszawa, 1961.

11. Yu. M. Smirnov, Matem. sborn., 30 (72), No. 1, 213 (1952).

12. N. Bourbaki, Set Theory, Moscow, 1965.
* The set T may also be empty.

I |T| > Ry, then set [T'] = Uy; if |T| < N, then this cardinality has no effect
on R.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.07681 Machine Translation


https://sovietrxiv.org/items/ru-196701.07681

	Abstract
	Full Text
	ON EXTREMALLY DISCONNECTED BICOMPACTA
	REFERENCES


