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Abstract

A solution z(t, \) is called a singular solution of the operator equation x(t) =
AP(x(t)) if z(t,A) — oo for A — 0. Using the example of the equation

z(t) = /\/ [A;(t,8)x(s — T) + Ay(t, s)i(s — 7) + As(t, 8)z2(s)] ds+
0 (1)

A2 / [B;(t,8)x(s) + By(t,s)x(s — 1) + Bs(t, s)x(s — 7)a(s — 7)) ds
0

where A,(t,s), B;(t,s) are continuous functions in the square 0 < ¢, s <1; A is
a parameter; 0 < 7 < 1 is a constant deviation, the question of the existence of
a singular solution for a nonlinear integro-differential equation with a deviating
argument of neutral type is investigated in the case where the integrand func-
tions are polynomials with respect to the unknown function. Bibliography: 8
items.

Full Text

Preamble

In this section, we consider the asymptotic behavior of the solution x(¢, A) to
a class of nonlinear integral equations as the parameter A\ — 0. Building upon
the foundational work in [?, 7, 7, 7 7, 7 7 ?], we investigate the case where
the solution exhibits a singularity of the form z(t) = A2_;(¢) + ¥ (¢) + ...
Specifically, we analyze the equation:
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1
x(t) :)\/O [A;(t,8)x(s — T) + Ay(t, s)x(s — 7) + As(t, 8)2%(s)]ds

1
+ A2 /0 [B;(t,s)x(s) + By(t,s)x(s — 1) + Bg(t,s)x(s — 7)a(s — 7)]ds
(1)

where the initial condition is given by x(t,\) = &(¢t,\) on the interval E, =
[—7,0]. We assume that the function ¢(¢, \) can be expanded as:

Gt A) = Ao (1) + do(t) + Ay (B) + ... (2)

We seek a solution in the form of a formal power series:

)= 3 Voo (t) ()

k=—1

Substituting expansion (4) into equation (1) and equating coefficients of like
powers of A, we obtain a system of recurrence relations for the functions ), (t).
For the leading term _;(t), we have:

1
bt = A / Ayt sy (s)ds, () =¢ (B om By (54)

For subsequent terms v, (¢) where k = 0,1,2, ..., the equations take the form:

balt) = / 244 (t, )01 (810 ()5 + Fy(hor oy, bor B t)  (5)

where F), are known functions determined by the preceding terms of the expan-
sion. Specifically, F{, depends on the linear operators A; and A, acting on the
delayed components of 9_;.

Solvability and Asymptotic Convergence

To ensure the existence of the expansion, we introduce the linear operator
Ly = (t) — fol 2A4(t,s)Y_1(s)(s)ds. If Ay is not an eigenvalue of the ker-
nel 2A;(t, s)y_;(s), the functions v, (¢) are uniquely determined. We define
the remainder of the series after K terms as Ry (t,A). Using the method of
successive approximations and applying the contraction mapping principle in a

suitable Banach space, we can establish the convergence of the series.
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The error estimate for the K-th order approximation is governed by the func-
tional U(X,Y, A), which satisfies:

Ry (t,M)] < CAFH

where C' is a constant independent of A. This confirms that (4) is indeed an
asymptotic expansion of the solution to the original problem (1)-(2).

Bifurcation and Branching of Solutions

In cases where the linear operator associated with (5,) is singular (i.e., the
Fredholm alternative condition is triggered), we encounter branching points.
Let w(t) be the eigenfunction corresponding to the kernel 2A4,(¢, s)y_;(s), and
v(t) be the eigenfunction of the adjoint operator. The solvability condition for

¥y (t) requires:
/01 [%(0) [

If this condition is met, the general solution for ,(t) is given by 9,(t) =
Cow(t) + ug(t), where C is a constant to be determined from the solvability
condition of the next equation in the hierarchy (7,). This leads to a quadratic
equation for C:

1 Fy(z, s)ds] v(t)dt =0 (12)

PyC§ + QuCo + 15 =0 (13)

The roots of this equation determine the possible branches of the asymptotic
solution. If ), # 0, we obtain distinct branches C,; and C,, leading to two
different asymptotic expansions.

Conclusion

We have established the following results: 1. If ) is not a characteristic value,
the problem (1)-(2) possesses a unique asymptotic expansion of the form (4). 2.
If )\, is a characteristic value and the solvability conditions are satisfied, the solu-
tion may branch. The coefficients C), of these branches are determined uniquely
by the subsequent equations in the hierarchy. 3. The formal series constructed
are shown to be valid asymptotic representations of the actual solution x (¢, A)
as A — 0, with the error terms vanishing at the appropriate rates.

Figures
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DIFFERENTIAL EQUATIONS

AUGUST 1967, VoL. IIL, No. 8

UDC 517.948.34

ON A SINGULAR SOLUTION
OF AN INTEGRO-DIFFERENTIAL EQUATION
WITH A DEVIATING ARGUMENT OF NEUTRAL TYPE

V. P. MISNIK

Let P be a certain operator. The solution x(f, A) of the equation x(f) =
= P(x(1), M) is called singular if x(t, \) > oo as A— 0.

Many mathematicians have been concerned with the question of the existen-
ce of singular solutions. For example, A. A. Temlyakov 1]1. H. N. Nazarov [|2].
M. M. Smirnov [3], P. P. Rybin [4], J. G. Yusif-zade [5] dealt with singular solus
of integral equations, and the works of K. T. Akhmedova [6] and A. Iskenderov
[7, 8] are devoted to singular solutions of integro-differential equations.

In our work, we investigate the question of the existence of a singular
solution of a non-linear integro-differential equation with a deviating ar-
gument of neutral type in the case when the integrands are polynomials with
respect to the unknown function. For simplicity of exposition, let us consi-
der an equation of a particular form

50 =1 [TA (6 )56 =0+ A, 93G5 — 1)+ Ag(t, H2(5)lds +
0

32 [ [By(t, )x(6) + Balt, 9)x(5 =)+ Bsle, 9x(s —Dx(s—lds, (1)
0

where x(s) = ‘;s—x; 0 <t < 1—constant deviation; A — parameter;

Ay(t, s), B;(t, s) — continuous functions of their arguments in the domain
D{o<t, s<1]. _
We will seek a solution x(t, A) of equation (1) for 0 < ¢ < 1 in the class C
t of continuous functions having bounded derivatives, with the initial
condition
x(t, A)=e(t, ) on Ey=[—1, 0], (2)

where ¢(t, A) is continuous and has a bounded derivative.
Let us assume that the initial function ¢(#, A) can be represented in the
form of a series

ot = 220.1(0) + 1 ¥ 0u(0), )

k=0

where Ao # 0 is a {:et unknown number, which will be determined later.
We will seek the solution of the problem (1), (2) in the form of a series

RSN SORS SUTACY @

k=0

Figure 1: Figure 1
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Todstabling series (4) into equartion (1) and cpabning koetfficieents at like
i it for ing kost-

powers of A, we nolyam the q
fiqunentos series (4):

,
Foi = o [ Aslt, V,(9)d5,
i

Yo1() = 01(0) on Eo, 6-n

Ve(t) =R [ 245(t, $)¥-1(5) W(8) ds + Fielho, Yo, Yor -5 Viem)s (58)
§
WO=qonE (*k=0,12..)

,
Fo=ho [ (A1t )¥-1(s =0+ Ax(t, 8)¥-1(s —D)]ds +
3
+3 f B(t, ) ¥-1(s — ) hos(s ) ds,
d
|
Fy= [ [t 9)Wols = 1) + 4x(t, )l — ) + As(t, ) Vo(s)]ds +
)

|
+2o [ (Bilt, )¥-1(5) + Bo(t, ) ¥-1(s =)+ Ba(t, )¥-1(s =) Vo6 — 1) +
3
+ -1l =) Yols — D]} ds,
|
Fe= [ {Ai(t, ) hra(s =D+ Aoty ) faa =1 +
3

k-1
+ A3(t, 9) Y Vi) Yeoia ) +

i=0
+ Bits ) Yk-2(s) + Balt, $) Ykals — 1) +
+ Byt ) [ho (br(s =D es (6= )+ ¥t = Dima (=) +

+ kZI Wil =) peicals D)} ds
- (*k=2,3,...).
Let us pass from problem (5_;) to an awuivantent problem
w0 =1 f j Ay IVA6) dod+ 40, 6
Yoy (1) = ¢_1(r) on Eq.

Let A ad A;(t, s) be takuh, thia problem (6_,) umeet eduincessioue non-
privit nonrial pelution y_;(f), ydobletropessing the yclomrians organuvenions

Wa®l<a,  Va0)|<a

Figure 2: Figure 2
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For the determination of y(r) (k = 0, 1, 2, . . .), we pass from prodlem (5,)
to an equivalent problem

1
V(D) = Do [ [ 243, $) -1 (5) Vi (s) dsd +
00

;
+ [ Fi(hoy Wons Yo W1, - Wit dut + 940), (6
0

V(1) = @i (r) on Eo.
Memrning the onder of intergation in the douhble intergale (6,), we obltain
the ypamome Fredholm

W=t cj OELIUOBHHRO,  WO=%OonEy (0
whe W, (1) = @4 (0) + f Fy (Ao, V_1, Vo, - -, Yg—)du —is a continuous fynk-
0
tion; (1, 5) =2y, (s) fA,(u, s)du—is kernel, contvuous in D.
3
1. Lyct A not be a characteristic ene number of the intergraranoro

ypabnerun )
YO =20 [ B, ) y(s)ds. ®)
o

Then, on the base of the well-mown theorem Fredholma, eaach of the sadiaw (7,)
umeet equictsennous non-nyree pewienue, npunagnexeting the classy C. Sequ-
aennentally interripying ypabnerins (7;), haéiden

1
Va(t) =Wy (0) + 20 [ Ryg (6 ) Wk(8)ds,  s(0) = 94(1) on E,
0

rae Ry, (t, s)—is the resolvennt of krgna ®(t, s). Thus, the kosdfficients
pada (4 W equi o6pasos.
Lyct R o6oanavate a wuclo, taken, ato

‘ Ry (1, 5)
ot

J<n

Trobly nokaate the exodgence prda (4) and its nepwoii npoussodnoii no ¢
noctatouno zokaate the cxodgence pada

{Sgp [Ry(t: )1 sup

YO, M. ©
k=0 k=0
Jng storo, cuctemy aByx Pl X ypaBennit

Ui, ¥, )= X =0 [ T s + 24 2k ol a+
k=0

FAX )+

AX+ Y+X2)+A1(2X+XY)]:0, (10)

[Ala

Figure 3: Figure 3
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Ug(X, Y, 3) = Y—Q[z+n+ ola +
AX + Y—X’)+l’(2X+XY)] -0
[Aola .
where
M= {sgplAa(r, s)s sgpIB;(f. AL Q@ =[ro|Ma(l +[X|R).
Functions U, and U, at the point

FA 04 B+

(10)

x=a=0[ [0 +24pla],
Y=by=0Q+ola), A=0
a(Ul: UZ)

vanish, and the riwo determinant is non-zero at this point.

Consequently, based on the implicit function theorem, the system (10) has
a unique solution for X and Y, which is holomorphic with respect to the
parameter A, in the neighborhood of A = 0:

X=Za*l*, Y= Eb‘k". (1n
k=0 k=0

It is not difficult to prove that the series (11) majorize the series (9), res-
ctively, and therefore, the series %9) converge absolutely and uniformly at
east in the region where the series 111) converge.
Let us formulate the obtained result in the form of a theorem.
Theorem 1. If problem (6-1) has a non-trivial solution buhanging to
class C, and Ag is not a characteristic number of the integral equation (8),
then problem SR, (2) has a unique singular solution buihanging to class C
and representable in the form of the series (4).

2. Let now A, be a characteristic number of equation (8). For the sake
of simplicity, we shall confine ourselves to the case where A4 is a characte-
ristic number of the first rank.

Let us denote by w(f) the eigenfunction of the kernel &(r, .?, and by v(r)
the eigenfunction of the adjoint kernel, coorterstlying to the value A¢. In this
case, for the solvability of equation (7p) it is necessary and sufficient that
the condition

1 it .
[ {@o@ +20 [ [ [41 ) -1 (s = 1) + Aoz, ) Y1 s — 1) +
0 00

+A5Bs(z, 9) Y1 (s — Dy s — )] dsdz} v(e)de = 0. (12)
Under condition (12), equation (7;) has the solution
@olr) = Cow(?) + uo(1),

where C, is an arbitsary constant; u(r) is a varticular solution of equation (7,).
gpg ?he solvability of equation (7,), it is necessary and sufficient that the
condition

PoCs + QoCo+ Tp =0, (13)
be fullolned.

Figure 4: Figure 4
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where

|
1 vE W) .
Po= RIOLHOIpS
= .J e
%= | [ [tz 90—+ Aute ive—) +
o

[
+hoBy(2 )W — 1) - by (s — D) +w(s— 1)+ o (s — D1} v (0) dsedt +

4L (POROE 4
)

o= [v0dt + | | { (e Jals =0+ s Yials—1) +

+20[Bi(2 ) 9-1(9) + By(2 ) -1 (s —7) + Bs(2 5) (lo (s — ) Y1 (s — D)+
'
. 1 (oE)u ()
F (s — D) s s — D)} 00 dydedr+—[7ds.

os — 1) b1 (s — )]} v() 2) a0
Under the fulfillment of condition (13) the equation (7;) will have a solution
@1(0) = Cow()) + 1 (1), (14)
where C, is an arbitrary constant; 1,(r) is a particular solution of equation (7,).
Let's assume that equation (13) has two distinct roots Co,, Co, relative to

Co. Then
Qo) =Cow@ +u() (=1,2).

The constant C;, entering into the solution (14), can be chosen from the solvabii-
lity condition of equation (7):

QG +T =0, (15)
where

o) =§'55 (A(@ Yw(s—1) + Az (s —1) +
9

+20Bs(@ Yo (s —DW(s—1) + $y (s —Dw (s —D)} X
1
L (o(s) Yo(s) w(s)
dudit + - (2O BOWE 4

X v ddedt + Aoaj ¥-16)
\ o
Ty =00 [0t + [ [ [ (4o (=) + Ay(e, Yiiols =) +

d 334

= B(& ) 90(9) + Ba(2 ) Yo(s — 1) + By & 3) Pho (Yt (s = )ia (s — 1) +
4. Differential Equations No. 8

Figure 5: Figure 5
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Y1 (6 =D w5 =) + Yo (6 — ) o s — ) } v () dadat +

V() ¥ (s) 1 (s)
—=
M 5‘ V-1(5)
— known numbers, sabrecurity ot

Assuming 0, # 0, we find two values C., (i=1, 2) for G, C; with
Cn#Cip due to assumption Cy; # Coy. T!

Vi) = Cyo(r) + u|(!) i=12).
If you substituting equation (15) obtaining (7,) bydet inteet pelietion
Ya(0) = Cro() + ua (1),

C, — a new arbitrary constant; u,(f) — private solution equation
(7,) Its soluuon polsabinnation equation (73)

2G+T=

we find Cy (=1, 2). Continuing that process, the arbitrary constant
C,, extending is this solution V(R = C,o(t) + Uy(t) equation (7,), find-
dem its solution polsabimation
0Cy+T,=0
equation (7,4,), where
|

Ty =0, (0) [ vt + _f f_f{A.(z, 5)n(s = T) + A2(@, ) (s — 1) +
§ id3

+Bi(@ ¥n1 () + Bz, Vas 6 — D) + B3z, 8) X
X [Mn (¥-1 s = )iz (6 = ) + Va6 — Datn(s — 1)) +

=l E
+ 3, 4l = D Var-a (o — O]} v (O dsded +
i=0

1 =l
V() [24(5) ¥a(6) + 3 Wi 5) ¥na ()]
+-1 i=1 "
2% Y-160)

Thus, the coefficients of the required series are determined sequentially
and belong to class C.

Uniform convergence of the series

vaw (=12

and their first derivatives wuh respect to f can be proved by the method of majorants.

Let us now consider the case when Q; = 0. In this case, the solution of the
problem (1), (2) can be sought in the form of the series

% 1 SIS
2 N =520 O+ — %@ + 3,12 %) (16)
pr k=1

Figure 6: Figure 6
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For the determination of the coefficient y_,(f), as before, we obtain
equation (6-1), for subsequent coefficients — the equations

1
Vo) =20 [ O, )Vo(s)ds,  Yo(r) =0 on E, (179
0
\
Welt) =20 [ O(t, 5) Yy (s)ds +
)
+ [ Fe(hoy ¥ots Wor Wiy -y Wieet) 2 + 94y O) (7,
0 2

Ve(t) = 9,1 (1) on Eo.
2

k—
2

wherein @ (¢) is considered equal to zero, if 1 is a fractional number,
2
where, in particular,

Fi=[{o(A@ ) ¥y (s =)+ A (2 ¥y 6 — 1) +
)

+ M By ) ¥oa = Iy (s — D) ds,
|

Fo = [{A)(z 9)¥0(s — 1) + 42z, )¥o(s — D) + 245 ) Yols) () +
)

433 By 2 9) [0 s — DU (s — )+ ¥t 6 — Dols — D]} s
;

Fy= [{A1 9% (s — 9 + Az Wil — ) + 245 (2, 5) X
)

X (Wols) ¥als) + W2(9)) + Do (B (2 ) W_1(9) + Ba (2 )WLy (s — 1)) +

+ B3 (2, 8) ¥ (s — DU — D)+ Ay s~ D s — D) +

) +¥o(s = D) ¥o(s — )]} ds,

Fy= [{Ai 9)¥als — 1) + 42, 9)¥5(s — 9 + 245z, 5) (o) W) +
2
+ 01O ¥(5) + By (2 ) Vols) + By (2, 9) Wols — 1) +
+Bs (2 9) [Wo(s = DI (s = D) + Yo s — D (s — 1) +
2 (V-1 (s = D)W (s — 1) + ¥4 (s — D ¥a(s —9)) ]} s

Let, as before, w(f) be the eigenfunction of the kernel ®(t, s), and v(f) be

the eigenfunction of the adjoint kernel, corresponding to the value A.
Equation (17,) has the solution

Yolt) = Cow(®), (18)
where C, is an arbitrary constant.

For the solvability of equation (17,) it is necessary and sufficient for the
condition to be fulfilied

Figure 7: Figure 7

1280 V. P. MISNIK
J {060+ [ [ [roi(z. s0s(s — 1)+ Az, os(s — )+ A3B(z, Wys(s — D5 — )] disdz} v(1) d = 0. (19))
Then equation (17,) will have the solution ,(f) = Cyw(?) + u, (), (18y)

where C, is a new arbitrary constant, and u,(?) is a particular solution of the equation (17;).
For the solvability of equation (17,), it is necessary and sufficient to fulfill the condition C,L, =0, (19;)

where Ly = [ [ [ [ {4 9w(s — ©) + Az, s)in(s — ©) + 245(z, sC1w(s) + 1a(0) + AoBs(z 5)
[W_1(s — DW(s — T) + Uy (s — w(s — 7)1} v(?) dsdzdt.

Let us choose the constant C; such that L; = 0. Then the solution of the equation (17,) will be the function
(18,), in which C, is an arbitrary constant, and the solution of the equation (175) will be the function
Yo (1)=C,w(t)+u,(?), (18,) where C, is a so far unknown constant, and u,(#) is a particular solution of the equation
(17,). Let us choose the constant C, from the condition of solvability of the equation (17s): L,C, + T, =0, (19;)

where L, = 2C, fjj Ay(z, s)w(s)v(?) dsdzdt,

T = [ [ [ [ [{A4i@ 9Ciwls — 1) + uils — ©) + Ao(a, $)—Aafz, NCob(s — ©) + is(s — V) +
 243(2, YCW(s) + t©) + Ao (By(z, W_1(5) + Bafz, sWy(s — 1) +
+ Bz, [haW_i(s — DHCotbls — T) + iyl — 1) + Mgy (s — DHCowls —7)
+ (s — 1)) + Cow(s — T)W(s — 7)1} v(¥) dsdzdt + ,(0) f v(?) dt.

Assuming L, # 0, let us find C,. Then equation (17;) will have the solution Ys(t) = Csw(Z) + us(t). (185)

Figure 8: Figure 8
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We determine the constant C; from the condition of solvability of
equation (17):
LyC3+ T35 =0,
where Tj is an expression depending on an arbitrary constant Cy and
prewous?y found constants C,, C,.
Proceedin,

similarly, we determlne the arbitrary constant Cj, e-
entering into

e solution
Yn(t) = Caw(t) + un(t)
of equation (17,), from the condition of solvability of equation (17,4):
LG+ T, =0,

where T, depends on an arbitrary constant C, and previously found
values €}, C. NC

Thus, the coefﬁclenis of the series (16) are determlned sequentially
and are expressed through an arbitrary constant Co. The convergence
of series ?6) and its derivative with respect to £ can be proved by the
method of majorants.

The obtained result is formulated in the form of the following the-

O Iilheorem 2. Let the problem 5 _1) have a non-trivial solution
belongmg( h)) class C; A is a characteristic number of the first rank of
equation
Y 1) If condition (12) is fulfilled, equation (13) has distinct roots,
Q, # 0, then problem (1), (2) has two special solutions, representrzble
in the form of series (3‘

2) If equation (13) haes equal roots or one root (in this case

the function As(t, s) is such that v(t) and T ((l)) are orthogonal on
1

EO 1],ie. Po= ) then for Q, # 0 problem (1), (2) has a unique solu-
ion, representable in the [orm oé series

'f if Q1 =0, condition (1 )) is fu ﬁlled Ly # 0, then problem
(1), (2) has a one-| parameter family of special solutions, representable
in the form of series (16).

RussiaRxiv
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3) If Q Q, =0, condition (19,) is fulfilled, L, # 0, then problem(l% 2)
h?s a one-) ()ammeter family of special solutions, representable in the form
of series
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