RussiaRxiv

AT translation - View original & related papers at
russiarxiv.org/items/ru-196701.06481

Representation of electromagnetic fields gener-
ated by dipoles in the presence of a perfectly con-
ducting half-plane via Macdonald integrals

Authors: A. A. Tuzhilin
Date: 1967-01-01T00:00:00+00:00

Abstract

A representation of Hertz vectors (electric or magnetic) and their correspond-
ing electromagnetic fields E and H, generated by arbitrarily oriented dipoles
(electric or magnetic, respectively) in the presence of a perfectly conducting
half-plane, has been obtained in terms of Macdonald integrals. The theory of
Macdonald integrals, as special functions of two variables, was recently devel-
oped by the author to an extent that allows for the creation of programs to
compute these functions. The use of Macdonald integrals in the diffraction
problems under consideration enables numerical field calculations over a wide
range of parameters. Bibliography: 15 items.

Full Text

Preamble

This section presents a mathematical analysis of electromagnetic fields in the
presence of specific boundary conditions, building upon the foundational work
of T. Senior [?] and Yu. V. Vandakurov [?]. The methods developed by these
authors have been further refined in subsequent studies [?, 7, 7, 7], as well as
in the works of G. D. Malyuzhinets [?, ?, ?].

We consider a source located at the point 7y = (pg, ¢g,2y) in a cylindrical
coordinate system. The primary field is generated by a dipole with moment P,
which can be expressed as:

P = P(cosfye; +sinfye,)

where e; and e, are unit vectors. Using the representation (1.12) for the function
G, (k, R), we have:

eikR

s 1)
mH£/2<kR) =
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(1.13) The potential TI(p, ¢, z) can be expressed as:
H(P, o3 Z) = G1/2<k7 R(a))ea + .

(1.14) where R(«) is the distance function. The components of the electric and
magnetic fields £ and H are derived in Section 2 and Section 3, following the
methodology established in [?].

2. Potential Representation

The potential II(p, ¢, z) is defined as:

M(p,0.2) = 5 o [ [eé/2~ du).e,] HYY (kR) da
c

8T
(2.1) For the case of a wedge, the potential II(p, ¢, z) is given by:

M(p, p,2) = P sin Z/C [e(¢/2 — ¢O)Hé1>(kR) + ]

(6, 6,2) = & sin = [e(0/2 — 60) B (ER(6 — 60) + .. |

™

(2.2) Using the results from [?, ?], we can express the integral in terms of the
function:

2 [
Hél)<2’) — 7/ ezzcosht dt
0

i
(2.3) The function II(p, d) is then represented as:

cos &
n

cosht + cos(¢ + 9)

Tp.9) = 3 gy Cualh RO +.9)

% Gyo(k, R(m +it))(cosht — 1) cosh Lat
/o cosht + cos(¢ + 9)
(2.4) According to (1.14), the potential II(p, d) can be decomposed as:

(p,0) =T(p,d) + A(p, )
(2.5) where the geometric part I'(p, §) is:

at+¢+0
L(p,d) = Z Gy (k, R())eqy g cot on

(2.6) and the diffraction part IT;(p, ) is:
1 T+i00

Hy(p,6) = —— G1/2(ka R<0‘))ea+¢+5 cot

4mn —T+i00

a+o+6
———da
2n

(2.7) As shown by A. A. Tuzhilin in (2.6), the poles of the cotangent occur at
a = —¢ — § + 4mn. For the range —m < Re a < m, this condition is satisfied
only for specific values of n.
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4. Analysis of G, »(k, R)
The function G 5 (k, R(¢ + 0)) is periodic. Since R(—¢ — 0 +4mn) = R(¢ +9),
we have:

F(p7 6) = Z G1/2<k, R(¢ + 5»6(1

(2.8) The diffraction term A(p,d) is evaluated along the contours o = +7 + it.
Using the symmetry R(4m 4 it) = R(w + it), we obtain:

A(p,d):—MIn/O G ok, R(m + it)) [..] dt

(2.9) where the bracketed term involves the cotangent functions evaluated at
the shifted arguments. This leads to the expression:
sin Z cosh £
n n

cosht + cos(¢ + 0)

which matches the form in (2.4). For m = 0 and v > 0, the integral (2.10) can
be evaluated. As a — oo, the limit of the function f(a) is zero. For m > 0 and

cosa = —1, we use the identity:
oo t 93/2m
/0 (cosht—l)mcoshﬁdt: (1+cosa)m...

The final evaluation of the integral J(m) yields:
(=)™ 1™ I (1 4 1/2)0(m + 1/2)

J =
) T1/2)70)
(2.11) For m = 0, the expression simplifies. The function f(a) is then:
- (_1)m712m71
fla) = NG + ...

(2.10) This allows for the determination of the field behavior near the edge.
For v > 0, the function G, (k, R(7 + it)) can be expanded. For m = 0:

oo
/ G, (k,R(m +it))(cosht —1)™ coshﬁdt
b n

(2.12) where G, is defined by (1.13) and R, = R(w). As shown by A. A. Tuzhilin,
(2.12) holds for Im k > 0. For k # 0, the integral converges. If Im k£ > 0 and
m = 0, we use the substitution k = ix, leading to:

T
iz

G, (ir, R(r + it)) = exp [ S+ 1)] K, (kR)

Using the properties of the modified Bessel function K, (z) from [?], valid for
|arg z| < m/4:
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The integral representation for G, becomes:

(o)
t
/ exp [—H R2(m) + tz] (cosht —1)™ cosh — dt
0 n

Substituting the asymptotic forms, we find the behavior for cos§ > 0 and

cos § < 0. The potential near the edge is dominated by terms of the form:

Ppgycos(a/2)

HR(G)U+3/2 K7J+1/2(/€R(a))

By setting k = —ik, we recover the Hankel function representation H, LD(k:R) as
seen in (2.3) and (2.12).

For the specific case v =1/2 and p = 0, 1, the potential II simplifies to:
ik R($+6)

(2.13) This result is consistent with the primary field (1.12) and the boundary
conditions (2.1), (2.2). Section 3 details the electric and magnetic field compo-
nents E and H. We define the position vectors:

r = p(cos i + sin ¢j) + zk

(3.1)
ro(a) = po(cosai + sin aj) + zpk

(3.2) where 4, j, k are the Cartesian unit vectors. The distance function is R(a—
@) = |r —ry(a)| as per (1.8) and (3.3).

Figures
Note: 2 additional figures available online.

Source: RussiaRziv —Machine translation. Verify with original.

russiarxiv.org/items/ru-196701.06481 Machine Translation


https://russiarxiv.org/items/ru-196701.06481

RussiaRxiv

DIFFERENTIAL EQUATIONS

AUGUST 1967, VOL. IlI, NO. §

UDC 517.946.9 : 518.61

ESTIMATES OF THE REGION OF SOLVABILITY FOR THE SYSTEM
OF EQUATIONS OF A MOMENTLESS NETWORK CYLINDRICAL SHELL
IN THE CASE OF THE FIRST BOUNDARY VALUE PROBLEM

E. G. DYAKONOV, I. K. NIKOLAEV

Shellows, obstayed by a system of maumly intersecating sizop clorers,
costosting of absolutely ﬂexibl‘; clastic threads, have, have numerous muta-
osl applications in machine building. . e

A net shell, prenieusly stressed by air pressure, located in its inter-
nal cavity, serves as the power base of the carcass of a pneumatic tr. In
from eramoss sczrorunte. In works [1, 2], a method is developed for solving
problens of calculating network shells, which consist of decomposing the
total sttress state in a thin momentless shellown into a stressed state,
caused by a symmetrical largyzed nargywoid (bnytpenmm (inner air pres-
ssure) — the Initial state, and a strywmuen stressed state, caused by ad-
nonnitutennous narrowed, while in the linehsir approximation are onlynen
differential equations of equilibrium for small deformation from the initial
state under the action of additional narrowed are narrowed.

Engimering for underaainin% displacements and ciles in hirtax with m-
mall deformations of the shell from the inicial statun, codepmaxing in the
general clyae shell of rotation variaible coeffficientss, subecimocty ot the
dopms of shells in the invalinal state, are snavimently smpotified when
depesitng to a culindricalcal cholowen. Taken depesod mowe t credants, if
one of the curvatures in the shell of rotation is ppunomed to be nyrlo, ane
invalinal fopme of cross-sevetion of the shell is at very coryct, a the coeffifi-
cient of custem of pavnobeory equanerings ctanotss constantaist.

Resultats, onlyven when studying a cylindricall cholowni o6onouen,
can be ucsused to use the first aproximation to the shell of rotation in
the clyae, we saw, when the curvature of the shell in one of the directions
was sufficiently small.

At the same time, since the main properties of the iven so
equations, boundary conditions, _prima?' stage, are explored and deposited
it to ayto cylindrical shell, using of particular values has a definite
methodological significance.

Initially, the equations of equilibrium of a network shell were obta-
ned in work [1] with the use of the principle of least action. This essen-
tially nonlinear equations of the system of equations in the process of de-
formation (solution of inextensibility thread). This system in the process of
deformation turns out to be of the non-elliptic type, moreover, unsuitable
in the regions where the threads are located along characteristics of the
zystem. When solving the boundary value problem for such a system of

ifferential equations of the mixed type, serious difficulties arise when
substantiating the legality of application of known methods of solution
(methods of expansion in trigonometric series, various variational
methods), since even the existence of solution is not guaranteed.

Figure 1: Figure 1
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1314 E. G. Dyakonov, L. K. NIKOLAEV

In the future, in work [2], a generalization will be carried out for the class
of arbitrary characteristics of the threads (dependence of forces in threads
on deformation) and equilibrium equations for a net shell with extensible
threads will be derived.

Using the principle of cylindrical shells, we will know that the
reduction of thread extensibility significantly defines the investigation of
correctness of the formulation of the boundary value problem (the concept
of correctness, as it existence and uniqueness at least generalized in some
sense of  the solution,
continuously depending on the
right-hand side of the system).

The system of equilibrium
equations for a cylindrical shell
turns out to be a system of the
flattened-elliptical ~ type, = for
which the results obtained in [3]
can be used. For such systems
systems of equations, it also
becomes possible to apply
approximate difference
methods developed in [5 and 6],

as well as a wide class of
e, e variational methods [7]). |
Particular attention is paid to

; obtaining as weak as possible

T restrictions on the dimensions of

the domain, upon fulfillment of

- which the well-posedness of the
Fig. 1. boundary value problem under

study Is §uaranteed (these
restrictions will hereinafter be called sufficient conditions for well-posedness).
The results of calculations are presented, showing the influence of parameters
included in the coefficients of the system, namely the angle be between the
threads p and the parameter p, characterizing the extensibility of the threads,
on the sufficient conditions for well-posedness. It should be borne in mind
that although the conditions obtained in the work on the dimensions of the
domain, apparently, can be refined, nevertheless, in the most important
practical range of variation of p and p [0<pu<0.05; 45°<B<60°] they are st-
ufficient to guarantee the well-posedness of the posed boundary value probl-
n3 and the possibility of using approximate methods [6, 7] for the case of
symmetric loads. s . .

The ecglations describing small deformations of a cylindrical net shell
(Fig. 1), obtained in [2], can be written in vector form as follows:

L (x) = Rt (x) + pQu (x) = f (). )

Where (x) = (x,, x;) — dimensionless coordinates on the shell surface;
u'(x,, x,) — the total displacement vector to be determined,

e LT (xll Xg) u (xl’ .\'2)
uxy, xp) = [uz(xy, %) | = | vixy, %) |-

ty (%, X5) w (xy, Xa)

Figure 2: Figure 2
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f=mn1q, g — vector proportional to the external load; L, R, Q — square
matrices of differential operators:

2D} + D} 2D,D, D,
1 1
Res 2D,D, Di+ r D} =0,
1 1
IR
D} + D} —2¢D,D, —(+s)D,
0= —22,D, D% + 2D} D, o
(1 +)D, — D, D} + D} + ¢

where p — angle between the threads of two families (0 < p < g); c=cosB;

s=sinB; t=tgP; p= %; N, — initial tension in the shell from internal
i
pressud pressure; E; — thread material modulus.

The boundary value problem for system (1) under f(x) — is a periodic
function in x;:

S+ 2, x) = f(x1, %)
is posed as follows: in the strip
M={—-oco<x<+00, —L<x<h, >0}

find a solution u of system (1), satisfying the periodicity condition inx,
in x;

u(xr +2h, X)) = ulxy, %) @
and the zero boundary condition in x,
Ulsyms, =0 [©)]

In view of condition (2), one can restrict the search for a solution of the
posed problem in the domain

Q=(x —h<xu<h —h<xn<h).

Let us introduce the space W,, of vector-functions u(x), defined and
continuous together with their derivatives of the form

Du=DYD¥u (a=(o, ), lal=0 -+, <)
in the domain Q, satisfying conditions (2) and
DD~ 1y +0, x3) = DIDSu(h — 0, x3) ol <r. @

The norm in W, is defined as follows:

tuly, ={ 2, (0%, D},

Figure 3: Figure 3
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1276 V. P. MISNIK

Us(X, Y,l):Y—Q[2+21+|MIa+

+AMX+Y)+

MX + Y+xﬂ)+12(2X+XY)] gl (10)

: [Aola
T

M > {sup [4,(¢, 5)|; sup|Bi(t, 5)|}, @ =|ho|Ma(l + [Ao| R).
Functions U, and U, at the point

—a, = 0| 10O
X_GO_Q[|M|M0+2+|%Ia]’

Y=by=0Q(2+ |hola), *=0
A, Uy)
(X, Y)
Therefore, based on the theorem on the existence of an implicit function,

system (10) has a unique solution with resgect to X and ¥, holomorphic in
the parameter A, in the neighborhood of A = (;

X=Zakl", Y=Eb,‘?t“. an
k=0 k=0

It is easy to prove that series (11) majorize series (91) respectively in,
therefore, series (9) converge absolutely and uniformly at least in the region
where series (11) converge.

Let us formulate the obtained result as a theorem.

Theorem 1. If problem (6-1) has a non-trivial solution buinongling to
class C, and Ag is not a characteristic number of the integral equation (8),
then problem (1), (2) has a unique analytic solution buinonging to class C
and represented in the form of series (4).

whel

vanish, while the determinant at this point is non-zero.

2. Let now A be a characteristic number of equation (8}. For simplicity,
we ;;.'onsider the case when Ag is a characteristic number of the firstae first
rank.

Let us donate by w(r) the eigenfunction of the kernel ®(r, s?, and by v(r)
the eigenfunction otr the ad'ointferne], corrrespecting to the value Ag. In this
caye, for the solvability of equation (7), the fulfillment of the condition is
necessary and succationt

1 1
_[{%(0) + ;‘OII[AI(Z| SV_1(s — 1) + Az, HY_ (s — 1) +
H] 00

+MBy(z, )W_i (s — -1 (s — V)] dsde} v(t)dr = 0. (12)
Upon fulfilment of condition (12), equation (74) has the solution
Yo() = Cow(r) + uor),

where Cy — an arbiorary constant; uq(f) — a vaticular solution of equation (7).
For the solvability of equation (7;), the fulfilment of the solcition is necessary
and succatient

PoCi + QuCo+ To =0, (13)

Figure 4: Figure 4
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Proof. We have:
— (R, ] = — s*{(D3u, u) + 2(D?u, u) +2(DyDy, u) +
+ (Do, ) + 201Dy ) + o (D, V) +
+ (B, )+ o (Do, V) = Dy w) =

1 1 o

- & @m W)= W] ®

Since for any y and z from arts gives (D,y,

2)==(y, Dnz)f. (l?zy(i z) = — (y, D,z), then, applying these equalities to
the i

transfer one of

lerivatives of the first factor in some terms of the

left-hand side of (9) to the second factor, it is not difficult to obtain

~ [R@, 7] = {|Dull* + [tDsulP +2 (Do, Drv) +
+2(Dus, W) + 20, D) + || - Do
1 1 1 2
+3(om )+ ol
from which the validity of the lemmius.
Lemma 2. For anything if € W3 the equality holds

—lom @l ==+ h) +,
where J; and J, are defined by formulas (8), and
3

J =" (IeDyulP + D) — 2 (w, Dy) +2 (w, D).

=1

(10

()

Iroof. Expanding — [Qi, i1] and again applying integration by er-

parts, we by parts, we fin

—[Qa, @] = |cDyull* + lsDyn| + lsDvI* +
+IistDyv| + | Dawl? + leDywi —

— |lew][* — 25%(Dyu, Dv) — 25%(Dyv, Dou) —
—2(Dyu, w) — 28%(Dyu, w) + 2(1 — &) (Do, w) =
= = U+ 1)+ Dl + AP + PIDl +

+ D2V + | Dwlf + |tDywif — 2 (Di, w) +

+2(Dyv, w) = — (1 +J5) +J.

Figure 5: Figure 5
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1318 E. G. DYAKONOV, 1. K. NIKOLAEV

From lemmas 1 and 2, it is evident that
Lemma 3. For any u € W2, the equality holds
~ Ly ] = (1= )2, + ) + . 2
From (12), for 0 < p < 1, it is already easy to conclude the validity of
(5) for sufficiently small y. Our goal is to prove (5) under restrictions on y
that are as weak as possible. Therefore, let us subject —[Lu, u] to some
further transformations.
Let us first consider the following quite general form of writing J.
We will use the equality
r(Dyu, w) = —r(u, Dyw)

and two identities

D, W)= —?—{(lD.u + % D+ % W, w) -

1 1, 12
(40w} = vl
PIDWIE =p{ID + Dol + | Dyl —
—2(Dyv + Dyu, D)},
where r, p, g are arbitrary numbers.

Thenﬁsu stituting into J (see (11)) the expressions r(Dyu, w), —q(Dyu, w),
£2p||Dyv|? using the indicated formulas, we obtain

J =Dyl +IDaulf* + (1 = p)ItDyv| + |DvI* +

+ Dyl + IDow +2(w, Dyv) +2r(Dyw, u) —
—2(1—g—r)(w, D) — zii {(m.u + % Dy + % w, w) -

= (5 D w) = - W+ 2D+ D+

+IDyul* = 2(Dyv + Daw, D)}
Consequently,
—[Lu, u] = {s*(1 — ) + Ppu} [Dyu + Dyv|f —
—20pp(Dyu+ Dy, Do) +5*(1 — ) Dy +

1 1 op_ 2 1 1
+TD1V+TW|| - tDyu+ 3 Dy + W +

+ {0 +1+ )| Da+ 1 = D +

+ D + [eDw? + 1 Dow| + 2r(Dyw, u) —

Figure 6: Figure 6

russiarxiv.org/items/ru-196701.06481 Machine Translation


https://russiarxiv.org/items/ru-196701.06481

ON THE EXISTENCE OF OPTIMAL CONTROLS 2073

I ()= 5 ()| < 2607 2 Ly € =107 '“) )

13mir @ = 3 O] S 2L @+ L=+ L) ""“Y'. @9
For m=1, formulas (1 151) and (i. 6) are true. Let (hem be valid for

show that they also hold for m = i. Using
(l 4), we ohtam

X () — xi O < L j'(llxl—xs—l I+ 1yi=yialDde<

< L[6LH 2+ L2 4 2611 2 + LY (1 + L’)]I (U ’°;;| Ldr=

- =t
=261 Q4L E
Let us now verify the validity of formula (i. 6)
[1yner @) = ya O < xia @) = X ) 1+ 130 ) = 2 @I <
S () = X Ce) |+ L1t = %l < xa () = % ()l +
+ 5 = 5 OI <A+ D260 + 1y L0
From the uniform convergence of the series
N m
ZLM(HLI),.._.(I —’"1!0)

m=1

on the interval [fo, #*], we conclude that the senes (. 12 and along with it
the sequence {x,(f)}, converges uniformly on [fo, #*]. Similarly, using
(i. 6), we conclude the uniform convergence of the sequence {y,(r)}
on [fo, #°]
Ve will show that
lim yp,(1) = %(¢ — h(z, u, 1)),
o

where X(f) = lim x,,,(t) Let € be an arbitrarily small positive number. By

the definition of the function X(f), there exists an N such that for m > N the
inequality

- €
llem(7) = XDl < 7
is satisfied for all T € [to, 1] (in particular, for T=7 =t — (%, u, t)?
Due to the continuity of the functions x,,(r), for a given e > 0it is possible
to choose 8 > 0 such that for all |t,, — 7| <8

lnem) = xnI < 5.

Figure 7: Figure 7
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g\
. (1+5)
-9\ _ 2/
% T—e
Since we are interested in the maximum value of y for which (20},
(21) hold true under conditions (17?—(19) for any p > 0 sufficiently small,
it is clear that we must take p as large as possible.

€ "
Therefore, we set p =1— ke Then (18) holds as an equality, and
(17) becomes
2 _ e
T
plhe =140 =2~ gy >0 (22)
Instead of (20), (21), we easily obtain equivalent inequalities

>0. (21)

<L 00w, @)
(1 —e)wt?
2@y @

It is evident that
plte,)>1+r—2—(P—e)=1—¢
and (17), (22) will be satisfied, since ¢ < 1.

Let E, denote the set of (e, g, r) for which g > 0 and (19) are satisfied,
and let y&, , r) denote the upper bound of the values of y satisfying
(23), (24) or%xed €, g, r from E,.

Let us fi .

)= su €, g, )™
v() (.,q.r?es,”( a7
It is not difficult to check that
1= 0, g, ).
v (o,i‘.‘}?es,“ q, 1)

From (19), (23), (24) for & =0 we obtain

(1+a)g*—2@2—r)g+(1-r?<0, (25)
<L o), 29)
w?
< 2eta @n
where
e
T oS1-p’

Y L,
(1—ps?+us

*) The dependence of y on s omitted in a number of cases for brevity.

PR, W=1+— >1

Figure 8: Figure 8
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ESTIMATES OF THE SOLVABILITY REGION FOR A SYSTEM OF EQUATIONS 1323

It is also useful to note that in case 2), of course, it will be
b=1-L30,
a

Thus, for fixed g and 8, ¥(t, 1) can be easily calculated using the
formylas given above.

(B, 1)

475

Fig. 2.

It is now easy to verify that the following is true
Theorem 1. Ifp < 1 and % < ¥(t, ), where ¥(t, p) is defined by

formulas (30), (32), then there exists such a sufficiently small § > 0, that
for any functions u € W2 the inequality will be true

— [Lu, ] > pélluly;-

In conclusion, we present several graphs of ~(t, u) for fixed p (Fig. 2),
from which it can be concluded that for pu > 0 there 1s some deterioration
of the sufficient conditions for well-posedness compared to the graph (¢, 0),
but it should be noted that, firstly, this deterioration refers to the case of
those p > 0, which have a very small practical significance in significance,
and, secondly, this is a deterioration of only the sufficient conditions
obtained by the method adopted in the work, which, generally speaking,
can be refined.

Let us also note the following: although the system of equations for der-
dermining displacements and forces in threads for the case u = 0, given
in( [l(k cannot be obtained from system (1) by substituting p = 0, the graph
"L, 1 Y

gives sufficient conditions on the dimessions of the reliern, anteeing
tlﬁe urclliquenness of the p. problem for system [1] and in the case of inextensible
threads.

Figure 9: Figure 9
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In fact, if the system [1] is written in the form
P
Pu=| P |=f
psit

where u is the unknown five-dimensional vector, three components of
which are displacements, and the rest are forces; P is a mamx differential
operamr fisaknown fi vector, then, by cal [Pu,ul,

= Z (i, u, w),, one can verify that the forces in the threads will fall out of

the functmnal [Pu, u)y, and the functional itself will take a form exactly
coinciding with that obtained from the right-hand side of formula (12) after
substitution p = 0.
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§ 3. Representation vectoprs E ad H vpis integrals Macdonals

Before writing out the ocnown result of this section, let us inroduce
the following ofosnation:

r=p(cosqi+singj)+zk=

=ze,+p [cos(p — @) e, +sin(@—p)eg], @1
To(a) = po(cosai + sinaj) + zk =
=275, + po [cos (@ — @) &, + sin (@ — ) 5] 32)
(i, j, k — edunintic vectors along the oces x, y, 2); note that, according to
(1.8), the following is true

R@—9)=|r—ra)|. (33)

The ocnowm result of this section is sak follows.
Theopem 2. Lyct ®,(B, 8) be a vector-fynction, onpedened the ex-

pression
0.6, 5 ={[en (¢ o1 =
_ aB, —®—a@, n+9) } x

?+38
2

2cos

O e -
X Ve HY (kR;) {2 [en [e(w_;,ﬂ), e]]

_aB.=9—aG.r+e) |
C(‘)S“’+B
2

2pp o+38
+ g ot (a8, —s))} x
Pik
2V ppo Ry
Pil?
2R(9+9)
_2Vpbe_ @ +8 4R a)
XM.,(R(W_H” cos 5= (@+9)) +
Pt o os—3a —5))
+ B2 (eH 2, — = wm Bl

HY (kRy) +

(es-s—3a(p, —8)) X

2Vppo 2 +8
X My (WC“Tv kR(w+5>), (3.4)

(r—ra(3)) (e T —Fo(8))

ap, 9= T

(3.5
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RussiaRxiv

and ®,(B, 8) is a vector-function defined by the expression
RobB, —8) —R(e+8bB, n+¢) _Pik
R
2o 1D

®,(8, )=
2R (¢ +8)cos "T”

- i{I;(B, —5)Ma( 2V/ppo cosq)—+8

Re+39)

B, —%) ( 2V0po_ @+38
T kR(@+98) R@+39) 2’

where
b, 6= [ep,8, F—ro(®)]

Re-9

(3.6)

@7

then the electromagnetic ﬁelds E(p, q;, z) and H(p, ¢, 2) in the presence
local

of an ideall,

in Fig.
defined by t{:e expressions: in the case when the field is generated

electric dipole,

1, are
by an

(0,2 = S (01— 0, 00— 01 (00— 20, 00— 20), ()

HQ, 0,2) = — 2 [&2(— 90— 90) = ®2 (@0 — 20, 99— 21),
in the case, however, when the field is generated by a magnetic dipole,
E(p: ,2)= 2 [@3(= 90 — 90) + @a(00— 20, @0 —20)],

H(p, ¢, 2) = D1 (— 9o — 90) + @1 (9o — 29, G — 2m).

For the proof of Theorem 2, we will need Lemmas 4 ai

(39)

(3.10)

@11

nd 5.
Lemma 4. If the vector-] ~function II(B, 8) is defined by the formula

(1.14), then the following holds

(grad div + KB, 8) = ¢~ 1/% f [kGyyz(k, R (@)] (- —
~ 0@+ ) (Caryp, T —Tol@+ @] + [ Gonlk, R@) +

+KGunls R easosplctg SEEE 45,

p
ot =51/ % f Gonlk, R@) [eargsps T—

u+r+8 da.

—To(a+@)]ctg

Figure 12: Figure 12
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Droaself, For the proof of formylas (3.12) and (3.13) we will need the
following relation:

1 4

® ok v B =—kG(k, R). (3.14)
This relation follows from a known relation for the Hankel function ([15], f-la
8.472(4)):
14 H'@ __ _H)L@
z dz 7 vt
Indeed,
12 _ 1 3 HYGR) _ HO (kR) _
® ok O®R=R ;TR K Trer =

= —kGyui(h, R).

Let us first poave the equality (3.13). Making in (1.14) the change of variables
a+ @ — a, we holvin

a+s
e, 5)=% / %fsuz(k,R(ﬂ—w))ena“g 7 da.
y+e

Considering further that the contour of integration according to Cauchy's Cautmm
can be slightly deformed, and therefore when differentitiating, we can ignore its
depenmence ot @, we holvin (differentiation under the integral sign is possible
due to the uniform conslegence of the integral and its deriveotives with respect to

p,pandz)
L 3
ol @8 =5 1/ % [t v1x
y+e

at+3d
)

da.

X G (k, R(a—¢) ctg
Considering (3.14), (3.3) and the relation

VGip(k R(a—¢) = Gipl R@—9)VR@—¢) =

o
R@—¢)
=—kGs2 (k, R(@— ) (r = ro (@),

rotI B, 8) = % V —;‘% f Gy (b R(@— @) X
yro

a+3d
X Casps 7 1o(@) ctg S12 .

we given

Making in the closest integrale the change of variables a — @ —» a, we obtain the
expassion (3.13).
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Analogous to the reasoning just presented

i@y =51/ L [ Gtk Re-o) x

vie

5
X (€aspot = o) ctg 32 da.

We further differentiate the obtained expression and again use (3.14)

ad 18,6 = 51/ & [ {kGonlh, Rle—0) e -

a+sd

= o(®)) (€atp, T — To(e) — Gaya(k, R(x = ¢)) €y} ctg =

da.

Here we took into account the equality V' (€q4g, T — ro(a)) = (ewsp, V)(r —
10(a)) = €qyp. Adding to the obtained expression k2TI (B, 3) and making as a
result the change of variables a — ¢ — «, we obtain formula (3.12). Thus,
Lemma 4 is proved.

o emma Under the same assumptions as in Lemma 1 (§ 2), the following

(grad div + K)TI (B, ) =
Pi )/ B (ko + 5)Gal Rg+8)} x
X a(B, —8) +[—Gap(k, R(p+8)) +
+KGu(l Rle +8))] e-a) when cos £+ 850
o+38
2

0 when cos

<0

+pi/ £ 0/ {kR’(tp +8)Gylk, R(x+it)) X

X{*%“(BJH’W)X

¢+3 h
CDS—2 cl 2

cht +cos (¢ + 8) +
"
+{ R a(a.nw)}

e
X

¢+38

2
cmz2
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2ppo @+38
+ Tny o [ gy ol

(cht—T)ch %
X i@t T
(cht—1T2ch -
Forw [ st ) Grramrn )
+{— Gk, R +it) + kGip (k, R (m+ i)} X

+

cos

8 t
“’;r eavarpch -
— e Ry

hiFcos(@T9)

(cht—1)ch %
+[en [e(s5849) @] m}}dz, (.15

P/ EE R +8) Gyl R +9) b, ~9)

rot T B, 8) = 0 for cos“’;r%o

0 for cos <0

~riy/ £ fGa/z(k.R(n+i1)) x
0

22 b, n+grch £
cht + cos (¢ + 8)

¢+3
2

R, cos 2

X

[R@+8)b(B, —8) —Rob(B, m+¢)] (cht—1)ch <
2 di
— ¢+5 li, (3.16)
2cos [ch 1+ cos (¢ + )]

where the vectors a(B, 8) and b(B, 5) are defined by formulas (3.5) and (3.7).
The proof of Lemma 5 is anals eFous to the proof of Lemma 1 (§ 2),
but involves very cumbersome ca]cu tions. The complete proof is given it
praif is given in [14], we omit
Proof of Theorem. T ‘eopema 2. JloKa3aTelkCTBO Teopem 2
follows its formulas (1.6a), (1.6b), (1.12), (3.15), (3.16) and (2.12) (Lemma 3).
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