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Abstract
A representation of Hertz vectors (electric or magnetic) and their correspond-
ing electromagnetic fields E and H, generated by arbitrarily oriented dipoles
(electric or magnetic, respectively) in the presence of a perfectly conducting
half-plane, has been obtained in terms of Macdonald integrals. The theory of
Macdonald integrals, as special functions of two variables, was recently devel-
oped by the author to an extent that allows for the creation of programs to
compute these functions. The use of Macdonald integrals in the diffraction
problems under consideration enables numerical field calculations over a wide
range of parameters. Bibliography: 15 items.

Full Text
Preamble
This section presents a mathematical analysis of electromagnetic fields in the
presence of specific boundary conditions, building upon the foundational work
of T. Senior [?] and Yu. V. Vandakurov [?]. The methods developed by these
authors have been further refined in subsequent studies [?, ?, ?, ?], as well as
in the works of G. D. Malyuzhinets [?, ?, ?].

We consider a source located at the point 𝑟0 = (𝜌0, 𝜙0, 𝑧0) in a cylindrical
coordinate system. The primary field is generated by a dipole with moment 𝑃 ,
which can be expressed as:

𝑃 = 𝑃(cos 𝜃0𝑒1 + sin 𝜃0𝑒2)
where 𝑒1 and 𝑒2 are unit vectors. Using the representation (1.12) for the function
𝐺𝜈(𝑘, 𝑅), we have:

𝐺1/2(𝑘, 𝑅) = √ 𝜋
2𝑘𝑅 𝐻(1)

1/2(𝑘𝑅) = 𝑒𝑖𝑘𝑅

𝑅
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(1.13) The potential Π(𝜌, 𝜙, 𝑧) can be expressed as:

Π(𝜌, 𝜙, 𝑧) = 𝐺1/2(𝑘, 𝑅(𝛼))𝑒𝛼 + …
(1.14) where 𝑅(𝛼) is the distance function. The components of the electric and
magnetic fields 𝐸 and 𝐻 are derived in Section 2 and Section 3, following the
methodology established in [?].

2. Potential Representation
The potential Π(𝜌, 𝜙, 𝑧) is defined as:

Π(𝜌, 𝜙, 𝑧) = 𝑖𝑃
8𝜋 cos 𝜋

𝑛 ∫
𝐶

[𝑒(𝜙/2 − 𝜙0), 𝑒𝑗] 𝐻(1)
0 (𝑘𝑅) 𝑑𝛼

Π(𝜌, 𝜙, 𝑧) = 𝑖𝑃
8𝜋 sin 𝜋

𝑛 ∫
𝐶

[𝑒(𝜙/2 − 𝜙0)𝐻(1)
0 (𝑘𝑅) + … ]

(2.1) For the case of a wedge, the potential Π(𝜌, 𝜙, 𝑧) is given by:

Π(𝜌, 𝜙, 𝑧) = 𝑖𝑃
8𝜋 sin 𝜋

𝑛 [𝑒(𝜙/2 − 𝜙0)𝐻(1)
0 (𝑘𝑅(𝜙 − 𝜙0)) + … ]

(2.2) Using the results from [?, ?], we can express the integral in terms of the
function:

𝐻(1)
0 (𝑧) = 2

𝑖𝜋 ∫
∞

0
𝑒𝑖𝑧 cosh 𝑡 𝑑𝑡

(2.3) The function Π(𝜌, 𝛿) is then represented as:

Π(𝜌, 𝛿) = ∑
𝑘

1
2𝑘 + 1𝐺1/2(𝑘, 𝑅(𝜙 + 𝛿)) cos 𝜋

𝑛
cosh 𝑡 + cos(𝜙 + 𝛿)

∫
∞

0

𝐺1/2(𝑘, 𝑅(𝜋 + 𝑖𝑡))(cosh 𝑡 − 1) cosh 𝑡
𝑛 𝑑𝑡

cosh 𝑡 + cos(𝜙 + 𝛿)
(2.4) According to (1.14), the potential Π(𝜌, 𝛿) can be decomposed as:

Π(𝜌, 𝛿) = Γ(𝜌, 𝛿) + Δ(𝜌, 𝛿)
(2.5) where the geometric part Γ(𝜌, 𝛿) is:

Γ(𝜌, 𝛿) = ∑ 𝐺1/2(𝑘, 𝑅(𝛼))𝑒𝛼+𝜙 cot 𝛼 + 𝜙 + 𝛿
2𝑛

(2.6) and the diffraction part Π𝑑(𝜌, 𝛿) is:

Π𝑑(𝜌, 𝛿) = − 1
4𝜋𝑛 ∫

𝜋+𝑖∞

−𝜋+𝑖∞
𝐺1/2(𝑘, 𝑅(𝛼))𝑒𝛼+𝜙+𝛿 cot 𝛼 + 𝜙 + 𝛿

2𝑛 𝑑𝛼

(2.7) As shown by A. A. Tuzhilin in (2.6), the poles of the cotangent occur at
𝛼 = −𝜙 − 𝛿 + 4𝜋𝑛. For the range −𝜋 < Re 𝛼 < 𝜋, this condition is satisfied
only for specific values of 𝑛.
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4. Analysis of 𝐺1/2(𝑘, 𝑅)
The function 𝐺1/2(𝑘, 𝑅(𝜙 + 𝛿)) is periodic. Since 𝑅(−𝜙 − 𝛿 + 4𝜋𝑛) = 𝑅(𝜙 + 𝛿),
we have:

Γ(𝜌, 𝛿) = ∑ 𝐺1/2(𝑘, 𝑅(𝜙 + 𝛿))𝑒𝛼
(2.8) The diffraction term Δ(𝜌, 𝛿) is evaluated along the contours 𝛼 = ±𝜋 + 𝑖𝑡.
Using the symmetry 𝑅(±𝜋 ± 𝑖𝑡) = 𝑅(𝜋 + 𝑖𝑡), we obtain:

Δ(𝜌, 𝛿) = − 1
4𝜋𝑛 ∫

∞

0
𝐺1/2(𝑘, 𝑅(𝜋 + 𝑖𝑡)) [… ] 𝑑𝑡

(2.9) where the bracketed term involves the cotangent functions evaluated at
the shifted arguments. This leads to the expression:

sin 𝜋
𝑛 cosh 𝑡

𝑛
cosh 𝑡 + cos(𝜙 + 𝛿)

which matches the form in (2.4). For 𝑚 = 0 and 𝜈 > 0, the integral (2.10) can
be evaluated. As 𝑎 → ∞, the limit of the function 𝑓(𝑎) is zero. For 𝑚 > 0 and
cos 𝑎 = −1, we use the identity:

∫
∞

0
(cosh 𝑡 − 1)𝑚 cosh 𝑡

𝑛 𝑑𝑡 = (1 + cos 𝑎) 23/2𝑚

Γ(𝑚 + 1/2) …

The final evaluation of the integral 𝐽(𝑚) yields:

𝐽(𝑚) = (−1)𝑚−1𝑏𝑚−1Γ(𝑙 + 1/2)Γ(𝑚 + 1/2)
Γ(1/2)𝐽(0)

(2.11) For 𝑚 = 0, the expression simplifies. The function 𝑓(𝑎) is then:

𝑓(𝑎) = (−1)𝑚−12𝑚−1
√𝜋 ∫ ⋯ + …

(2.10) This allows for the determination of the field behavior near the edge.

For 𝜈 > 0, the function 𝐺𝜈(𝑘, 𝑅(𝜋 + 𝑖𝑡)) can be expanded. For 𝑚 = 0:

∫
∞

0
𝐺𝜈(𝑘, 𝑅(𝜋 + 𝑖𝑡))(cosh 𝑡 − 1)𝑚 cosh 𝑡

𝑛 𝑑𝑡

(2.12) where 𝐺𝜈 is defined by (1.13) and 𝑅0 = 𝑅(𝜋). As shown by A. A. Tuzhilin,
(2.12) holds for Im 𝑘 ≥ 0. For 𝑘 ≠ 0, the integral converges. If Im 𝑘 > 0 and
𝑚 = 0, we use the substitution 𝑘 = 𝑖𝜅, leading to:

𝐺𝜈(𝑖𝜅, 𝑅(𝜋 + 𝑖𝑡)) = exp [−𝑖𝜋
2 (𝜈 + 1)] 𝐾𝜈(𝜅𝑅)

Using the properties of the modified Bessel function 𝐾𝜈(𝑧) from [?], valid for
| arg 𝑧| < 𝜋/4:

𝐾𝜈(𝑧) = √ 𝜋
2𝑧 𝑒−𝑧 …
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The integral representation for 𝐺𝜈 becomes:

∫
∞

0
exp [−𝜅√𝑅2(𝜋) + 𝑡2] (cosh 𝑡 − 1)𝑚 cosh 𝑡

𝑛 𝑑𝑡

Substituting the asymptotic forms, we find the behavior for cos 𝑎
2 > 0 and

cos 𝑎
2 < 0. The potential near the edge is dominated by terms of the form:

𝑃𝜌0 cos(𝑎/2)
𝜅𝑅(𝑎)𝑣+3/2 𝐾𝑣+1/2(𝜅𝑅(𝑎))

By setting 𝜅 = −𝑖𝑘, we recover the Hankel function representation 𝐻(1)
𝜈 (𝑘𝑅) as

seen in (2.3) and (2.12).

For the specific case 𝑣 = 1/2 and 𝜇 = 0, 1, the potential Π simplifies to:

Π = 𝑒𝑖𝑘𝑅(𝜙+𝛿)

𝑅(𝜙 + 𝛿) + …

(2.13) This result is consistent with the primary field (1.12) and the boundary
conditions (2.1), (2.2). Section 3 details the electric and magnetic field compo-
nents 𝐸 and 𝐻. We define the position vectors:

𝑟 = 𝜌(cos 𝜙𝑖 + sin 𝜙𝑗) + 𝑧𝑘

(3.1)
𝑟0(𝛼) = 𝜌0(cos 𝛼𝑖 + sin 𝛼𝑗) + 𝑧0𝑘

(3.2) where 𝑖, 𝑗, 𝑘 are the Cartesian unit vectors. The distance function is 𝑅(𝛼−
𝜙) = |𝑟 − 𝑟0(𝛼)| as per (1.8) and (3.3).
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Figure 4: Figure 4
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Figure 15: Figure 15
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