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1. The problem of extracting a square root from a metric automorphism has
been solved for automorphisms with discrete spectrum (1), quasidiscrete spec-
trum (?), and shift automorphisms of the space of realizations of stationary
Gaussian processes. The only obstacle to extracting a square root in the case of
discrete spectrum is the eigenvalue —1. It is not difficult to verify that automor-
phisms with quasidiscrete spectrum may fail to have square roots even if —1 is
not among the eigenvalues. The natural question arises: can a square root be
extracted from every automorphism with continuous spectrum?

The present note contains: 1) the construction of an automorphism with con-
tinuous spectrum that has no square root*; 2) some theorems on square roots
of automorphisms with simple spectrum.

The work makes essential use of the method of approximating automorphisms
by periodic transformations (®). Let us recall the corresponding definitions.

Let (X, u) be a Lebesgue space (°). We shall say that a sequence of measurable
partitions &, (°) of the space X tends to ¢, and write £,, — ¢ (¢ is the partition
of the space X into points), if for every measurable set M C X and every
0 > 0 there is a number N such that for every n > N there exists a set M,,,
measurable with respect to the partition &,,, for which u(MAM,) < 4.

Let T be an automorphism of the space (X, ), and let ¢(q) be a sequence of
positive numbers, where ¢ is a natural number.

Definition 1. We shall say that the automorphism 7" admits cyclic approxi-
mations with rate ¢(q), if there exists a sequence {¢,,, T,, } of finite measurable
partitions £, of the space (X, u) and cyclic automorphisms 7, such that

Al g, —e.

A2. T =¢,.

A.3.
qn . .
> w(TCLAT,CL) < ¢(g,,).
=1
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Here C! are the elements of the partition &,, i = 1,2,...,q,, and g, is the
number of elements of £,,.

We shall use the following assertion.

Theorem 1 (V. I. Oseledets). If an automorphism T admits cyclic approxi-
mations with rate o(1/q?), then T has simple spectrum.

2. Z,-extensions.

Definition 2. We shall say that an automorphism 7T of a Lebesgue space
(X, 1) admits a Z,-extension if there exists an involutive automorphism I of
the space (X, ), commuting with 7' and having no fixed points mod 0. The
automorphism I will be called a Z,-extension of the automorphism 7.

* Note added in proof. After this note had been submitted for publication, an
article by Chacon (7) appeared, in which a different construction of an automor-
phism with continuous spectrum and without a square root was proposed.

Let £ be a partition of (X, ) whose elements are pairs {z, Iz}, x € X. Put
7: X > X/E=Y,T/¢E=S8 Let X = X;UX 4, IX; = X ;. Denote by
C the mapping ¢ — (wz,i), if * € X;, i = £1. C is an isomorphism of the
Lebesgue space X and Y x Z,, where Z, is the two-point set {£1} with measures
(1/2,1/2). The automorphism CT'C~! has the form (y,i) — (Sy, n(y)i), where
n(y) is a function on Y with values +1. Such an automorphism will be called a
skew product with base S and function n (see (4)).

Let &, be a sequence of finite measurable partitions of the space (X, u) tending
to the partition € into individual points, g,, the number of elements of &, and
©(q) a sequence of positive numbers.

Definition 3. A measurable set M C X is oddly approximated with respect
to {&,,} at rate ¢(q) if there exist a sequence of natural numbers {n;}, n, — oo,
and a sequence of sets { M, } such that M, consists of an odd number of elements
of ¢, and

p(MAM,) < ¢(qp,)-

Let T be a skew product with base S and function n.

Lemma 1 (see (3)). If S admits cyclic approzimations {¢,,, S, } at rate o(1/q)
and n~Y(—1) is oddly approzimated with respect to {£,} at the same rate, then
T s ergodic.

Lemma 2. If S admits cyclic approzimations at rate o(1/¢*) and n=1(—1) is a
set oddly approximated with respect to {€,} at the same rate, then T has simple
spectrum.

The proof follows from Theorem 1.
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In what follows we shall use the fact of the existence of an automorphism with
continuous spectrum that admits cyclic approximations of odd orders at rate
0(1/q¢?). We briefly describe the construction of such an automorphism. Let the
number «, 0 < a < 1, be such that

pr/ @i — ol = o(1/q}),

where p,/q, are the convergents of «, ¢y, = 445, g5, is odd, and gy, ; is not
divisible by 4. Let T be the derived transformation (°) on an arc of length 3/4,
induced by a rotation of the circle of unit length through angle a. The proof
that T satisfies the stated requirements can be extracted from (3).

We shall denote by U; the unitary operator in L?(X, i) associated with the
automorphism 7" of the space (X, ).

Theorem 2. An ergodic automorphism T of a Lebesque space (X, ) admits
a Zy-extension if and only if in the unitary ring L?(X, i) there exists a multi-
plicative involutory unitary operator V.# E commuting with Urp.

Theorem 3. If an automorphism T with simple spectrum admits a Z,-extension
I, then VT (if such exists) also admits the extension I.

Proof. Both U; and U /7 commute with Up. Since Ur has simple spectrum,
Uy and U, /7 are functions of Uy, and consequently U; commutes with U, 7. By

Theorem 2 we obtain that v/7 admits the Z,-extension 1.
We give a useful reformulation of Theorem 2.

If T has simple spectrum and is a skew product with base S, then a square root
of T should be sought in the class of skew products with base \/S, where /'S
ranges over all possible square roots of S.

3. Construction of an automorphism with continuous spectrum hav-
ing no square root. Let R be an automorphism of (X, u) with continu-
ous spectrum, admitting cyclic approximations {¢,,, R,,} of odd orders at rate
0(1/¢%). Let S be a skew product with base R and function n. Require that
the sets n~1(1) and n~1(—1) be oddly approximated with respect to &, at rate
o(1/q¢?). We shall show that S has simple continuous spectrum. By Lemma 1,
Sisergodic. Y =X X Z,y, y = (x,4), i = +1,

fly) = f(x,i) = fi(x)+if 1 (z) and Ugf = £f with £ # 1, then n(x)f_,(Rx) =
&f_1(z). Squaring, we obtain f2;(Rz) = &2f2,(x). But R has continuous
spectrum, and therefore £2 = 1; in the case £ = —1 we have —n(z)f_;(Rz) =
f_1(x), which contradicts the ergodicity of the skew product with base S and
function —n(z). The simplicity of the spectrum of S follows from Lemma 2.

Consider the skew product T with base S and function m(y) = m(z,i) = .
Clearly, m~1(1) and m~!(—1) are unevenly approximated with respect to the
sequence of partitions n,, = &,, X Z, of the space Y = X x Z,. Similarly to the
preceding, we obtain that the automorphism 7" has simple continuous spectrum.
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By Theorem 2, the square root of T" must be sought in the form of a skew
product with base v/S and some function « satisfying the equation

a(VSy)aly) = m(y) = m(x,i) = i. (1)

Let I(x,i) = (x,—i), i = £1. Then m(ly) = —m(y) and

a(VSIy)a(Iy) = —m(y). (2)

Multiplying (1) and (2), we have

a(y)a(Iy)a(VSy)a(vSIy) = —1. (3)

Denote a(y)a(ly) = B(y). Since S has simple spectrum, I and /S com-
mute and, consequently, (v Sy)a(v/STy) = B(v/Sy). Then (3) takes the form
B(y)B(V/Sy) = —1. Hence it follows that 3 # const. Moreover, B(Sy) =
—p (\/§ y) = B(y), which contradicts the ergodicity of S. Thus, T has no square
root.

In the construction given above we needed a function n such that n~*(1) and
n~1(—1) are unevenly approximated with respect to some sequence of partitions
&,,- We formulate a proposition showing that there are “sufficiently many” such
functions. Let (X, u) be a Lebesgue space, and let n and m be measurable
functions on X taking the values +1. Put p(n,m) = u(n~1(1)Am~1(1)). Denote
by B the metric space of functions on X with values +1 and metric p.

Lemma 3. Let &, be a sequence of partitions of the space (X, ) tending to
e, and let p(g) be a sequence of positive numbers. The set of functions n such
that n=1(1) and n~!(—1) are unevenly approximated with respect to ¢, with
rate p(q) is an everywhere dense set of second category in B.

With the aid of Lemma 3 one proves

Theorem 4. Let S be an automorphism admitting cyclic approximations
{¢,,5,} of odd orders with rate o(1/¢?), and let S? admit no Z,-extension.
Then in the space of skew products with fiber Z, and base S?, the set of auto-
morphisms having no square root is an everywhere dense set of second category
in the natural topology induced by the metric p.

We omit the proof.

4. Let an automorphism T of the space (Y, v) be a skew product with base
S and function n, where S is an automorphism of the space (X, pu), Y =
X X Zy,y = (2,4), v € X, i = +1. Then L*(Y,v) = H, & H_;, where
H, is the subspace of functions such that f(z,7) = f(z,—i); H_; is the
subspace of functions satisfying the condition f(z,—i) = —f(x,7). Let o;
be the maximal spectral type of T' in H,, i = £1; let I be the natural
Zy-extension of the automorphism 7.
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Theorem 5. If o, L o, then /T (if it exists) admits the Z,-extension I.

Ergodic skew products with a layer Z, over automorphisms with discrete spec-
trum satisfy the condition of Theorem 5.

If the automorphism S is ergodic, then the following is true.

Theorem 6. If o, L o_y, then T is the ergodic square of some automorphism
if and only if, for some root \/S, there is a representation

n(z) = a(VSx)a(z),
and the skew product with base /S and function a is ergodic.

5. Let us establish the connection between square roots and Z,-extensions
of an automorphism with simple spectrum.

Lemma 4. If S| and Sy are two distinct roots of an automorphism T with
sitmple spectrum, then T' admits a Z,-extension; b) if T' has simple spectrum and
admits a Zy-extension I, S? =T, then IS is a square root of T.

Remark 1. Part b) of Lemma 4 can also be proved under the more general
assumption of Theorem 5.

Thus, either an automorphism 7 with simple spectrum has no root, or it has
a unique root and admits no Z,-extension, or T' has both a root and a Z,-
extension.

Theorem 7. An automorphism T with simple spectrum either has no square
roots, or their number is equal to a power of two, or there are infinitely many
of them.

Proof. We shall regard the identity automorphism E as the trivial Z,-extension.
Then the set of Z,-extensions of the automorphism 7' forms an abelian group
G. If G is infinite and T has a root, then, by Lemma 4, T' has infinitely many
roots. If G is finite, then G decomposes into a direct sum of cyclic groups of
orders 7y, ...,7,, where 7, is divisible by 7;. But all elements of the group G

have prime order 2; therefore
G:Z2+ZQ++ZQ

(n summands). Consequently, the order of G is 2". Thus the number of non-
trivial Zy-extensions of the automorphism 7" is 2™ — 1, and, if 7" has a root, then
by Lemma 5 there are 2™ roots in all.

Remark 2. The proof of Theorem 7 generalizes to the case of roots of prime
degree, with the number 2 replaced by the corresponding prime number in the
statement of the theorem.

Remark 3. In Theorem 7 we found the number of “geometrically” distinct roots
of an automorphism 7" with simple spectrum. It turns out that all of them are
spectrally nonisomorphic. Indeed, let

VU\/TVﬁl = UIU\/T;
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I is a Z,-extension of the automorphism 7'; V' is a unitary operator. Then
VU\/TVLlVUﬁV*l - UIUﬁUIUﬁ’ VUT - UTV’
i.e. V is a function of Uy, and consequently
VU\/T:U\/TV, Uﬁ:VUﬁV*:UIUﬁ,
U; = E, which contradicts the nontriviality of the extension I.

In conclusion, I express my gratitude to Ya. G. Sinai for discussing this note.
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