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1°. In the present note the following nonlinear mixed problem is considered:

Uy — Uy = —B(x,,u); (1)
u(@,0) = p(z),  u,(2,0) =) for0<z<1; 2)
ag(u)u, + by(u)u, = fo(t,u) for z = 0; (3)
ay (w)u, + by (w)u, = fy(t,u) for z = 1. (4)

In (*,2) it was shown that if the function u € CY (ﬁTO) is a solution of problem
(1)—(4) in the rectangle

M, ={0<z<1,0<t<Ty} (0<T,< +o0)

and

ha(ui, Ty)) = b(u(i, ) — (—D)ia,(u(@, ) 0 (i=0,1),  (5)

then the solution u can be continued uniquely in the rectangle Il , A7 (AT > 0)
with preservation of smoothness. Inequality (5) is an unnatural restriction in
a number of physical problems (see, for example, ()). Below the solvability of
problem (1)—(4) is investigated in the case when, upon continuation in ¢ of a
smooth solution, inequality (5) for ¢ = 0 becomes an equality at some moment
t = T* # 4oo0. It turns out that for ¢ > T* the solution of problem (1)—
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(4) becomes nonunique, and discontinuities and loss of smoothness of solutions
arise; moreover, increasing the smoothness and compatibility of the data of the
problem (the functions @, p,,a;,b;, f;) does not lead to unique continuability
of the solution and to preservation of smoothness for ¢ > T*. In this connection,
in the present work discontinuous and piecewise-smooth solutions of problem
(1)—(4) are constructed for t > T*. For the examples given in §4 it is shown
that the discontinuous and piecewise-smooth solutions introduced below arise
naturally if one studies the behavior of solutions of mixed problems obtained
under small perturbations of the operator ag(u)u, + by(u)u, and of the initial
conditions, as the perturbations tend to zero.

Choose an arbitrary 0 < T < 1. Put

R' = (oo, +o0), Dy =T xR,  Dh—[0,T]x R,

Let:

1) the functions ® € C,(DY), f; € C,(D3), a;,b; € C;(RY), ¢ € Cy[0,1],
¢ € 01[07 1]7

2) the function h, have only isolated and simple zeros on the interval R,
while the function h; have no zeros on the interval R!.

Suppose that in the rectangle
M. ={0<2 <1, 0<t<T*},

where 0 < T* < 1,* there exists a solution v € C9(Il.) of problem (1)—(4), and
moreover

sup |u| < 400, ho(u(0,t)) #0 for 0 <t < T, ho(u(0,)) — 0

-
as t — T™.

* Obviously, the inequality 0 < T < 1 does not restrict the generality.

Lemma 1. There exists lim, . 3(0,75) =u*, and hy(u*) = 0.

2°. In the domain D%.. define the function

P(t,u) = fo(t,u) —ag(w)[g’ () + (t)] — ag(u) /0 Ot —7,7u(t —7,7))dr.

It can be shown that P € C;(D%L.). Put
Py=P(T",u"), P o=P(T"u), Py = P (T u"),

0
Q;={0<2x<1, 0<t<min(z+T*—0,T%)}, 0<6<T™.
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Note that |Py| < +o0.
Theorem 1. Whatever P, may be, uecC (T ). *
Theorem 2. Let Py # 0. Then e C,(Q;) for 6 >0,

sup | Dlu| — oo
Qs

as § — 0, and
sup [D'u(z, t)| /]t — (z + T*)| < +o0.

%

One can construct examples of nonlinear mixed problems with arbitrarily
smooth and well-compatible data for which Theorem 2 holds.

Theorem 3. Let By = 0, P,y # 0. Then € Cy(Q;) for 6 > 0 and u e
C(ILy.).

Choose an arbitrary T* < T < 1. Put
Qp ={(x,t) e Up, t +ax+T*},
GL={0<z<T-Tx+T<t<T}
Gh =Qp\ GY.
Let M be the set of functions u € C(IL;) such that:

) ue Cl(éi) (j =0,1), u, +u, € C(Il}), and, whatever closed domain
D C Q4 may be, the function u € Cy(D);

2) w = u in the rectangle ..

A function u € My will be called a solution of problem (1)—(4) in the rectangle
I, if it satisfies equation (1) in the domain Q; and equations (3), (4) for
0<t<T**

Theorem 4. Let Py =0, P,y # 0, and Py ghy(u*) > 0. Then there exists a
T* <T < 1 such that in the set M there exist two and only two solutions u,
(i =1,2) of problem (1)—(4) in the rectangle II,, moreover

uy € Cy(Ip), uy € Cy(Ilg).
Theorem 5. Let Py =0, P #0, P ghj(u*) < 0*** and

P02,1 + 4P ohj(u*) # 0.

Then there exists a 7% < T < 1 such that in the set 91, there exists an infinite
set of solutions of problem (1)—(4).
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One can construct examples of nonlinear mixed problems with arbitrarily
smooth and well-compatible data for which Theorems 4 and 5 hold.

3°. Below, discontinuous solutions of problem (1)—(4) are constructed for ¢t > T*
for any F,. The introduction of discontinuous solutions in the case P, # 0 is
caused by the absence of continuous solutions in the rectangle IT. for any T' > T*.
Indeed, independently of the value of Py, for any T' (0 < T' < 1) one can define
the notion of a continuous generalized solution (c.g.s.) of problem (1)—(4) in

— 0 —

the rectangle 1. The function u is the unique c.g.s. in the rectangle Il for
any 0 < T < T, and in the case P, = 0, for the corresponding 7', all solutions
are such,

* That is, the function u admits a continuous prolongation as t — T*.

** The derivatives D'u at the point (0,7*) should be understood as the corre-
sponding one-sided derivatives.

% It can be shown that if Py =0, P, o # 0, and Py ghg(u*) <0, then Fy; # 0.

specified in Theorems 4 and 5. It can be shown that in the case P, # 0 problem
(1)—(4) does not have a n.g.s. in the rectangle Il for any 7' > T*, and increasing
the smoothness and compatibility of the data of the problem does not lead to
the existence of a n.g.s. The advisability of introducing discontinuous solutions
in the case Py = 0 is indicated by Example 2 given in §4.

Put

u

t
Hy(u) = / ho(€) dE, J(t;u) = / P(r,u(0,7))dr.
»(0) 0
Lemma 2. Whatever F, may be,

Hy(u(0,t)) = J(t;u) for0 <t <T™

Suppose there exists at least one value u* different from u* such that

Hy(@") = J(T*u),  Hy(@*) = ho(i*) > 0.

Fix an arbitrary such value #*. Choose any T* < T < 1.

Denote by Ry (u”) the set of functions such that: 1) u € Cy(GS), u € C(GY),
w0, T*+0)=1u"; 2) u= U in the rectangle Il..

We note that a function u € R, (u”) has a discontinuity of the first kind on the
line ¢ = + T in a neighborhood of the point (0,7).

sovietrxiv.org/items/ru-196701.05165 Machine Translation


https://sovietrxiv.org/items/ru-196701.05165

Theorem 6. Let Py = 0. Then there exists 7 < T < 1 such that in the set

Ry (T") there exists a unique function u € C,(GL) which satisfies equation (1)
in the domain Q. and equations (3), (4) for 0 <t < T.

Theorem 7. Let Py # 0. Then there exists 7" < T < 1 such that in the set
R (™) there exists a unique function u having the following properties:

1) |D'u(x,t)] = oo ast— (z+T*) — —0,

sup | Dru(x, t)|\/|t — (x + T*)| < +o0.
Gi

2) the function u satisfies equation (1) in the domain Q, and equations (3),
(4) for t € [0,T*), t € [T*, T}, and ¢ € [0, T], respectively.

§4. In the examples given below the following nonlinear mixed problem is con-
sidered

Ugy = Ugts (6)

u(z,0) =0, uy(x,0) = () for0 <z <1, (7)
af(u

—uz—i-#utzo for = 0; (8)

u, =0 for x =1, (9)

where f(u) = 3u® — 3u® 4+ &, and ¢(z) is a function of class C;[0,1], chosen
in each example in a special way and satisfying the compatibility conditions
Y1) (§) =0 (5,7 = 0,1). Note that hy(u) = 1, while the equation hy(u) = 0 has
two real roots

1 /5
* — —1) — ) —
U= +(—1) 10 (1=1,2).

Example 1. Choose an arbitrary function ¢ such that: a) ¢ (z) > 0 for 0 <
xz < %; b) the function

o(x) = £(0) + /0 " (e de

is such that

1
o(x) <ui+ f(uj) for0<a< 3
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and

o(3) = vi+ ),

Theorem 8. Problem (6)—(9) has in the rectangle II; 5 a unique solution
u € Cy(I 5), moreover

1
ho(u(0,t)) >0 for0<t< >

1
u(0,t) = u} ast—>§, P, £ 0.
In the example under consideration 7" = % It can be shown that the equation

Ho(u) = J(T";u)

has a unique root @", different from the root u}. Consequently, by Theorem 7,
there exists T* < T < 1 such that the problem

(6)—(9) has in the rectangle IT; a unique discontinuous solution
u,, € Rp(u*). Let us now consider equation (6) with the initial conditions (7),
the boundary condition (9), and the following boundary condition:

af(u)
ou

Py — Uy, + u, =0 (p>0) foraz=0. (10)
Theorem 9. There exists a y, > 0 such that, for any 0 < p < p, problem
(6), (7), (9), (10) has in the rectangle Il a unique solution u, € Cy(Ily), and
u, — u, as ¢ — 0 uniformly with respect to z,t in each closed domain D c Q.

Example 2. Choose an arbitrary function v satisfying condition b) and such
that ¢(z) >0 for 0 <x < 1/2, ¢(1/2) =0, ¢¥'(1/2) < 0.

Theorem 10. In the rectangle II; ;, there exists a unique solution u € Cy(11; )
of problem (6)—(9), and hy(u(0,t)) > 0 for 0 <t < 1/2, u(0,t) — uf ast — 1/2;
Py =0, Py #0, P gho(uj) > 0.

As in Example 1, T* = 1/2.

Theorem 11. Let T be the number indicated in Theorem 4. For any € > 0,
one can specify a py(¢) > 0 such that, for any 0 < p < pg(e), problem (6), (7),
(9), (10) has in the rectangle Il; a unique solution u, € Cy(Ily), and

max |u, — uy| <¢,
T
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where w4 is the solution of problem (6)—(9) appearing in Theorem 4.

As in Example 1, the existence is established of such a 7" < T < 1 that in the
rectangle I1 problem (6)—(9) has a unique discontinuous solution u,, € Ry (u*),
where ¢* is the unique root, distinct from uj, of the equation Hy(u) = J(T*;u).

Theorem 12. Whatever closed domain D C GlT is given, for any € > 0 one can
specify a d,(e) > 0 such that, for any 0 < § < §y(e), there exist 0 < T™(d) < T*
and a function ¥s5(x) € C1]0, 1] satisfying the relations

DcTly;={0<x<1, 0<t<min(x+T),T)},

(s) (s
;l(gggl W5 () — ) (2)] < &

i

and such that problem (6)—(9), with initial conditions u(x,0) = 0, u,(x,0) =
Ps(x):

1) has in the rectangle IIy.; a unique solution u® € Cy (Tl (5)), with
ho(u®(0,t)) >0 for 0 < ¢ < T*(0), u®(0,t) — u} as t — T*(3); P, # 0;

2) has in the rectangle I a unique discontinuous solution
ug € Ryp(uy)*, where uj is the unique root, distinct from wj, of the equa-
tion Hy(u) = J(T*(6);u’), and

max [up —ud| < e, max |u, —ul| <e.
r p A P P
5 0<a<T—T"
T+ T <t<T
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