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1. In paper (}), by the method of N. N. Bogolyubov (2, 3), an approximate
equation was obtained describing the evolution of the density matrix of
the probability distribution pg of a certain small system S interacting with
a thermostat X, and the exact solution of this approximate equation was
found for a simple model with a quadratic Hamiltonian. Here by a small
system S one should understand a dynamical system with a fixed finite
number of degrees of freedom, whereas the thermostat ¥ is a system the
number of whose degrees of freedom tends to infinity. In the present paper
we shall not use the aforementioned approximate equation, and shall find
the probability density of the distribution of the small system S by exact
methods for the same model. This will make it possible to judge the
degree of accuracy of the previously obtained approximate equation for
the density matrix.

2. Consider a model whose Hamiltonian has the form

H(t) = Hg(t) + Hy () + Hip (1) = 0" (0)b(1) + Y wyay (¢)ay(t)+
(k)

o %Ak{b@am +ax (OB (D), (1)

where Hg, Hy,, and H, , are, respectively, the Hamiltonians of the systems S
and ¥ and the interaction Hamiltonian (the interaction will be regarded as small,
¢ being an infinitely small quantity); the operators b(t), b*(¢), a(t), a™(t) are
fermion creation and annihilation operators; V' is the volume of the system; K
is a quasidiscrete spectrum, which in the limit V' — oo becomes continuous.

We assume that at the initial instant of time (¢ = 0) the interaction is absent
and the systems p and X are independent. Then the initial conditions can be
represented in the form
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U(0) = ps(0)ps(0), (2)

where U is the probability density of the distribution of the whole system (S+X),
ps, is the probability density of the distribution of the thermostat ¥, and

ps(0) = ke Hs/0, (3)

SZP{P2<0)} =1 (4)

The density matrix pg(t) for this model can be represented in the form

ps(t) = bbT pgo(t) + 0T bpfy (t) + bp3o(t) + 07 pgy (t), (5)
where
o1 . loo
T
ps(t) =Sp{U(t)}. (6)
)

Then, using the property of operators:

Sp{A(0) - U()} = Sp{A(t) - U(0)}, (7)
we obtain
Po1(t) = Sp (s {67 (1) - U(0)} = (b7 (1)),
Pio(t) = Spex, {0(8) - U(0)} = (b(2)), ®)
P11(t) = Sp (s {07 (D)b(F) - U(0)} = (0 (1)b(2)),
Po0(t) = Sp (g5 {b()DT (1) - U(0)} = (b(£)b" (1)),
where the symbol () denotes the quantum-mechanical average.
The operators b(t) and b* (¢) are found from the equation of motion
idA(t)/dt = [A(t) - H(t)]. 9)

Taking (8) into account, we obtain:
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/0 K(t — 7)pjo(r) dr: (10)

here
Kt —r) = K5 = £ Y Iage s = Lo [iapemeac
Vet (2m)? '

Performing the Laplace transform of equation (10), we obtain

Pio(p) = p—l—zw—|—62K( ) p+iw+%€2I(E)*i52J(E)’

where J(E) >0, I(E) >0, E = Re(ip).
The inverse Laplace transform gives

; 1
pio(t) = pio(0)e et emg et (13)

1
Thus, as t — 0o (t > 1/e2), piy(t) decays as e 25 1@,

3. To find the diagonal elements of the density matrix, we use the equations
for the retarded and advanced Green functions

Gl = il£0(t = )BOB )]) = (6O D). (14

d
iEGrSt t—t,t)=Fo(t—1t) +OJGret (t—t,t)

+f/ K (b= 7)Gage (7 — /) dr + (OB () et

adv
(15)
where

t) — € A 0 ,—iwgt € A 0 ,—iwyt dk 16
= ﬁ Z kake = W kake d 5 ( )

(k)

L [P0 0 i p)
bt (t') = — Pt dp, 17
) =55 /Tom p—iwt ek (p)- P (17)
/ mE /2 / dk Ayaf (0)e™ @’ dt”. (18)
0
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The Fourier transform of equation (15) is written in the form

G _ ret — (19)

ret E) )

1/27 + 2 (B, ¢/)
adv E/—OJ+Z'E2]€€<—

where

~ 1 [ o~
Vet (B, 1) = Py /Oo <<f(t>b+(t/)>>rct et Bt >d(t —t') =
_ e dk | Ay Peier” —5t/ LiAt 20
_(27r)4/(wk,Ai5>(wkEis)e o (20)

As t’ — 00, this expression decays as e %% (§ = I(E)/2). Thus, in formula (19)
the quantity ¢(E,t") may be neglected.

We now write the expressions for the matrix elements of the density matrix

, , 1 [ GE+ie,t)—GE—ie, ') pi v
pualt =) = o = 1 [ GEEED =G ity gy,

(21)

pu(t—t,1) = (0T (1)b(t)) =

: efiE(tft/) dt.
7

B 1/°° e PE{G(E +ie,t') — G(E —ie,t')}
i) 1+ e BE

o0

Taking the above into account and putting ¢ = t’, we obtain

1 e Pw

Poo(t) p11(t)

P —— — .
tjo 14 e B’ tsoo 1 — e—Bw
Thus, as a result of the weak interaction of the small system with a thermostat
which, before the interaction, was in a state of thermodynamic equilibrium, the
density matrix p®(t) of the small system tends to its equilibrium value for a
sufficiently long interaction time (¢ — 00). The result obtained coincides with

that obtained for this model by using approximate equations of general form.

In conclusion the author expresses deep gratitude to Acad. N. N. Bogolyubov
for posing the problem and for constant attention to the work, and to A. N.
Tavkhelidze and I. Kvasnikov for useful discussions.
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