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B. A. KUSHNER

SOME RELATIONS BETWEEN PROPERTIES
OF CONSTRUCTIVE FUNCTIONS AND OP-
ERATORS FROM QUASI-NUMBERS TO
QUASI-NUMBERS
(Presented by Academician A. A. Dorodnitsyn, 12 I 1967)

In this note the definitions and results of (1−7) are used. By 𝛼(1) we denote an
algorithm such that, for any 𝑃 in ℭ𝔥3 ((2), 𝑝.77), 𝛼(1)(𝑃 ) = 𝑃 , if ⋄ does not
occur in 𝑃 , and 𝛼(1)(𝑃 ) = 𝑃1⋄, if 𝑃 = 𝑃1 ⋄ 𝑃2 and ⋄ does not occur in 𝑃2.

Let 𝑃1, 𝑃2 be words in ℭ𝔥3. We shall say that 𝑃1 is duplex-equal to 𝑃2 and
write 𝑃 = 𝑃2, if for all 𝐹𝑅-numbers 𝑥1, 𝑥2, from the conditions 𝛼(1)(𝑥1) =
𝛼(1)(𝑃1), 𝛼(1)(𝑥2) = 𝛼(1)(𝑃2) it follows that 𝑥1 = 𝑥2. The relations 𝑃1 < 𝑃2,
𝑃1 ≤ 𝑃2, 𝑃1 ≠ 𝑃2 are defined analogously.

In (7) the concept of an operator from quasi-numbers to quasi-numbers (o.q.n.)
was introduced. In an analogous way one can define the concept of an operator
from 𝐹𝑅-numbers to quasi-numbers and of an operator from quasi-𝐹𝐿-numbers
to quasi-𝐹𝐿-numbers (the concept of a quasi-𝐹𝐿-number was introduced in (7)).
The present note is devoted to comparing the properties of such operators with
the properties of constructive functions.

Below, the letters 𝑛, 𝑟, 𝑥, 𝑝, 𝑞, with or without indices, are used respectively to
denote natural numbers, rational numbers, 𝐹𝑅-, quasi-𝐹𝐿-, and quasi-numbers.

All constructive functions and operators under consideration are assumed to
be everywhere defined. Mention of this will often be omitted. The adjective
“constructive”will also often be omitted.

1. One of the essential characteristics of constructive functions is their continu-
ity (3,4). Operators from quasi-numbers to quasi-numbers also possess certain
continuity properties: the author has proved that such operators cannot have
constructive discontinuities (7). As is known (cf. (2), p. 149, Theorem 6.6.1),
operators from 𝐹𝑅-numbers to quasi-numbers can have constructive discontinu-
ities. In particular, one can construct an everywhere-defined signum-operator
from 𝐹𝑅-numbers to quasi-numbers. An analogous theorem can be formulated
for operators from quasi-𝐹𝐿-numbers to quasi-𝐹𝐿-numbers.
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We shall say that an o.q.n. 𝜓 is equivalent to a constructive function
𝜑, if for all 𝑞, 𝑥, from the condition 𝑞 = 𝑥 it follows that 𝜓(𝑞) = 𝜑(𝑥). The
equivalence relation between constructive functions and operators of the other
two types under consideration is defined analogously.

Theorem 1.1—1.3. For every function one can construct an equivalent op-
erator from quasi-numbers to quasi-numbers (respectively, an operator from
quasi-𝐹𝐿-numbers to quasi-𝐹𝐿-numbers and an operator from 𝐹𝑅-numbers to
quasi-numbers).

Theorem 1.3 is obvious.

Theorem 1.1 follows without difficulty from G. S. Tseitin’s theorem on the
continuity of constructive functions (4).
Theorem 1.2 is proved with the aid of the above-mentioned theorem of G. S.
Tseitin and the following lemma: one can construct an algorithm 𝛽 such that
for every-

of each quasi-𝐹𝐿-number 𝑝, the algorithm ̃𝛽𝑝□ is an 𝐹𝑅-number sequence such
that
¬¬∃𝑛 ( ̃𝛽𝑝□(𝑛) = 𝑝). Note that, in view of Theorems 2 and 3 (7), the analogous
assertion does not hold for quasinumbers. More precisely, there is no algorithm
which, for every quasinumber, constructs a sequence of 𝐹𝑅-numbers (quasi-𝐹𝐿-
numbers) in which an 𝐹𝑅-number (respectively, a quasi-𝐹𝐿-number) duplex-
equal to the original quasinumber cannot fail to occur. This strengthens the well-
known result of G. S. Tseitin on the impossibility of an algorithm constructing,
for every quasinumber, an 𝐹𝑅-number duplex-equal to it.

Naturally, the question arises whether Theorems 1.1–1.3 can be reversed. A
negative answer to it in the case of operators from 𝐹𝑅-numbers to quasinumbers
and of operators from quasi-𝐹𝐿-numbers to quasi-𝐹𝐿-numbers plainly follows
from the existence of discontinuous operators of this type.

A negative answer to this question in the case of operators from quasinumbers
to quasinumbers, and also for operators of the other two types considered that
possess certain continuity properties, follows from the results of § 2.

2. Let Ψ be an operator from quasinumbers to quasinumbers.

We shall call an algorithm 𝜌 of type (ℕ → ℕ) a modulus of continuity of Ψ
at the point 𝑞 if, for every 𝑞1, from the condition |𝑞1 − 𝑞| <𝑔 2−𝜌(𝑛) it follows
that |Ψ(𝑞1) − Ψ(𝑞)| <𝑔 2−𝑛.

We shall call an algorithm 𝜃 a weak modulus of continuity of Ψ at the point
𝑞 if, for every 𝑛, !𝜃(𝑛), 𝜃(𝑛) is a quasinumber, moreover 𝜃(𝑛) > 0, and for every
𝑞1, from the condition |𝑞1 − 𝑞| <𝑔 𝜃(𝑛) it follows that

|Ψ(𝑞1) − Ψ(𝑞)| <𝑔 2−𝑛.
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We shall say that Ψ is continuous (weakly continuous) if one can construct
an algorithm 𝛾 such that, for every 𝑞, the algorithm ̃𝛾𝑞□ is a modulus of conti-
nuity (a weak modulus of continuity) of Ψ at the point 𝑞.

We shall call the operator Ψ uniformly continuous if one can construct an
algorithm 𝜌 of type (ℕ → ℕ) such that, for all 𝑛, 𝑞1, 𝑞2, if |𝑞1 − 𝑞2| <𝑔 2−𝜌(𝑛),
then

|Ψ(𝑞1) − Ψ(𝑞2)| <𝑔 2−𝑛.

We call the operator Ψ effectively non-uniformly continuous if one can
construct sequences of quasinumbers 𝛽(1), 𝛽(2) and a natural number 𝑛0 such
that, for every 𝑛,

|𝛽(1)(𝑛) − 𝛽(2)(𝑛)| <𝑔 2−𝑛 and |Ψ(𝛽(1)(𝑛)) − Ψ(𝛽(2)(𝑛))| ≥𝑔 2−𝑛0 .

We shall say that the operator Ψ is continuous at every duplex point if
one can construct an algorithm 𝛾 such that, for every 𝑥, ̃𝛾𝑥□ is a modulus of
continuity of Ψ at the point 𝛼(1)(𝑥).
In a natural way one may define the notion of an O.C.C. that is continuous,
weakly continuous, continuous at every duplex point, uniformly continuous, and
effectively non-uniformly continuous on a given segment 𝑥1Δ𝑥2.

Theorem 2.1. A continuous O.C.C. cannot be effectively non-uniformly con-
tinuous.

Corollary 2.1. An O.C.C. continuous on 𝑥1Δ𝑥2 cannot be effectively non-
uniformly continuous on 𝑥1Δ𝑥2.

The proof of Theorem 2.1 is based on the following simple lemma: whatever
the sequence of quasinumbers 𝛽 may be, there is no algorithm 𝛼 such that, for
every 𝑞, !𝛼(𝑞), 𝛼(𝑞) is a natural number, and for every 𝑛, if 𝑛 ≥𝑔 𝛼(𝑞), then
𝑞 ≠ 𝛽(𝑛). Let us note that the analogous assertion is false for 𝐹𝑅-numbers.

Below, by Φ we denote an arbitrarily fixed rational segment exact disjoint cov-
ering of 0Δ1 (see (5)). The existence of such coverings is proved in (5).
The following theorem gives a certain criterion for weak continuity and continu-
ity at every duplex point of an o.c.c.

Theorem 2.2. If an o.c.c. Ψ is uniformly continuous on each segment Φ(𝑛),
then: 1) Ψ is weakly continuous on 0Δ1; 2) Ψ is continuous at every duplex
point of 0Δ1.

From Theorems 1.1, 2.2, Corollary 2.1, and the results of (5), the following
corollary follows.

Corollary 2.2. One can construct an o.c.c. that is weakly continuous on 0Δ1,
continuous at every duplex point of 0Δ1, but not continuous on 0Δ1.

The following lemma gives a method for constructing various examples of oper-
ators from quasi-numbers to quasi-numbers.
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Lemma 2.1. Let 𝐹 be an algorithm such that, for every 𝑛, 𝐹𝑛□ is a func-
tion. Then one can construct a sequence of quasi-numbers 𝜆 and an everywhere
defined o.c.c. Ψ1 in such a way that, for all 𝑛, 𝑥, 𝑞, if 𝑥 ∈ Φ(𝑛) and 𝑞 =

𝑔
𝑥, then

𝐹𝑛□(𝑥) =
𝑔

Ψ1(𝑞) + 𝜆(𝑛).

The following theorem uses certain details of the construction of the sequence
𝜆 in the proof of Lemma 2.1 and Theorem 2.2.

Theorem 2.3. One can construct an everywhere defined o.c.c. Ψ3 such that
1) ∀𝑞(¬¬((Ψ3(𝑞) =

𝑔
1) ∨ (Ψ3(𝑞) =

𝑔
−1)));

2) Ψ3(0) =
𝑔

−1, Ψ3(1) =
𝑔

1;
3) Ψ3 is weakly continuous;
4) Ψ3 is continuous at every duplex point.

Thus, for operators from quasi-numbers to quasi-numbers, Cauchy’s theorem
is refuted by example. At the same time, as is known (see (6)), a constructive
function 𝜑 taking exactly two distinct values on 0Δ1 cannot be everywhere
defined on 0Δ1. (Moreover, for every such function 𝜑 one can construct a
quasi-number 𝑞 such that, if 𝑥 =

𝑔
𝑞, then 𝑥 ∈ 0Δ1 and ¬!𝜑(𝑥).)

Thus, Theorem 2.3 establishes an essential difference between the properties of
constructive functions and operators from quasi-numbers to quasi-numbers.

Corollary 2.3. One can construct an everywhere defined o.c.c. not equivalent
to any constructive function.

This corollary follows directly from Theorem 2.3. From this theorem one also
easily obtains the following stronger assertion (as Ψ4 one may take any o.c.c.
satisfying Theorem 2.3).

Theorem 2.4. One can construct an everywhere defined o.c.c. Ψ4 and an
algorithm 𝔏 such that, for any function 𝜑, the following hold:
1) !𝔏(𝜉𝜑3);
2) !𝔏(𝜉𝜑3) is an 𝐹𝑅-number from 0Δ1;
3) if 𝑞 =

𝑔
𝔏(𝜉𝜑3), then

Ψ4(𝑞) ≠ 𝜑(𝔏(𝜉𝜑3)).

We shall say that a function 𝜑 increases at a point 𝑥 if there cannot fail to exist
a natural number 𝑛0 such that, for all 𝑥1, 𝑥2, from the condition

𝑥 − 2−𝑛0 < 𝑥1 < 𝑥 < 𝑥2 < 𝑥 + 2−𝑛0

it follows that
𝜑(𝑥1) < 𝜑(𝑥) < 𝜑(𝑥2).

An analogous definition is adopted for operators from quasi-numbers to quasi-
numbers. One can show that if a function 𝜑 increases at every point of the
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interval 0∇1, then 𝜑 is an increasing function on 0Δ1 (i.e., for 𝑥1, 𝑥2 ∈ 0Δ1 and
𝑥1 < 𝑥2, one has 𝜑(𝑥1) < 𝜑(𝑥2)).
Theorem 2.5. One can construct an everywhere defined o.c.c. Ψ5 such that:
1) Ψ5 increases at every point;
2) Ψ5(0) =

𝑔
1, Ψ5(1) =

𝑔
−1;

3) Ψ5 is weakly continuous;
4) Ψ5 is continuous at every duplex point.

This theorem shows a difference in the properties of constructive

functions and operators from quasi-numbers to quasi-numbers. In particular,
Corollary 2.3 also follows from Theorem 2.5.

It follows from Theorem 2.3 that one can construct a continuous operator from
𝐹𝑅-numbers to quasi-numbers which takes exactly two values and, consequently,
is not equivalent to any constructive function.

The results of this section can be reformulated for operators from quasi-𝐹𝐿-
numbers to quasi-𝐹𝐿-numbers.

The author expresses his gratitude to A. A. Markov for his constant attention
to the work.

Moscow State University
named after M. V. Lomonosov

Received
29 XII 1966

REFERENCES
1. A. A. Markov, Trudy Mat. Inst. im. V. A. Steklova, Academy of Sciences

of the USSR, 42 (1954).

2. N. A. Shanin, ibid., 67, 15 (1962).

3. A. A. Markov, ibid., 52, 315 (1958).

4. G. S. Tseitin, ibid., 67, 295 (1962).

5. I. D. Zaslavskii, G. S. Tseitin, ibid., 67, 458 (1962).

6. G. S. Tseitin, ibid., 67, 362 (1962).

7. B. A. Kushner, DAN, 171, No. 2 (1966).

Note: Figure translations are in progress. See original paper for figures.

sovietrxiv.org/items/ru-196701.04576 Machine Translation

https://sovietrxiv.org/items/ru-196701.04576


Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196701.04576 Machine Translation

https://sovietrxiv.org/items/ru-196701.04576

	Abstract
	Full Text
	SOME RELATIONS BETWEEN PROPERTIES OF CONSTRUCTIVE FUNCTIONS AND OPERATORS FROM QUASI-NUMBERS TO QUASI-NUMBERS
	REFERENCES


