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Abstract
Full Text
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MATHEMATICAL PHYSICS
DAO VONG DYK, NGUYEN VAN HIEU

MATRIX ELEMENTS OF THE LORENTZ
TRANSFORMATION FOR A UNITARY REP-
RESENTATION
(Presented by Academician N. N. Bogolyubov on 18 VI 1966)

At the present time the possibility of applying a noncompact symmetry group to
the classification of elementary particles is being intensively discussed (1−5). It
has been pointed out that this group must contain as a subgroup 𝑆𝐿(2, 𝐶), iso-
morphic to the Lorentz group. In connection with this there is increasing interest
in the study of the Lorentz group, especially its unitary (infinite-dimensional)
representations.

In the present work we shall find an expression for the matrix element of proper
Lorentz transformations in the case of a unitary representation. These matrix
elements must be known in studying the structure of the matrix elements of
processes in any symmetry with noncompact groups (5). We note that this
problem was first posed and partially solved (for the case 𝑗0 = 0) by A. Z.
Dolginov and I. N. Toptygin in (6). The authors of that work used, as basis
functions, functions that are the analytic continuation of the four-dimensional
spherical functions of Euclidean space (for more detail see (6,7)).

Our derivation is based exclusively on the results of I. M. Gel’fand and M.
A. Naimark (8,9). As is known (9), an irreducible representation of the proper
Lorentz group may be characterized by a pair of numbers (𝑗0, 𝑐), where 𝑗0 is an
integral or half-integral nonnegative number representing the smallest weight
of representations of the subgroup of three-dimensional rotations, and 𝑐 is a
complex number. We shall consider here the unitary irreducible representation
of the principal series (𝜎𝑚,𝜌 in the notation of (9); 𝑗0 = |𝑚/2| ≡ |𝜈0|, 𝑐 =
−𝑖(sign 𝑚)𝜌/2 for 𝑚 ≠ 0; 𝑗0 = 0, 𝑐 = ±𝑖𝜌/2 for 𝑚 = 0), to which a purely
imaginary 𝑐 corresponds.

The canonical basis of the representation 𝜎𝑚,𝜌, realized in the Hilbert space
𝐿2(𝑍), is (for details see (9))

𝑓𝜈0𝜌
𝑗𝜇 (𝑧) = 1√𝜋 𝛼−1(𝑢)𝜑𝜈0𝜌

𝑗𝜇 (𝑢), (1)
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where

𝛼−1(𝑢) = |𝑢22|𝑚−𝑖𝜌+2𝑢−𝑚
22 ,

𝜑𝜈0𝜌
𝑗𝜇 (𝑢) = √2𝑗 + 1 𝜒𝜈0𝜌

𝑗 (−1)−2𝑗−𝜈0−𝜇 √(𝑗 − 𝜈0)!(𝑗 + 𝜈0)!
√(𝑗 − 𝜇)!(𝑗 + 𝜇)!

×

×
min(𝑗−𝜈0,𝑗−𝜇)

∑
𝑑=max(0,−𝜈0,−𝜇)

𝐶𝑑
𝑗−𝜇𝐶𝑗−𝜈0−𝑑

𝑗+𝜇 𝑢𝑑
11𝑢𝑗−𝜈0−𝑑

12 𝑢𝑗−𝜇−𝑑
21 𝑢𝜈0+𝜇+𝑑

22 ,

𝜒𝜈0𝜌
𝑗 =

𝑗
∏

𝜈=𝑗0

−2𝜈 + 𝑖𝜌
√4𝜈2 + 𝜌2 ;

𝐶𝑞
𝑝 is the number of combinations of 𝑝 elements taken 𝑞 at a time; 𝑢, 𝑧 belong

to the so-called class ̃𝑧. In the space 𝐿2(𝑧) the scalar product is given by the
formula

⟨𝑓1|𝑓2⟩ = ∫ 𝑓1(𝑧)𝑓2(𝑧) 𝑑𝑧, 𝑧 = 𝑥 + 𝑖𝑦, 𝑑𝑧 = 𝑑𝑥 𝑑𝑦, (2)

and to each Lorentz transformation that is described by a matrix
𝑎 = (𝑎11 𝑎12

𝑎21 𝑎22
) of the unimodular group of the second order there corresponds

an operator 𝑈𝑎, given by the formula

𝑈𝑎𝑓(𝑧) = |𝑎12𝑧 + 𝑎22|−𝑚+𝑖𝜌−2(𝑎12𝑧 + 𝑎22)𝑚𝑓 (𝑎11𝑧 + 𝑎21
𝑎12𝑧 + 𝑎22

) . (3)

Suppose we have to find the matrix element 𝐷𝑚𝜌
𝑗𝜇; 𝑗′𝜇′(𝑎), which is defined as

𝑈𝑎|𝑚𝜌; 𝑗𝜇⟩ = ∑
𝑗′𝜇′

𝐷𝑚𝜌
𝑗𝜇; 𝑗′𝜇′(𝑎)|𝑚𝜌; 𝑗′𝜇′⟩, (4)

where |𝑚𝜌; 𝑗𝜇⟩ denotes the canonical basis of the representation 𝜎𝑚,𝜌. From (4)
and from the orthonormality condition

⟨𝑓𝜈0𝜌
𝑗𝜇 ∣ 𝑓𝜈0𝜌

𝑗′𝜇′⟩ = ∫ 𝑓𝜈0𝜌
𝑗𝜇 (𝑧) 𝑓𝜈0𝜌

𝑗′𝜇′(𝑧) 𝑑𝑧 = 𝛿𝑗𝑗′𝛿𝜇𝜇′

it follows that
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𝐷𝑚𝜌
𝑗𝜇; 𝑗′𝜇′(𝑎) = ∫ 𝑈𝑎𝑓𝜈0𝜌

𝑗𝜇 (𝑧) 𝑓𝜈0𝜌
𝑗′𝜇′(𝑧) 𝑑𝑧. (5)

It is known that every matrix 𝑎 can be represented in the form

𝑎 = 𝑢1𝜀𝑢2,

where 𝑢1, 𝑢2 are unitary unimodular matrices corresponding to a three-
dimensional rotation;

𝜀 = (𝜀 0
0 𝜀−1) (𝜀 is a real number)

and corresponds to a pure Lorentz rotation in the plane (𝑥3, 𝑥4). Thus, without
loss of generality, one may restrict oneself to finding 𝐷𝑚𝜌

𝑗𝜇; 𝑗′𝜇′(𝜀).
Substituting (1) and (3), with the values

𝑢11 = 𝑢̄22 = (1 + |𝑧|2)−1/2𝑒−𝑖𝜔, 𝑢12 = −𝑢̄21 = − ̄𝑧(1 + |𝑧|2)−1/2𝑒𝑖𝜔

(𝑒𝑖𝜔 is a certain phase factor), into (5), we obtain

𝐷𝑚𝜌
𝑗𝜇; 𝑗′𝜇′(𝜀) = 1

𝜋 𝛿𝜇𝜇′ {(2𝑗 + 1)(2𝑗′ + 1)(𝑗 − 𝜈0)!(𝑗 + 𝜈0)!(𝑗′ − 𝜈0)!(𝑗′ + 𝜈0)!
(𝑗 − 𝜇)!(𝑗 + 𝜇)!(𝑗′ − 𝜇)!(𝑗′ + 𝜇)! }

1/2

× 𝜒𝜈0𝜌
𝑗 𝜒𝜈0𝜌

𝑗′

min(𝑗−𝜈0,𝑗−𝜇), min(𝑗′−𝜈0,𝑗′−𝜇)
∑

𝑑,𝑑′=max(0,−𝜈0−𝜇)
(−1)𝑑+𝑑′

× 𝐶𝑑
𝑗−𝜇𝐶 𝑗−𝜈0−𝑑

𝑗+𝜇 𝐶𝑑′
𝑗′−𝜇𝐶 𝑗′−𝜈0−𝑑′

𝑗′+𝜇 𝜀4(𝑗−𝑑−𝜇/2−𝜈0/2+1/2−𝑖𝜌/4)

× ∫ 𝑑𝑧 |𝑧|2(𝑗+𝑗′−𝑑−𝑑′−𝜇−𝜈0)(1 + |𝑧|2)−𝑖𝜌/2−𝑗′−1(1 + 𝜀4|𝑧|2)𝑖𝜌/2−𝑗−1.
(6)

Passing to the polar coordinate system

𝑥 = 𝑟 cos 𝜑, 𝑦 = 𝑟 sin 𝜑 (0 ≤ 𝑟 < ∞, 0 ≤ 𝜑 ≤ 2𝜋)

and then using the substitution 𝑣 = 𝑟2, we reduce the integral in (6) to the form

𝐼 = 𝜋 ∫
∞

0
𝑑𝑣 𝑣𝑗+𝑗′−𝑑−𝑑′−𝜇−𝜈0(1 + 𝑣)−𝑖𝜌/2−𝑗′−1(1 + 𝜀4𝑣)𝑖𝜌/2−𝑗−1.

For the values of 𝑑, 𝑑′ indicated in (6), 𝐼 turns out to be equal to

sovietrxiv.org/items/ru-196701.04569 Machine Translation

https://sovietrxiv.org/items/ru-196701.04569


𝐼 = 𝜋 (𝑗 + 𝑗′ − 𝑑 − 𝑑′ − 𝜇 − 𝜈0)!(𝑑 + 𝑑′ + 𝜇 + 𝜈0)!
(𝑗 + 𝑗′ + 1)! 𝜀4(𝑑+𝑑′+𝜇+𝜈0−𝑗+𝑖𝜌/2)

× 𝐹 (𝑗′ + 1 + 𝑖𝜌/2, 𝑑 + 𝑑′ + 𝜇 + 𝜈0 + 1; 𝑗 + 𝑗′ + 2; 1 − 𝜀4) ,
(7)

where 𝐹(𝛼, 𝛽; 𝛾; 𝑧) is the hypergeometric function.

Substituting (7) into (6), we obtain the final result:

𝐷𝑚𝜌
𝑗𝜇; 𝑗′𝜇′(𝜀) = 𝛿𝜇𝜇′

(𝑗 + 𝑗′ + 1){(2𝑗 + 1)(2𝑗′ + 1)(𝑗 − 𝜈0)!(𝑗 + 𝜈0)!×

× (𝑗 − 𝜇)!(𝑗 + 𝜇)!(𝑗′ − 𝜈0)!(𝑗′ + 𝜈0)!(𝑗′ − 𝜇)!(𝑗′ + 𝜇)!}1/2×
× 𝜒𝜈0𝜌

𝑗 𝜒𝜈0𝜌
𝑗′ ∑

𝑑,𝑑′
(−1)𝑑+𝑑′[(𝑗 + 𝑗′ − 𝑑 − 𝑑′ − 𝜇 − 𝜈0)!(𝑑 + 𝑑′ + 𝜇 − 𝜈0)!]×

× [𝑑! 𝑑′!(𝑗 − 𝜇 − 𝑑)!(𝑗′ − 𝜇 − 𝑑′)!(𝑗 − 𝜈0 − 𝑑)!(𝑗′ − 𝜈0 − 𝑑′)!×
× (𝜇 + 𝜈0 + 𝑑)!(𝜇 + 𝜈0 + 𝑑′)!]−1

× 𝜀2(3𝑑′+𝜇+𝜈0+1+𝑖𝜌/2)𝐹(𝑗′ + 1 + 𝑖𝜌/2, 𝑑 + 𝑑′ + 𝜇 + 𝜈0 + 1; 𝑗 + 𝑗′ + 2; 1 − 𝜀4),
(8)

where 𝑑, 𝑑′ run through the integers that do not make any factor under the
factorial sign negative.

We now note some simple properties of the functions 𝐷(𝜀).
1.

𝐷𝑚𝜌
𝑗𝜇; 𝑗′𝜇′(1) = 𝛿𝑗𝑗′ ⋅ 𝛿𝜇𝜇′ . (9)

This equality follows directly from (8), taking into account that 𝐹(𝛼, 𝛽; 𝛾; 0) = 1.
It expresses the fact that we are dealing with the identity transformation.

2.

𝐷𝑚𝜌
𝑗′𝜇′; 𝑗𝜇(𝜀) = 𝐷𝑚𝜌

𝑗𝜇; 𝑗′𝜇′(𝜀−1). (10)

This relation follows directly from the property of the hypergeometric function

𝐹(𝛼, 𝛽; 𝛾; 𝑧) = (1 − 𝑧)−𝛽𝐹(𝛾 − 𝛼, 𝛽; 𝛾; 𝑧/(𝑧 − 1)).
3. From (9), (10), and the group property of the functions 𝐷, it follows at

once that
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∑
𝑗𝜇

𝐷𝑚𝜌
𝑗𝜇; 𝑗′𝜇′(𝜀) 𝐷𝑚𝜌

𝑗𝜇; 𝑗″𝜇″(𝜀) = 𝛿𝑗′𝑗″𝛿𝜇′𝜇″ .

The last relation is the unitarity condition for the representation.

In conclusion, the authors express their deep gratitude to Academician N. N.
Bogoliubov for his interest in the work.

United Institute
for Nuclear Research

Received
21 V 1966
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