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RESENTATION

(Presented by Academician N. N. Bogolyubov on 18 VI 1966)

At the present time the possibility of applying a noncompact symmetry group to
the classification of elementary particles is being intensively discussed (1=5). Tt
has been pointed out that this group must contain as a subgroup SL(2,C), iso-
morphic to the Lorentz group. In connection with this there is increasing interest
in the study of the Lorentz group, especially its unitary (infinite-dimensional)
representations.

In the present work we shall find an expression for the matrix element of proper
Lorentz transformations in the case of a unitary representation. These matrix
elements must be known in studying the structure of the matrix elements of
processes in any symmetry with noncompact groups ®. We note that this
problem was first posed and partially solved (for the case j, = 0) by A. Z.
Dolginov and I. N. Toptygin in (¥). The authors of that work used, as basis
functions, functions that are the analytic continuation of the four-dimensional
spherical functions of Euclidean space (for more detail see (6:7)).

Our derivation is based exclusively on the results of I. M. Gel’ fand and M.
A. Naimark &9, As is known (9, an irreducible representation of the proper
Lorentz group may be characterized by a pair of numbers (j,, ¢), where j, is an
integral or half-integral nonnegative number representing the smallest weight
of representations of the subgroup of three-dimensional rotations, and c is a
complex number. We shall consider here the unitary irreducible representation
of the principal series (o, , in the notation of O G0 = Im/2| = |, ¢ =
—i(signm)p/2 for m # 0; j, = 0, ¢ = +ip/2 for m = 0), to which a purely
imaginary ¢ corresponds.

The canonical basis of the representation o
Ly(2), is (for details see (V)

m,p» Tealized in the Hilbert space

Fipl(2) = —=a M (w)@yf (u), (1)
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where

o () = [ugy ™ P Rugg",

vop z/p Qi — \/(J_VO)'(]—FVO)‘
0 2 + 107 (—1) "2 von
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min(j—vo,j—4)

d j—vo—d 4 j—vo—d j p,dl/0+;t+d

x E : Ci Oy uiiuy “21 Ugo )
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J .
v —2v+ip
onp = | I 7;

v=jo V Av? + p?

C} is the number of combinations of p elements taken g at a time; u, z belong
to the so-called class Z. In the space Ly(z) the scalar product is given by the
formula

ilfa) = / hOREd:  z=xtiy,  di=drdy,  (2)

and to each Lorentz transformation that is described by a matrix

a= (Z“ 212) of the unimodular group of the second order there corresponds
21 Q2
an operator U,, given by the formula

. a;1z2+a
U,f(2) = |a192 + Ggo| TP 2(ay92 + a9)™ f | H—2L ) . 3
F2) = laggz + | ™0 a2+ ag)" f (S 3)
Suppose we have to find the matrix element Dw i ,(a), which is defined as
Uump; jp) = E DPL . s(a)lmps §'1), (4)
]/,U/

where |mp; jiu) denotes the canonical basis of the representation o, p- From (4)
and from the orthonormality condition

17 p 1/ p y p y p
<fj13 ) / " Jou (2) dz 63]’5w

it follows that

sovietrxiv.org/items/ru-196701.04569 Machine Translation


https://sovietrxiv.org/items/ru-196701.04569

mp . Vop ST
D3 (@) = /Uafm (2) f350 (2) dz. (5)
It is known that every matrix a can be represented in the form

a4 = UjEUy,

where w,u, are unitary unimodular matrices corresponding to a three-
dimensional rotation;

€= (8 891) (¢ is a real number)

and corresponds to a pure Lorentz rotation in the plane (x4, ). Thus, without
loss of generality, one may restrict oneself to finding D;’;ﬁ i (e).

Substituting (1) and (3), with the values

Uy = lgy = (14 |2[*)7H2e ™, Uyy = —lgy = —Z(1 + |2]?) /2

(e™ is a certain phase factor), into (5), we obtain

. . . . 1/2
(G — v + v (7 — v+ v)
g g’ ;

(G =)' (G+ (G — )G+ p)!
min(j—vg,j—p), min(j —vg,j )

Vop_ Voh d+d’
XXX > (—1)
d,d’=max(0,—vy—p)

m 1 . -
D", (g) = = W {(2] +1)(25 +1)

d J—vo—d ~d’ 3 =vo=d’ _a(j—d—p/2—vy/24+1/2—ip/4)
X Cj—ucjﬂe Cj,fqu,ﬂL €

% /dz|Z|2(j+j’—d—d’—u—uo)<1+|Z|2)—¢p/2—j’—1(1+€4|Z|2)¢p/2—j—1_
(6)

Passing to the polar coordinate system

T =1cosp, y=rsingp (0<r<oo, 0<p<2m)

2

and then using the substitution v = r%, we reduce the integral in (6) to the form

[e.¢]
I = 77/ dv vj+j’fdfd’fufl/o(1 + U)fip/%j’fl(l + eho)ir/2-i-1,
0

For the values of d,d’ indicated in (6), I turns out to be equal to
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I:ﬂ- (]"’j/_d_d/ _‘M—.VO)!(d‘i'd/—Fu_i_VO)!E4<d+d/+u+yo_j+ip/2>
G+i+ 1! (7)
XF (i +1+ip/2,d+d +pu+vy+1;j+5 +2;1—¢),

where F(a, 8;7; z) is the hypergeometric function.

Substituting (7) into (6), we obtain the final result:

6,
mp _ pups . y . .
Dyl (€)= m{(QJ +1)(25" +1)(J — )7 + vp)!x

X (= G+ =)+ )G — I+ ) x

XN S ) (4§ —d—d — p— v+ d 4 p— )] ¢
d,d'

) (NG DN — = NG — vy — DN — vy — )i

X (u+vo+d)!(u+Vo+d’>!]71

« 52(3d’+u+uo+1+ip/2>F(j’ +1+ip/2, d+d +p+vy+1; j+5 +2; 1— 54),
(8)
where d,d’ run through the integers that do not make any factor under the
factorial sign negative.

We now note some simple properties of the functions D(e).
1.
mp _ .
Dju;j’;/(l)_é”/ O, . (9)
This equality follows directly from (8), taking into account that F'(a, 8;;0) = 1.
It expresses the fact that we are dealing with the identity transformation.
2.
mp _pmP (1)
Dj/u’;ju<€) o Dj#;j’u’ (e7)- (10)

This relation follows directly from the property of the hypergeometric function

Fla,B;7:2) = (1= 2) PF(y — a, B35 2/ (2 — 1)).

3. From (9), (10), and the group property of the functions D, it follows at
once that
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E mp mp —
4 DjH?j/l’/ (E) Dju;j//,u” (E) = (Sj/j//éu/ul/.
I

The last relation is the unitarity condition for the representation.

In conclusion, the authors express their deep gratitude to Academician N. N.
Bogoliubov for his interest in the work.
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