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Abstract

The work is devoted to the study of the Sturm-Liouville boundary value problem

Yy + f(t,y,y') =0,

apy(a) +apy (@) =0, any(B) +axny' (8) =0 (1)

, which has been investigated by a number of authors. Conditions for the
existence of a solution are provided, and estimates of the solution are given.
The authors demonstrate that the main theorem implies, in particular, certain
results from the works of A. L. Teptin and N. N. Yuberev, and L. S. Rakovshchik.
Moreover, the existence of a solution to the problem is established for the case
Qy10q9 > 05 ag 099 < 0, which has not been previously considered by other
authors. Bibliography: 7 items.

Full Text

1. Introduction and Preliminary Results

In 1967, B. M. Abramov and A. Ya. Khokhryakov [?] investigated the boundary
value problem for the second-order differential equation:

y' + f(ty,y)=0
subject to the boundary conditions:

ay1y(a) + aipy’(a) =0
az1y(B) + azy’ (B) =0

In their work [?], they assumed that a;5 > 0 and ag;a95 < 0. Under these
conditions, they established existence and uniqueness theorems. Specifically,
they analyzed the case where ay a9y < 0 and a5 > 0. In this section, we
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extend these results to the n-th order case y™ + f(t,y,%/, ... ) = 0 under various
boundary conditions.

Consider the linear system:
Y +Ay=Q, My(a)+ Ny(B)=0

where A is a constant matrix. Let f(¢) be a continuous function on [a,T] for
a < T. We define the operator L and the corresponding boundary value problem
as:

z'(a)+ Nz(B) =0 (1.4)

Following the methodology of Abramov and Khokhryakov [?], the solution on
the interval [a, 5*] can be represented via the Green’ s function K (¢, s) as:

B
a:(t):/ K(t,5)f(s)ds (15)

Lemma 1

If>0,a>0,7# «a,and s < 0, then the expression exp(—Bs) satisfies specific
positivity conditions. Specifically, we assume the boundary matrix coefficients
satisfy by > 0, byy <0, by; =0, and byy > 0 (1.6).

Lemma 2

If 7> 0 and s > 0, then exp(—Bs) > 0 (1.7). The Green’ s function K (¢, s) for
the operator Lz = f(t) can be constructed such that:

B
x(t) = / K(t,s)f(s)ds + K(t,a)]M + NK(a, )] 'NK(3,s) (1.8)

From (1.4) and (1.8), we derive the relation:

B
y[M—FNK(a,B)]:/ G(t,s)f(s)ds (1.9)

where the kernel I'(¢, s) is defined for a <t < s < fand a < s <t < [ using
the fundamental solution K (¢, s) = exp[—B(t — s)].

2. Green’ s Function Properties and Estimates

For the case where A — A = 0 (1.14), the components of the Green’ s matrix
['(t,s), denoted as v;1,Y12; Va1, Voo, are derived in equations (1.12)-(1.15). We
observe that for 7 > «, the following inequality holds:

exp[—(T —a)(B—1)] >1—r (1.16)

russiarxiv.org/items/ru-196701.03483 Machine Translation


https://russiarxiv.org/items/ru-196701.03483

RussiaRxiv

This implies that v;5(¢,s) > 0 for ¢t > s on the interval [a, 8]. Furthermore, we

establish that:
exp[—(T—a)(B—t)] —r

T—Q

>0 (1.17)

provided that 7 —a > 1 and 0 < r < 1. At the point ¢ = a, the expression
simplifies, and we can determine the interval length 8 — a required to maintain
the sign of the Green’ s function.

Consider the problem:
' —Az =0, xz(a)+ Nz(f)=0 (2.1)

where z > 0, a < 0, and the boundary coefficients satisfy a,,a;, < 0 and
(91099 > 0. Using the fundamental solution (1.10), the components of the
Green’ s function for (2.1) satisfy:

Y11 >0, 712 <0, Y9 =0, 755 <0 (2.6)

for all ¢, s € [a, A].

3. Existence of Solutions via Monotone Iterations

We now consider the nonlinear problem:
Mz(a)+ Nz(8) =0, Ai+Qz= f(t,x) (4.3)

By applying the transformation x = Ty, the system can be rewritten in a form
suitable for the application of fixed-point theorems in a space with a cone. Let
L, be the operator associated with (4.3). We assume the existence of upper and
lower solutions v; and v, such that:

0y + Bu, < T Lf(t, Tv)

Uy + Buy > T f(t, Tvy) (4.6), (4.7)

The solution can be represented by the integral operator:

B
x(t) = / L(t,8)T1QTx(s) — f(s,Tx(s))]ds = Gz (4.8)

Under the condition (4.5), the operator G is monotonic. If v, (t) < z(t) < vy(t),
then the sequence of iterations w(t) = Gz(t) converges to the solution of (4.3).
This confirms the existence of a solution u(t) satisfying vy (t) < u(t) < v,(¢) for
t € la,f].

4. Second-Order Equations and Differential Inequalities

For the second-order case, we consider the equation:

Yy —by —ay=ft,y,y') (4.16)
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with boundary conditions y(a) = Ky(8) = 0. We assume the existence of
functions u(¢) and v(t) that satisfy the differential inequalities:

u” —byu —agu < —¢(t)

o bl — a0 > 60 (4.14), (4.15)

where ¢(t) > 0. If the function f satisfies the growth condition | f(¢,y,u)| < ¢(¢)
(4.12), then there exists a solution y(t) such that u(t) < y(t) < v(t) for t € [a, 5].
This result generalizes the work of Abramov and Khokhryakov to cases where
a1 > 0 and ay;aqy < 0.

5. Uniqueness and Lipschitz Conditions

Finally, we address the uniqueness of the solution. Suppose f(¢,y,u) satisfies a
Lipschitz condition:

Lf(tyr, ) — f(tye,ug)| < Uilyy — ol + lafug —us|  (5.1)

Let v(t, s) and ~/(t, s) be the Green’ s function and its derivative for the linear
problem (5.2). The solution to the nonlinear problem (4.1) can be expressed as:

B
y(t) = / At 8) (s, y(s), v (s)ds (5.5)

A sufficient condition for the existence and uniqueness of the solution is:

B B
Iy max/ |v(t, s)|ds + 1, max / [v:(t,s)lds <1 (5.6)
t€la,p] Jy, t€a,B] Jg,

By applying the contraction mapping principle to (5.7)-(5.9), we conclude that
the boundary value problem has a unique solution in the specified domain.
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ESTIMATES OF THE SOLVABILITY REGION FOR A SYSTEM OF
EQUATIONS OF A MEMBRANE NET CYLINDRICAL SHELL
IN THE CASE OF THE FIRST BOUNDARY VALUE PROBLEM

E. G. D'YAKONOY, I. K. NIKOLAEV

Shells formed by mutually intersecting layers of absolutely flexible elastic
threads in absolutely flexible elastic threads, have numerous applications in
mechanical engineering. . s N :

A net shell, pre-stressed by air pressure inside its inner cavity, serves as
the power framework of a pneumatic tire. In works [1, 2], a method for
solving the calculation of net shells is developed, consisting in splitting
the fuﬁ stressed state in a thin momentless shell into a stressed state bate
caused by symmetrical loading (internal air pressure) — the initial state,
state, and a stressed state caused by additional loads, while linear diffier-
entez. — the initial state, and a stressed state caused by additional loads,
while linear differential equilibrium equations for small deformations from
the initial state under the action of additional loads are obtained in the
linear approzimation.

Equations for determining displacements and forces in threads for small
deformations of shells from the initial state, containing in the general
case of the shell rotation variable coefficients depending on the shape of
the shell in the initial state, are significantly simplified upon transition
to a cylindrical shell. Such a transition can be completed if one of the
curvatures in the shell rotation is assumed to be equal to zero, while
the initial shape of the shell section is a circle, and the coefficients of the
system of eclmlibeiiurn equations become constant.

The results obtained in the study of a cylindrical shell can be used as a
first approximation to a shell rotation in the case where the curvature of
the shell in case where the curvature of the shell in one of the directions
is sufficiently small.

At the same time, since the main properties of the problems, such as the
type of equations, boqnda;y conditions, right-hand side, are proserved
upon transition to a cylindrical shell, the study of this particular case is of
decisive methodological significance.

Initially, the equilibrium equations for the net shell were obtained in
work [1] using the assumption of the non-extensibility of the length of
the threads in the deformation process (conditions of non-extensibility of
threads). This essential asseumption leads to the fact that the system of
deformation equations turns out to be of non-elliptic type, with the
directions alon%vwhich the threads are located being the characteristics of
the system. hen solving boundary value problems for systems of
differential equations of non-ellipnic type, serious difficulties arise when
they justifying the legitimacy of using known solution methods
(methods of expansion in trigonometric series, various variational
methods), since a priori even the existence of a solution is not guaranteed.

Figure 1: Figure 1
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In the future, the work [2] carries out a generalization to the case of an
arbitrary characteristic of the thread (dependence of force in it on defor-
nlllaﬁudn) and obtains equilibrium equations for a net shell with extensible
threads.

Using the example of cylindrical shell equations, it is shown that the
introduction of thread extensibility significantly facilitates the study of the
coprectness of the boundary value problem formulation (the concept of
correctness, as is well known, means the existence and uniqueness of at
least a generaliznod solution
depending contineously on the
right side of the system).

The system of e%ui ibrium equa-
ctions for a cylindrical shell turn-
ns out to be a strongly ellip-
tice type system, for which
results obtained in [3] can be
used.

For such systems of equations,
it also becomes possible to
apply approximate difference
methods developed in [5 and 6],
and also a wide class of var-
riational methods [7].

Particular attention is paid to
obtaining possibly weak restri-

7 ctions on the domatic domena-
tions, under which the cparec-
ness of the studied boundary

Fig. 1. value problem is guaranteeed

(these restrrictions in the future
restrictions in the future will be called sucffictiovn conditions for cpar-
rectness). Fzalculation results rokasing the influence of parameters encluded
in the coefficiients of the system, namely the angle mewdy threams g and
the parameter p, xapakterizing the extensilnosts of hreads, on suctatiovn
conditions for cparectness are presented. It should be borne in mind that
aothough the conditions obtained in the work on the domatic condtions,
apparently, can be refined, but ewen in the most sawrnant for practice
range of variation B and p [0<u<<0,05;45°<f<60°] they are sucfictiorrs
to guarantee the cparectness of the posed boundary value problems and
the "possibility of applying approximate methods ?{i, 7] for the case of
symmetric larges.

Equations oniscibing small deformations of a cylindrical net chell-s-
;:h]clmnell (fig. 1), obtained in [2], can be written in vector form as
ollows:

Lu(x) = Ru(x) + p Qu(x) = f(x). n

Here (x) = (x,, x;) — dessemsionless coordinates on the shell surface;
u’(x,, x5) — the total displacement vector to be got deterermined,

B uy (%1, Xp) u(xy, x)
u(xy, x3) = [ ta (X1, x3) | = | vxp, x2) |3
3 (x,, X3) w (xy, X3)

Figure 2: Figure 2
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F=1q, g — vector, proportional to the external load; L, R, @ — square
matrices of differential operators:

£D} + D3 2D,D, D,
1 1
Re=g 2D,D, D} + r D} z D,
1 1
—b —wh i
2D} + D} —25°D,D, —(+s)D;
Q=| —2sD,D, $°D} + 2D} D, f
(1+)D, —s2D, £D} + Dy + &

where B — angle between the threads of two families (0 < B < ); c=cosB;
h le b he threads of two families ( ’2‘

s=sinp; r=tgP; p= % ; Np — initial force in the shell from internal

pressure; E, — modulus of the thread material.
Boundary value problem for system (1) under the condition that f(x) —
periodic function in x,;

S+ 20, x) =f(x, x)
is posed as follows: in the strip
M={—co<x<+00, —L,<x,<h, ,>0}
find the solution u of system (1), satisfying the condition of periodicity

inx,
u(xy+2h, X)) = ulx, x) @
and the zero boundary condition in x,
Uls=e, =0 €]

By virtue of condition (2) it is possible to restrict to finding the solution
of the posed problem in the domain

Q={x; —h<x <l —L<x<h}.

Let us introduce into consideration the space W, of vector-functions
u(x), defined and continuous together with their derivatives of the form

D = DY'DYu (a=(a, w), |a|=0,+0,<r)
in the domain , satisfying conditions (2) and
DIDEu(— 1, +0, 1) = DIDSu(l, — 0, x)) || <r. @
Let us define the norm in VZ as follows:

ety ={ 2, (0%, D},

Figure 3: Figure 3
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where
[E0, @] = (0, v®) + (YO, v®) + (W, W)
and by (y, 2) is denoted the scalar product
0.9= [ ydade, ol = 0",
2

3
[lull? = ||‘I\|12.,(u) = Z (i, w).

Below it will be proved that for 0 < 2 < 1 and certain conditions dependent
on B and 1 on the smallness of ¥ = L/m for any function u € W; the
inequality will hold

— [Lu, u) > p8ulfy, ©)
where & > 0 is some number depending on v; W, is the space considered
by S. L. Sobolev in [4];

Tulfy =l + .
Then the system of equations (1), according to M. 1. Vishik (see [3]), is a
system of strongly elliptic type and for it the theorems obtained for systems
of this form in the cave of the first granunary value problem are valid. In
particular, if (5) holds and |[f|* < oo, then the problem (1)—(3) has a unique

generalized in the sense of [4, 3] solution from W; and for it the following
a priori estimate holds, showing the continuous dependence of u on f:

2

ulfy; < F\VH g ©)

M is some constant independent of f. Moreover, if f = f, + Dify +
+ Dyf, then in the right-hand side of (6) instead of ||f||* one can put

Wl + IAIP + a1
In addition, if
Df € Ly(Q), ||D““H.w <D
In order to obtain inequeetity (5), we will establish the necossary anviri-

lary resullary results for this.
Lemma 1. For any u € W the equelity holds

—[Ru, u] =5* (N +J2), Y]
Jy = 1Dyu+ Dy @®)

where

1 Lo
J;=H:D,u+71)2v+7w“ .

Figure 4: Figure 4
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Proof. We have:
— (R, 5] = —s*{(D1u, u) + (D, u) + 2(D1Dyv, u) +

+(yw,3) + 203Dy 0) + 5 (D) +
+ (Dyv,v) + %(Dgw, v) — (D, w) —
- % Om) - % ww). ©

Since for any y and z from W} integration by parts gives (Dyy, z)
2) = —(y, Diz), SDzy, z) = —(y, Dyz), then, applying these equalities
to shift one of the derivatives from the first factor in some terms of the left
side of (9) to the second factor, it is not difficult to obtain

~[R@,u] = s*{|Dyul? + |ED1u* + 2(Dyu, Dyv) +

+2(Dyuyw) + 201, D) + | - Do + 1ol +

#2(ompu) + | [}
from which the validity of the lemma follows.
Lemma 2. For any i € W the following equality holds
—[Qn,8) = -s*(Ji+ ) +J, (10)
where J; and J, are defined by formulas (8), and
3
7= 3 (1Dl +1Dl?) ~ 20w, Dyw) +20w, D). (1)
i=1
Proof. Writing out —[Qii, #] and again applying integration by parts,
we find
(08, @] = leDyul? + Dyl +IsDov| +
+ lstDyv|+ | Dawl + [ Dywl? ~
= llew|® — 25*(Dyu, Dyv) — 25%(Dyv, D) —
—2(Dyu, w) — 25*(Dyu, w) + 2(1 — ¢?)(Dav, w) =
= =1+ J2) + Dyl + 2| DI+ 2| Dyl +
+ DI + |DowlP + Dy — 2(Dyu w) +
+2(Dv,w) = =2 (1 + o) + J.

Figure 5: Figure 5
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From lemmas 1 and 2, it evidently follows
Lemma 3. For any u € WY, the equality holds
— L, u] = (1 — p) S*(Jy + Jo) + pJ. (12)
From (12? for 0 < p < 1it is already easy to conclude the validity of (5)
for sufficiently small y. Our goal is to prove f) under restrictions on v that
are as weak as possible. Therefore, we will subject — [L%, u] to some further
transformations.

Let us first consider the following rather general form of writing J.
‘We shall use the equality

Dy, W) = — r(u, Dyw)
and two identities

q(Dwu, w) = (!D.u +—Dy+—w, w) -

- (% D w) = %uwu*},

PIDw|? = p{ IDw + Dyl + | Dasl* —
—2(Dy + Dgu, D)),
where r, p, g are arbitrary numbers.

Then, substituting into J (see (11)) the expressions r(Dyu, w), —g(Dyu, w),
||D,v|l2 with the help of the indicated formulas, we obtain

= tDwlP + DI + (1 = PIeDwI? + DI +
+ IItDAWH2 +IDgwl? +2 (w, Dy) +2r(Dyw, u) —

—2(1—g—r)(w, D)= ti{(thu+ %D,v-%— %w, w) -

1 1
= (5 D w) = - Iw} + D+ D+

+|Dgul* — 2 (D + Dgu, Dgu)).
Consequently,

— (L&, u] = |s* (1 — W) s> typ p}| Dyt + Dyl —
—2f'p p (Dgut + Dyv, Dat) +5* (1 — ) 1Dy +

+%D,v+%w|’— 2q (tD,u+—Dlu+—w w)+

+r {IIszulll + (1 + ) [Du? + (1 —p) DI +

+IDav|P + [eDywlP + |1 Dowi? +2r (Dyw, u) —

Figure 6: Figure 6
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2 ng (l—q—r)’] 2
Ro=[2L — BT ) 15
R e | TG

Thus, the following is proved
Lemma 4. For any u € W3 the inequality holds

—[La, @] > p{elall, + Ry + R, +Ru}, (16)
f
where € >0 — an arbitrary number from the interval (0, min (1, #?)), and

R,, R,, R, are defined by formulas (13)—(15).
It remains to obtain conditions for the validity of the inequalities
R,>0, R,>0, R,>0,
and then, when these conditions are fulfilled, (5) will also be valid, since
under condition (3)
Wl > el & >0.

22
wi

Necessary conditions for the non-negativity of R, R,, R, for arbitrary
u, v, w from the class of functions under consideration will be:

ety PR
l—e+ip sz(l—p)—f-t’pp)o' an
2(1—p)—e>0, 0<e<]l, (18)
2w (—g—rP
7 152(1 —p) f—¢ >0. S

Let us assume for now that these conditions are fulfilled. Then it is
seen that ¢ must be > 0.
t us now use the fact that for any function z having two continuous
ge{‘ijvatives with respect to x, and vanishing at x, = + J;, the inequality
olds

I Lk 2
J @aran> 45 2 =
A b
If, in this case, z(x,) is an odd function, then
I Lk
J@mrdn>— [z
—h B b
Let 0 =2, if z(x;) is odd with respect to x,, and in other cases © = 1.
Then sufficient conditions for the non-negativity of R,, R,, R,, will be
(17)—(19) and

= P
(l etrp :l(l—u)+t’pv>

Figure 7: Figure 7
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-9 :L

4y*

Since we are interested in the maximum value of y, for which (20), (21)
will hold when (17)—(19) are fulfilled for any p > 0 that is sufficiently
small, it is clear that it is necessary to take p as maximally large.

s - 3
Therefore, we set p =1 — r Then (18) is satisfied as an equality,

and (17) transitions to

pte, p=1+1r—2—

7y <
<

It is obvious, that

pte W>1+2—-2e—(P—e)=1—¢

and (17), (22) will be fulfilled, then, since € < 1.

‘The sneect (s, g, r), for which are suinolnent g > 0 and (19) are fulfilled, we
densate by E;, and y(e, g, r) we denate the upxer bound of the values of y,
satisﬁetsiﬁ'/iing (23), (24) for fixed &, g, r from E,.

Let us find

y() =, ¥E ¢, 0.

It is not difficult to versify, that

= sup y(0, g, 0.
Y@ (q,q,ReE,Y( 97

From (19), (23), (24) with € = 0 we obtain
(I+a)¢g—2Q-ng+01-r*<0,

2
PY<-p@w,

<

.
sl-p '

pB, W =1+7—

*) The depenidence of y on j s omitted in a number of cases for brevity.

Figure 8: Figure 8

—_— >0
(I—ps*+p(—¢)
Instead of (20), (21) we easily obtain inequallities equivalent to them

£—¢
4

(1—gor
2(3+q)

20 +q)
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It is also hopeful to notes that in case 2), of course, there will be
b=1- £ >0.
a

Thus, fows, for fixed p and B, (¢, #) may be easily calcuclated msing
the formylas given above.

1(ph)

Fig. 2.

Now it is not difficult to venrify, that the following is true
Theorem 1. Eclu p < 1 and I;z < 4(t, p), where 4(t, p) is deferenced

by formylas (30), (32), then there ewists a suctatiently small § > 0, that
for alo6ing functions 4 € W the inepability will hold

— (L4, @] > pé vl

In conclosion, we present severoral graphes of y(t, ,.:3 for finecoposannux
¢ (fig. 2), from which it can be concluded, that for g > 0 there is some dety-
rioration in the suffictionus conditions for opareelness compared to the graph of
v(t, 0), but it should be noted, that, first, first, this deterioration relates to
the case of those g > 0, which have very small practical significance,
and, si., this is a detyrioration only of the suffictive conditions, enlywed
obtained by the technique adopted in the paper, which, generally roeoping, moyt
can be roofined.

Let us also the nollowin% xoth custema ypabnening for onpederining
the depasements and cur ss of forces in the huteks for the clyae u = 0, given in
[1], cannot be oblyined from custem (1) by substiuting y = 0, the graph of (t, 0)
provides suffactive conditiors on the size of oblactio, raganterying ge uniuareness
of the pemening hgnunique gradow for custems [1] and in the case of inextensible

utek.

Figure 9: Figure 9
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Indeed, if the system [1] is written in the form

where i is an unknown five-di vector, three of which
are_displacements, and the rest are forces P is a matrix differential
operator; f is a known five-dimensional vector, then, ing [P, iy =

=Y (7, @), it can be verified that the forces in the filaments will drop

i=1

out of the functional [Pi, f),, and this functional itself will have a form exactly
coinciding with that obtained from the right side of formula (12) after
substituting p = 0.
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§ 3. Representation of vectors E and H via Macdonald integrals

Before writing out the main result of this section, let us introduce the
following notations:

r=p(cosgi+singj)+zk=
=ze,+p[cos(@— @) e, +sin(@—g)e;], @1
ro(@) = po (cosai+ sinaj) + zok =
=2, + po [cos (« — 9) e, +sin (2 — 9) &3] (32
(i, j, k — unit vectors along the axes x, , z); note that, according to (1.8),
it is true
R@—@)=|r—r,(a)]. (3.3)
The main result of this section consists in the following.

_Theorem 2. Let ®,(B, 8) be a vector-function defined by the expres-
ssion

00 9= [en [epue 0 o] =
B =9 —a, 1+
e £ € Bl b

2

2cos

Pi® 1
X Vo HE (kRy) — { —2—[e|, [E(L;“ ) e,]] =
_ 2B, —8—aB. n+9)
¢+38
2

+
cos

2pp0 ¢+38

Fora™"s (b o) x

Pik
———— H"(kR) +
2V ppo Ro =

Pik*
R+

_2Vepo_ (@ +8 4R 8) ) +
XMa(R(W+5)cos 5 (@+9)
Pik®

_ g fe—3a( =8
+ P (eamap —9— B2 R E D)

+ cos

(ea-0—3a(B, —8)) X

2V ppo 9+8
Re+8 2

(r—ra(8)) (g0 T— Fo(8))
Ri(e—9) 2

XM,( ) kR(w+5)), (3.4
where

a(p, 8 = @3.5)
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