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Abstract
The work is devoted to the study of the Sturm–Liouville boundary value problem

𝑦″ + 𝑓(𝑡, 𝑦, 𝑦′) = 0,
𝛼11𝑦(𝛼) + 𝛼12𝑦′(𝛼) = 0, 𝛼21𝑦(𝛽) + 𝛼22𝑦′(𝛽) = 0, (1)

, which has been investigated by a number of authors. Conditions for the
existence of a solution are provided, and estimates of the solution are given.
The authors demonstrate that the main theorem implies, in particular, certain
results from the works of A. L. Teptin and N. N. Yuberev, and L. S. Rakovshchik.
Moreover, the existence of a solution to the problem is established for the case
𝛼11𝛼12 > 0; 𝛼21𝛼22 < 0, which has not been previously considered by other
authors. Bibliography: 7 items.

Full Text
1. Introduction and Preliminary Results
In 1967, B. M. Abramov and A. Ya. Khokhryakov [?] investigated the boundary
value problem for the second-order differential equation:

𝑦″ + 𝑓(𝑡, 𝑦, 𝑦′) = 0

subject to the boundary conditions:

𝑎11𝑦(𝑎) + 𝑎12𝑦′(𝑎) = 0
𝑎21𝑦(𝛽) + 𝑎22𝑦′(𝛽) = 0

In their work [?], they assumed that 𝑎12 > 0 and 𝑎21𝑎22 < 0. Under these
conditions, they established existence and uniqueness theorems. Specifically,
they analyzed the case where 𝑎21𝑎22 < 0 and 𝑎12 > 0. In this section, we
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extend these results to the 𝑛-th order case 𝑦(𝑛) +𝑓(𝑡, 𝑦, 𝑦′, … ) = 0 under various
boundary conditions.

Consider the linear system:

𝑦′ + 𝐴𝑦 = 𝑄, 𝑀𝑦(𝑎) + 𝑁𝑦(𝛽) = 0

where 𝐴 is a constant matrix. Let 𝑓(𝑡) be a continuous function on [𝑎, 𝑇 ] for
𝑎 < 𝑇 . We define the operator 𝐿 and the corresponding boundary value problem
as:

𝑥′(𝑎) + 𝑁𝑥(𝛽) = 0 (1.4)

Following the methodology of Abramov and Khokhryakov [?], the solution on
the interval [𝑎, 𝛽∗] can be represented via the Green’s function 𝐾(𝑡, 𝑠) as:

𝑥(𝑡) = ∫
𝛽

𝑎
𝐾(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠 (1.5)

Lemma 1

If 𝜏 > 0, 𝛼 > 0, 𝜏 ≠ 𝛼, and 𝑠 < 0, then the expression exp(−𝐵𝑠) satisfies specific
positivity conditions. Specifically, we assume the boundary matrix coefficients
satisfy 𝑏11 > 0, 𝑏12 < 0, 𝑏21 = 0, and 𝑏22 > 0 (1.6).

Lemma 2

If 𝜏 > 0 and 𝑠 > 0, then exp(−𝐵𝑠) > 0 (1.7). The Green’s function 𝐾(𝑡, 𝑠) for
the operator 𝐿𝑥 = 𝑓(𝑡) can be constructed such that:

𝑥(𝑡) = ∫
𝛽

𝑎
𝐾(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠 + 𝐾(𝑡, 𝑎)[𝑀 + 𝑁𝐾(𝑎, 𝛽)]−1𝑁𝐾(𝛽, 𝑠) (1.8)

From (1.4) and (1.8), we derive the relation:

𝑦[𝑀 + 𝑁𝐾(𝑎, 𝛽)] = ∫
𝛽

𝑎
𝐺(𝑡, 𝑠)𝑓(𝑠)𝑑𝑠 (1.9)

where the kernel Γ(𝑡, 𝑠) is defined for 𝑎 < 𝑡 < 𝑠 < 𝛽 and 𝑎 < 𝑠 < 𝑡 < 𝛽 using
the fundamental solution 𝐾(𝑡, 𝑠) = exp[−𝐵(𝑡 − 𝑠)].

2. Green’s Function Properties and Estimates
For the case where 𝐴 − Λ = 0 (1.14), the components of the Green’s matrix
Γ(𝑡, 𝑠), denoted as 𝛾11, 𝛾12, 𝛾21, 𝛾22, are derived in equations (1.12)–(1.15). We
observe that for 𝜏 > 𝛼, the following inequality holds:

exp[−(𝜏 − 𝛼)(𝛽 − 𝑡)] > 1 − 𝑟 (1.16)
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This implies that 𝛾12(𝑡, 𝑠) > 0 for 𝑡 > 𝑠 on the interval [𝑎, 𝛽]. Furthermore, we
establish that:

exp[−(𝜏 − 𝛼)(𝛽 − 𝑡)] − 𝑟
𝜏 − 𝛼 > 0 (1.17)

provided that 𝜏 − 𝛼 > 1 and 0 < 𝑟 < 1. At the point 𝑡 = 𝑎, the expression
simplifies, and we can determine the interval length 𝛽 − 𝑎 required to maintain
the sign of the Green’s function.

Consider the problem:

𝑥′ − 𝐴𝑥 = 0, 𝑥(𝑎) + 𝑁𝑥(𝛽) = 0 (2.1)

where 𝑥 > 0, 𝛼 < 0, and the boundary coefficients satisfy 𝑎11𝑎12 < 0 and
𝑎21𝑎22 > 0. Using the fundamental solution (1.10), the components of the
Green’s function for (2.1) satisfy:

𝛾11 > 0, 𝛾12 < 0, 𝛾21 = 0, 𝛾22 < 0 (2.6)

for all 𝑡, 𝑠 ∈ [𝑎, 𝛽].

3. Existence of Solutions via Monotone Iterations
We now consider the nonlinear problem:

𝑀𝑥(𝑎) + 𝑁𝑥(𝛽) = 0, 𝐴 ̇𝑥 + 𝑄𝑥 = 𝑓(𝑡, 𝑥) (4.3)

By applying the transformation 𝑥 = 𝑇 𝑦, the system can be rewritten in a form
suitable for the application of fixed-point theorems in a space with a cone. Let
𝐿2 be the operator associated with (4.3). We assume the existence of upper and
lower solutions 𝑣1 and 𝑣2 such that:

̇𝑣1 + 𝐵𝑣1 ≤ 𝑇 −1𝑓(𝑡, 𝑇 𝑣1)
̇𝑣2 + 𝐵𝑣2 ≥ 𝑇 −1𝑓(𝑡, 𝑇 𝑣2) (4.6), (4.7)

The solution can be represented by the integral operator:

𝑥(𝑡) = ∫
𝛽

𝑎
Γ(𝑡, 𝑠)𝑇 −1[𝑄𝑇 𝑥(𝑠) − 𝑓(𝑠, 𝑇 𝑥(𝑠))]𝑑𝑠 ≡ 𝐺𝑥 (4.8)

Under the condition (4.5), the operator 𝐺 is monotonic. If 𝑣1(𝑡) ≤ 𝑥(𝑡) ≤ 𝑣2(𝑡),
then the sequence of iterations 𝑤(𝑡) = 𝐺𝑥(𝑡) converges to the solution of (4.3).
This confirms the existence of a solution 𝑢(𝑡) satisfying 𝑣1(𝑡) ≤ 𝑢(𝑡) ≤ 𝑣2(𝑡) for
𝑡 ∈ [𝑎, 𝛽].

4. Second-Order Equations and Differential Inequalities
For the second-order case, we consider the equation:

𝑦″ − 𝑏1𝑦′ − 𝑎1𝑦 = 𝑓(𝑡, 𝑦, 𝑦′) (4.16)
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with boundary conditions 𝑦(𝑎) = 𝐾𝑦(𝛽) = 0. We assume the existence of
functions 𝑢(𝑡) and 𝑣(𝑡) that satisfy the differential inequalities:

𝑢″ − 𝑏1𝑢′ − 𝑎1𝑢 ≤ −𝜙(𝑡)
𝑣″ − 𝑏1𝑣′ − 𝑎1𝑣 ≥ 𝜙(𝑡) (4.14), (4.15)

where 𝜙(𝑡) > 0. If the function 𝑓 satisfies the growth condition |𝑓(𝑡, 𝑦, 𝑢)| ≤ 𝜙(𝑡)
(4.12), then there exists a solution 𝑦(𝑡) such that 𝑢(𝑡) ≤ 𝑦(𝑡) ≤ 𝑣(𝑡) for 𝑡 ∈ [𝑎, 𝛽].
This result generalizes the work of Abramov and Khokhryakov to cases where
𝑎12 > 0 and 𝑎21𝑎22 < 0.

5. Uniqueness and Lipschitz Conditions
Finally, we address the uniqueness of the solution. Suppose 𝑓(𝑡, 𝑦, 𝑢) satisfies a
Lipschitz condition:

|𝑓(𝑡, 𝑦1, 𝑢1) − 𝑓(𝑡, 𝑦2, 𝑢2)| ≤ 𝑙1|𝑦1 − 𝑦2| + 𝑙2|𝑢1 − 𝑢2| (5.1)

Let 𝛾(𝑡, 𝑠) and 𝛾′
𝑡(𝑡, 𝑠) be the Green’s function and its derivative for the linear

problem (5.2). The solution to the nonlinear problem (4.1) can be expressed as:

𝑦(𝑡) = ∫
𝛽

𝑎
𝛾(𝑡, 𝑠)𝑓(𝑠, 𝑦(𝑠), 𝑦′(𝑠))𝑑𝑠 (5.5)

A sufficient condition for the existence and uniqueness of the solution is:

𝑙1 max
𝑡∈[𝑎,𝛽]

∫
𝛽

𝑎
|𝛾(𝑡, 𝑠)|𝑑𝑠 + 𝑙2 max

𝑡∈[𝑎,𝛽]
∫

𝛽

𝑎
|𝛾′

𝑡(𝑡, 𝑠)|𝑑𝑠 < 1 (5.6)

By applying the contraction mapping principle to (5.7)–(5.9), we conclude that
the boundary value problem has a unique solution in the specified domain.
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