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MATHEMATICS

V. E. LYANTSE

A NON-SELF-ADJOINT DIFFERENCE OPER-
ATOR
(Presented by Academician I. N. Vekua on 10 VI 1966)

In the present note a difference analogue of the non-self-adjoint Sturm—Liouville
operator on the half-line is studied.

1. We shall consider the difference expression 𝑙, which transforms a
sequence of complex numbers 𝑦 = (𝑦0, 𝑦1, 𝑦2, …) into the sequence
𝑙𝑦 = ((𝑙𝑦)1, (𝑙𝑦)2, …) by the formulas

(𝑙𝑦)𝑗 = 1
2(𝑦𝑗−1 + 𝑦𝑗+1) − 𝑏𝑗𝑦𝑗, 𝑗 = 1, 2, … ; (1)

here (𝑏1, 𝑏2, …) is a given sequence of complex numbers. We shall be interested
in certain solutions 𝑦 of the difference equation

(𝑙𝑦)𝑗 = 𝜆𝑦𝑗 = 0 (𝜆 = 1
2 (𝜌−1 + 𝜌), |𝜌| ⩾ 1), (2)

containing the complex parameter 𝜆, which it is convenient to regard as the
function of 𝜌 indicated in (2).

2. Let 𝑠𝑗(𝜆), 𝑐𝑗(𝜆) be solutions of equation (2) satisfying the initial con-
ditions 𝑠0(𝜆) = 0, 𝑠1(𝜆) = 1, 𝑐0(𝜆) = 1, 𝑐1(𝜆) = 0*. These solu-
tions are polynomials in 𝜆 of degrees 𝑗 − 1 and 𝑗 − 2, respectively. For
each 𝛿 > 0 denote by 𝑊𝛿 the following domain in the complex 𝜆-plane:
𝑊𝛿 = {𝜌 ∶ |𝜌| ⩾ 1, |𝜌2 − 1| ⩾ 𝛿}. There exists a 𝐶 > 0, and for each
𝛿 > 0 there exists a 𝐶𝛿 > 0, such that for 𝜌 ∈ 𝑊𝛿 and for all 𝑗 = 2, 3, …

|𝑠𝑗(𝜆)| ⩽ 𝐶|𝜌|𝑗−1 exp𝐶𝛿|𝜌|−1
𝑗−1
∑
𝑙=1

|𝑏𝑙|, |𝑐𝑗(𝜆)| ⩽ 𝐶|𝜌|𝑗−2 exp𝐶𝛿|𝜌|−1
𝑗−1
∑
𝑙=1

|𝑏𝑙|.

3. Put
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𝜎𝑗 =
∞

∑
𝑙=𝑗+1

|𝑏𝑙|, 𝜎1𝑗 =
∞

∑
𝑙=𝑗+1

𝑙|𝑏𝑙|.

If 𝜎1𝑗 < ∞, then equation (2) has a solution 𝑒𝑗(𝜌), which can be represented in
the form

𝑒𝑗(𝜌) = 𝜌−𝑗 +
∞

∑
𝑙=𝑗+1

𝑘𝑗𝑙𝜌−𝑙, |𝜌| ⩾ 1, 𝑗 = 0, 1, 2, … ,

and moreover

|𝑘𝑗𝑙| ⩽ 𝐶𝑒𝜎1𝑗𝜎[(𝑗+𝑙)/2], 𝑙 > 𝑗 = 0, 1, 2, … ;

here 𝐶 is a certain number, and [𝑥] is the integer part of 𝑥. The assertion
just formulated is analogous to the well-known theorem on the transformation
operator for solutions of differential equations.

It is easy to see that the solution 𝑒𝑗(𝜌) is continuous in 𝜌 for |𝜌| ⩾ 1 and
holomorphic for |𝜌| > 1, 𝑗 = 0, 1, 2, ….

For the existence of a solution 𝑒𝑗(𝜌) equal to 𝜌−𝑗(1 + 𝑜(1)) as 𝑗 → ∞, it is
sufficient that 𝜎𝑗 < ∞.

4. If 𝜎𝑗 < ∞, then for each 𝛿 > 0 there exists a natural number ℎ𝛿 such that
equation (2) has a solution ̂𝑒𝑗(𝜌), satisfying asymptoti-

* If 𝑏1 = 𝑏2 = ⋯ = 0, then 𝑠𝑗(𝜆) = (𝜌−𝑗 − 𝜌𝑗)(𝜌−1 − 𝜌)−1 and is a differ-
ence analogue of the function 𝜆−1/2 sin𝑥𝜆1/2; 𝑐𝑗(𝜆) is a difference analogue of
cos𝑥𝜆1/2.

to the asymptotic equality

̂𝑒𝑗(𝜌) = 𝜌𝑗[1 + 𝑂(1/𝜌)], |𝜌| → ∞

uniformly for 𝑗 > ℎ𝛿, 𝜌 ∈ 𝑊𝛿. Moreover, for every 𝛼 > 0

̂𝑒𝑗(𝜌) = 𝜌(𝑗)[1 + 𝑜(1)], 𝑗 → ∞,

uniformly with respect to 𝜌 for 𝜌 ∈ 𝑊𝛿, |𝜌| > 1 + 𝛼.
If, for some 𝛾 > 0, the series ∑ 𝑙1+𝛾|𝑏𝑙| converges, then for 𝜆 = 1 and (𝜆 = −1)
equation (2) has a solution ̂𝑒𝑗(𝜌) for which
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̂𝑒𝑗(1) = 𝑗[1 + 𝑂(𝑗−𝛾)], 𝑗 → ∞

( ̂𝑒𝑗(−1) = (−1)𝑗𝑗[1 + 𝑂(𝑗−𝛾)], 𝑗 → ∞).
5. The Wronskian 𝑤(𝛼𝑗, 𝛽𝑗) = 𝛼𝑗𝛽𝑗+1 − 𝛼𝑗+1𝛽𝑗 of any pair of solutions 𝛼𝑗, 𝛽𝑗

of equation (2) does not depend on 𝑗. We have

𝑤(𝑒𝑗(𝜌), ̂𝑒𝑗(𝜌)) = 𝜌 − 𝜌−1, 𝜌 ∈ 𝑊𝛿.
6. Denote by 𝐻 = 𝑙2[1, ∞) the Hilbert space of sequences 𝑦 = (𝑦1, 𝑦2, …)

with norm

‖𝑦‖ = (
∞

∑
𝑛=1

|𝑦𝑛|2)
1/2

.

For each sequence 𝑦 ∈ 𝐻 set

𝑦0 = 𝜃𝑦1, (3)

where 𝜃 is a fixed complex number. In what follows, when computing (𝑙𝑦)1, we
shall take into account the“boundary”condition (3), and by 𝐿𝑦 = 𝐿𝜃𝑦 we shall
denote the sequence ((𝑙𝑦)1, (𝑙𝑦)2, …). If sup |𝑏𝑗| < ∞, in particular if 𝜎𝑗 < ∞,
then 𝐿 is a continuous linear operator mapping all of 𝐻 into itself.

7. Let 𝜎𝑗 < ∞. Then the operator 𝐿 has no eigenvalues 𝜆 in the interval
(−1, +1). The spectrum of the operator 𝐿 consists of the segment [−1, +1]
and eigenvalues 𝜆 determined by the formula 𝜆 = 1

2 (𝜌−1 + 𝜌), where 𝜌 is a
root of the equation 𝜃𝑒1(𝜌) − 𝑒0(𝜌) = 0 and |𝜌| > 1. The eigenvalues of 𝐿
form a bounded (at most countable) set, whose limit points may lie only
on the segment [−1, +1]. All points 𝜆 ∈ (−1, +1) belong to the continuous
spectrum of 𝐿. If the series ∑ 𝑙1+𝛾|𝑏𝑙| converges for some 𝛾 > 0, then the
points 𝜆 = ±1 also belong to the continuous spectrum of 𝐿.

8. Let 𝜎𝑗 < ∞ and let 𝜆 be a point of the resolvent set, and 𝑅𝜆 = (𝐿 − 𝜆)−1

the resolvent of the operator 𝐿. Put

𝑎(𝜌) = 𝜃𝑒1(𝜌) − 𝑒0(𝜌), 𝜔𝑗(𝜆) = 𝑠𝑗(𝜆) + 𝜃𝑐𝑗(𝜆);

𝑅𝑗𝑙(𝜆) = {2𝑒𝑗(𝜌)𝜔𝑙(𝜌)/𝑎(𝜌), for 𝑙 = 1, … , 𝑗 − 1,
2𝜔𝑗(𝜌)𝑒𝑙(𝜌)/𝑎(𝜌), for 𝑙 = 𝑗, 𝑗 + 1, … .

Then for all 𝑓 ∈ 𝐻
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(𝑅𝜆𝑓)𝑗 =
∞

∑
𝑙=1

𝑅𝑗𝑙(𝜆)𝑓𝑙, 𝑗 = 1, 2, … .

There exists 𝐶 > 0, and for every 𝛿 > 0 there exists 𝐶𝛿 such that

𝐶/|𝑎(𝜌)|√|𝜌| − 1 ≤ ‖𝑅𝜆‖ ≤ 𝐶𝛿/|𝑎(𝜌)|(|𝜌| − 1),

where the second inequality holds only for 𝜌 ∈ 𝑊𝛿.

9. Everywhere in what follows we assume that, for some 𝜀 > 0,

∞
∑
𝑗=1

(1 + 𝜀)𝑗|𝑏𝑗| < ∞. (4)

Only under this assumption (which is analogous to the condition of exponential
decrease of the “potential,”introduced in the case of a differential operator by
M. A. Naimark) shall we construct spectral expansions corresponding to the
operator 𝐿.
Now the solution 𝑒𝑗(𝜌) (see Sec. 3) admits an analytic continuation from the
domain |𝜌| > 1 to a function holomorphic in the domain |𝜌| > (1 + 𝜀)−1/2.
Therefore the equation 𝜃𝑒1(𝜌) − 𝑒0(𝜌) = 0 has only a finite number of solutions
in the domain |𝜌| ≥ 1, and, in particular, the operator 𝐿 has only a finite number
of eigenvalues. The roots of the equation 𝜃𝑒1(𝜌) − 𝑒(𝜌) = 0 such that |𝜌| ≥ 1
will be called the singular numbers of the operator 𝐿. Denote by 𝜌1, … , 𝜌𝛼 the
singular numbers for which |𝜌𝑘| > 1, 𝑘 = 1, … , 𝛼, and by 𝜌𝛼+1, … , 𝜌𝛽 those
singular numbers for which |𝜌𝑘| = 1, 𝑘 = 𝛼 + 1, … , 𝛽. Let 𝜆𝑘 = 1

2 (𝜌−1
𝑘 + 𝜌𝑘).

For 𝑘 = 1, … , 𝛼, the number 𝜆𝑘 is an eigenvalue of the operator (and there
are no other eigenvalues). The numbers 𝜆𝛼+1, … , 𝜆𝛽 belong to the continuous
spectrum; we shall call them spectral singularities of the operator 𝐿.
In what follows, by 𝑚𝑘 we denote the multiplicity of the root 𝜌𝑘 of the equation
𝜃𝑒1(𝜌) − 𝑒0(𝜌) = 0. The numbers 𝑚1, … , 𝑚𝛼 coincide with the multiplicities of
the eigenvalues 𝜆1, … , 𝜆𝛼, i.e., with the dimensions of the corresponding root
subspaces. The numbers 𝑚𝛼+1, … , 𝑚𝛽 will be called the multiplicities of the
spectral singularities 𝜆𝛼+1, … , 𝜆𝛽.

10. Denote by ℬ𝑘𝑗(𝜆) any bounded measurable functions on the interval −1 ≤
𝜆 ≤ +1, holomorphic in a neighborhood of the spectral singularities
𝜆𝛼+1, … , 𝜆𝛽 and satisfying the conditions

⎧{
⎨{⎩

[( 𝑑
𝑑𝜆)

𝑗′

ℬ𝑘𝑗(𝜆)]
𝜆=𝜆𝑘′

⎫}
⎬}⎭

= {1, if 𝑗 = 𝑗′, 𝑘 = 𝑘′,
0, in all other cases.

sovietrxiv.org/items/ru-196701.03055 Machine Translation

https://sovietrxiv.org/items/ru-196701.03055


For an arbitrary function Φ(𝜆), differentiable 𝑚𝑘 − 1 times at the point 𝜆𝑘, 𝑘 =
𝛼 + 1, … , 𝛽, put

[ℬΦ(𝜆)] = Φ(𝜆) −
𝛽

∑
𝑘=𝛼+1

𝑚𝑘−1
∑
𝑗=0

ℬ𝑘𝑗(𝜆)Φ(𝑗)(𝜆𝑘).

The point 𝜆𝑘 is a root of the function [ℬΦ(𝜆)] of multiplicity at least 𝑚𝑘, 𝑘 =
𝛼 + 1, … , 𝛽. The following expansion in eigenfunctions of the operator 𝐿 for the
“kernel”of the resolvent (see Sec. 8) is valid:

𝑅𝑗𝑙(𝑧) = 2
𝜋 ∫

+1

−1
[ℬ𝜔𝑗(𝜆)𝜔𝑙(𝑙)

𝜆 − 𝑧 ] 𝑖
√

1 − 𝜆2 𝑑𝜆
𝑎(𝜆 + 𝑖

√
1 − 𝜆2) 𝑎(𝜆 − 𝑖

√
1 − 𝜆2)

+

+
𝛽

∑
𝑘=1

⎧{
⎨{⎩

[( 𝑑
𝑑𝜆)

𝑚𝑘−1
𝑀𝑘(𝜆)𝜔𝑗(𝜆)𝜔𝑙(𝜆)

𝜆 − 𝑧 ]
𝜆=𝜆𝑘

⎫}
⎬}⎭

; (5)

here
√

1 − 𝜆2 ≥ 0 for 𝜆 ∈ [−1, +1], 𝑎(𝜌) = 𝜃𝑒1(𝜌) − 𝑒0(𝜌), and the functions
𝑀𝑘(𝜆) for 𝑘 = 𝛼 + 1, … , 𝛽 depend on the choice of the functions ℬ𝑘𝑗(𝜆). The
subintegral function in formula (5) is bounded. If there are no spectral singu-
larities, then the operator ℬ in formula (5) is superfluous.

11. Introduce the notation 𝜔𝑓(𝜆) = ∑∞
𝑗=1 𝑓𝑗𝜔𝑗(𝜆). There exists a number

𝐶 > 0 such that

∫
+1

−1
|𝜔𝑓(𝜆)|2

√
1 − 𝜆2 𝑑𝜆 ≤ 𝐶

∞
∑
𝑗=1

|𝑓𝑗|2.

Let 𝜔(𝑚)
𝑗 (𝜆) = (𝑑/𝑑𝜆)𝑚𝜔𝑗(𝜆); then

𝑤(𝑚)
𝑓 (𝜆𝑘) =

∞
∑
𝑗=1

𝑓𝑗𝜔(𝑚)
𝑗 (𝜆𝑘),

𝑘 = 1, … , 𝛼; 𝑚 = 0, … , 𝑚𝑘 − 1, are continuous functionals of 𝑓 ∈ 𝐻. The collec-
tion of quantities 𝜔𝑓(𝜆), 𝜆 ∈ [−1, +1], 𝜔(𝑚)

𝑓 (𝜆𝑘), 𝑘 = 1, … , 𝛼, 𝑚 = 0, … , 𝑚𝑘 − 1,
will be called the 𝐿-Fourier transform of the element 𝑓 ∈ 𝐻.

There exist linear continuous functionals 𝑀𝑘𝑚 ∶ 𝑓 → 𝑀𝑘𝑚(𝑓), defined on the
space 𝐻, such that for every element 𝑓 ∈ 𝐻 the following expansion in eigen-
functions of the operator 𝐿 is valid:
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𝑓𝑗 = 2
𝜋 ∫

+1

−1
[𝔅𝜔𝑗(𝜆)] 𝜔𝑓(𝜆)

√
1 − 𝜆2 𝑑𝜆

𝑎(𝜆 + 𝑖
√

1 − 𝜆2) 𝑎(𝜆 − 𝑖
√

1 − 𝜆2)
+

𝛽
∑
𝑘=1

𝑚𝑘−1
∑
𝑚=0

𝑀𝑘𝑚(𝑓) 𝜔(𝑚)
𝑗 (𝜆𝑘).

(6)

For 𝑘 = 1, … , 𝛼 the formulas for the functionals 𝑀𝑘𝑚 are not difficult to write
explicitly. For 𝑘 = 𝛼 + 1, … , 𝛽 the values of these functionals are uniquely
determined by the condition 𝑓 ∈ 𝐻 = 𝑙2[1, ∞). Formula (6) may be interpreted
as the inversion formula for the 𝐿-Fourier transform of a function 𝑓 ∈ 𝐻. Using
methods analogous to those employed in the case of differential operators, the 𝐿-
Fourier transform can be extended to functions 𝑓𝑗 growing arbitrarily as 𝑗 → ∞.
The extended 𝐿-Fourier transform is not uniquely invertible: it is zero on the
subspace spanned by the principal functions of the spectral singularities, i.e., on
the functions 𝜔(𝑚)

𝑗 (𝜆𝑘), 𝑘 = 𝛼 + 1, … , 𝛽; 𝑚 = 0, … , 𝑚𝑘 − 1.
12. Denote by 𝔖 the manifold of those functions 𝑓 ∈ 𝐻 for which

∫
+1

−1
∣ 𝜔𝑓(𝜆)
𝑎(𝜆 + 𝑖

√
1 − 𝜆2)

∣
2 √

1 − 𝜆2 𝑑𝜆 < ∞.

The manifold 𝔖 is dense in the space 𝐻. For any 𝑓 ∈ 𝔖 and 𝑔 ∈ 𝐻, the following
generalized Parseval equality holds:

∞
∑
𝑗=1

𝑓𝑗𝑔𝑗 = 2
𝜋 ∫

+1

−1
𝜔𝑓(𝜆)𝜔𝑔(𝜆)

√
1 − 𝜆2 𝑑𝜆

𝑎(𝜆 + 𝑖
√

1 − 𝜆2) 𝑎(𝜆 − 𝑖
√

1 − 𝜆2)
+

𝛼
∑
𝑘=1

{( 𝑑
𝑑𝜆)

𝑚𝑘−1
𝑀𝑘(𝜆)𝜔𝑓(𝜆)𝜔𝑔(𝜆)}

𝜆=𝜆𝑘

.
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