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MATHEMATICAL PHYSICS

A. S. SHVARTS

A NEW FORMULATION OF QUANTUM
THEORY
(Presented by Academician N. N. Bogolyubov on 16 V 1966)

Quantum field theory has usually been formulated in terms of creation and
annihilation operators ̂𝑎+(𝑘), ̂𝑎(𝑘), subject to canonical commutation or anti-
commutation relations and acting in a Hilbert space 𝐻𝑎 containing the vacuum
vector 𝜃𝑎, i.e., a vector satisfying the conditions ̂𝑎(𝑘)𝜃𝑎 = 0 (Fock space). How-
ever, after the proof of Haag’s well-known theorem it became clear that the
Hamiltonian formalism in the space 𝐻𝑎 is manifestly incorrect in the case of
relativistic quantum field theory. This stimulated the study of so-called patho-
logical representations of the commutation relations (representations in which
there is no vacuum vector), but the consideration of these representations has
not led to the construction of a correct theory.

In the present note a representation of state vectors by functionals is constructed
and studied, in a certain sense uniting state vectors belonging to inequivalent
representations of the commutation relations. Using this functional representa-
tion of state vectors, one can indicate a new formulation of quantum theory that
does not appeal to the concept of Hilbert space. This formulation apparently
makes it possible, in a certain sense, to rehabilitate the Hamiltonian approach
in quantum field theory. As an illustration, a model of a scalar field interacting
with a source is considered. The introduced representation of state vectors also
makes it possible to consider from a new point of view the question of locality
in quantum field theory.

Thus, let ̂𝑎+(𝑘), ̂𝑎(𝑘) be creation and annihilation operators (more precisely,
operator-valued generalized functions) in a Hilbert space 𝐻, satisfying the rela-
tions [ ̂𝑎(𝑘), ̂𝑎+(𝑙)] = 𝛿(𝑘 − 𝑙) for bosons and [ ̂𝑎(𝑘), ̂𝑎+(𝑙)]+ = 𝛿(𝑘 − 𝑙) for fermions
(here 𝑘, 𝑙 range over some set with a measure). To a normalized vector Φ ∈ 𝐻
in the Bose case we associate the functional 𝐿(𝛼∗, 𝛼) = (𝑒−𝛼𝑎̂+𝑒𝛼∗𝑎̂Φ, Φ) (here
𝛼∗(𝑘), 𝛼(𝑘) are complex conjugate numerical functions; expressions of the type
𝛼 ̂𝑎+ here and below are understood as ∫ 𝛼(𝑘) ̂𝑎+(𝑘) 𝑑𝑘). In the Fermi case we
associate with the vector Φ a functional of functions with anticommuting values
𝐿(𝛼∗, 𝛼) (see (1)), defined by the formula

sovietrxiv.org/items/ru-196701.02669 Machine Translation

https://sovietrxiv.org/items/ru-196701.02669


𝐿 = ∑
𝑚,𝑛

∫ 𝐿𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛)𝛼∗(𝑙𝑛) … 𝛼∗(𝑙1)𝛼(𝑘𝑚) … 𝛼(𝑘1) 𝑑𝑚𝑘 𝑑𝑛𝑙,

where

𝐿𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛) =

= (−1)𝑚

𝑚!𝑛! ( ̂𝑎+(𝑘1) … ̂𝑎+(𝑘𝑚) ̂𝑎(𝑙1) … ̂𝑎(𝑙𝑛)Φ, Φ);

however, for fermions one may also use the notation

𝐿(𝛼∗, 𝛼) = (𝑒−𝛼𝑎̂+𝑒𝛼∗𝑎̂Φ, Φ)

with the corresponding clarification of its meaning. In what follows all formulas
will be written in a form suitable both for bosons and for fermions.

We especially emphasize that the 𝐿-functional is defined for vectors from any
space in which the canonical commutation relations are represented.

relations. Both in the Bose case and in the Fermi case one can prove that the
𝐿-functional exists for every vector from any representation of the commutation
relations. (In other words, the 𝐿-functional admits arbitrary—not necessarily
proper—canonical transformations.) However, in the Bose case the 𝐿-functional
may fail to be analytic even if it corresponds to a vector from the Fock space 𝐻𝑎
(a vector Φ corresponds to an 𝐿-functional differentiable infinitely many times
provided that the sequence 𝑝𝑛 of probabilities of finding 𝑛 particles in the state
Φ tends to zero faster than any power of 1/𝑛; in the case of a finite number of
degrees of freedom this condition is also necessary for infinite differentiability of
the 𝐿-functional).

If

̂𝑏(𝑥) = ∫ Φ(𝑥, 𝑘) ̂𝑎(𝑘) 𝑑𝑘 + ∫ Ψ(𝑥, 𝑘) ̂𝑎+(𝑘) 𝑑𝑘 + 𝑓(𝑥)

is a linear canonical transformation, and 𝜃𝑎 is the vacuum vector for the opera-
tors ̂𝑎(𝑘) (i.e., ̂𝑎(𝑘)𝜃𝑎 = 0), then the 𝐿-functional on the vector 𝜃𝑎, constructed
by means of the operators ̂𝑏+(𝑥), ̂𝑏(𝑥), is equal to

Λ(𝛽∗, 𝛽) = exp (1
2𝛽∗ΨΦ′𝛽∗ + 1

2𝛽Φ∗Ψ+𝛽 − 𝛽∗ΨΨ+𝛽 − 𝛽𝑓∗ + 𝛽∗𝑓)

(and exists independently of the propriety of the canonical transformation).
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One can give simple formulas which make it possible to express the 𝐿-functional
𝐿1(𝛽∗, 𝛽), constructed by means of the operators ̂𝑏+(𝑥), 𝑏̂(𝑥), in terms of the 𝐿-
functional 𝐿0(𝑎∗, 𝑎), constructed on the same vector by means of the operators
̂𝑎+(𝑘), ̂𝑎(𝑘); namely:

𝐿1(𝛽∗, 𝛽) = Λ(𝛽∗, 𝛽)𝐿0(Φ′𝛽∗ − Ψ+𝛽, Φ+𝛽 − Ψ′𝛽∗).

The 𝐿-functional can be defined not only for a pure state represented by a vector
Φ, but also for a mixed state represented by a density matrix 𝐾̂, acting in 𝐻,
by the formula

𝐿𝐾̂(𝑎∗, 𝑎) = Sp (𝑒−𝑎∗𝑎̂+𝑒𝑎∗𝑎𝑎̂𝐾̂) ;

if the operator 𝐾̂ acts in Fock space, then the formula holds

𝐿𝐾̂(𝑎∗, 𝑎) = ∫ 𝑒𝛼𝑎∗−𝛼∗𝑎+𝛼𝑎∗−𝑎𝑎∗𝐾̃(𝑎∗, 𝑎) 𝑑𝑎 𝑑𝑎∗,

where 𝐾̃(𝑎∗, 𝑎) is the functional, defined in (1), corresponding to the matrix
form of the operator 𝐾̂, and also the formula

𝐾̃(𝑎∗, 𝑎) = ∫ 𝑒𝛼𝑎∗+𝛼𝑎∗−𝑎𝑎∗+𝑎𝑎∗𝐿𝐾̂(𝛼∗, 𝛼) 𝑑𝛼 𝑑𝛼∗;

continual integration in the Fermi case is understood in the sense of (1). From
the formulas just indicated there follow in an obvious way formulas connecting
the 𝐿-functional constructed on the vector Φ ∈ 𝐻𝑎 with the Fock functional (1).

The conditions satisfied by the density matrix 𝐾̂ impose certain restrictions on
the corresponding functional 𝐿; in particular, from the condition Sp 𝐾̂ = 1 it
follows that 𝐿(0, 0) = 1, and from self-adjointness of the matrix 𝐾̂ it follows
that

𝐿∗(𝑎∗, 𝑎) = 𝐿(−𝑎∗, −𝑎)

(in the Fermi case this equality means that

𝐿𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛) = (−1)𝑚+𝑛𝐿𝑛,𝑚(𝑙𝑛, … , 𝑙1 ∣ 𝑘𝑚, … , 𝑘1).

The condition of positive definiteness for 𝐿-functionals in the Bose case can be
formulated as follows: for arbitrary numbers 𝛾1, … , 𝛾𝑛 and arbitrary functions
𝛼1(𝑘), … , 𝛼𝑛(𝑘) the inequality must be satisfied
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∑
1≤𝑖,𝑗≤𝑛

𝛾∗
𝑖 𝛾𝑗𝑒𝑎𝑖𝑎∗

𝑗𝐿(𝑎∗
𝑖 − 𝑎∗

𝑗, 𝑎𝑖 − 𝑎𝑗) ≥ 0.

Functionals satisfying the three conditions listed can be interpreted as positive
functionals on a certain algebra; such functionals have been considered by many
authors (Segal, Araki and

etc.), in particular, in connection with the problem of describing representations
of commutation relations.

Representing the states of a quantum-mechanical system by 𝐿-functionals, one
can formulate quantum theory without using the concept of Hilbert space. In
order to see this, let us first note that the mean value ̄𝐴 of a physical quantity
represented by the operator

̂𝐴 = ∑
𝑚,𝑛

∫ 𝐴𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛) ̂𝑎+(𝑘1) … ̂𝑎+(𝑘𝑚) ̂𝑎(𝑙1) … ̂𝑎(𝑙𝑛) 𝑑𝑚𝑘 𝑑𝑛𝑙,

in a state with density matrix 𝐾̂, is equal to

̄𝐴 = ∑
𝑚,𝑛

(−1)𝑚𝑚!𝑛!×

× ∫ 𝐴𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛)𝐿𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛) 𝑑𝑚𝑘 𝑑𝑛𝑙,

where 𝐿𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛) are the coefficient functions of the 𝐿-functional
𝐿𝐾̂(𝑎∗, 𝑎) corresponding to the density matrix 𝐾̂. The formula for the mean
value of a physical quantity can be written in another form if the 𝐿-functional
𝐿 ̂𝐴(𝑎∗, 𝑎), constructed with the aid of the operator ̂𝐴, is known; namely, in the
Bose case

̄𝐴 = ∫ 𝐿 ̂𝐴(−𝑎∗, −𝑎) 𝐿𝐾̂(𝑎∗, 𝑎) 𝑒−𝑎∗𝑎 𝑑𝑎 𝑑𝑎∗.

Thus, knowing the 𝐿-functional, one can calculate all the physical characteristics
of the state represented by this functional. Further, knowing the Hamiltonian
of the system

𝐻̂ = ∑
𝑚,𝑛

∫ 𝐻𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛) ̂𝑎+(𝑘1) … , ̂𝑎+(𝑘𝑚) ̂𝑎(𝑙1) …

… ̂𝑎(𝑙𝑛) 𝑑𝑚𝑘 𝑑𝑛𝑙,
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one can write the equation for the time variation of the 𝐿-functional in the form

𝑖𝑑𝐿
𝑑𝑡 = ∑

𝑚,𝑛
∫ 𝐻𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛) [(𝑎∗(𝑘1) − 𝛿

𝛿𝑎(𝑘1)) …

… (𝑎∗(𝑘𝑚) − 𝛿
𝛿𝑎(𝑘𝑚)) 𝛿

𝛿𝑎∗(𝑙1) … 𝛿
𝛿𝑎∗(𝑙𝑛) − ( 𝛿

𝛿𝑎∗(𝑙1) − 𝑎(𝑙1)) …

… ( 𝛿
𝛿𝑎∗(𝑙𝑛) − 𝑎(𝑙𝑛)) (− 𝛿

𝛿𝑎(𝑘1)) … (− 𝛿
𝛿𝑎(𝑘𝑚))] 𝐿 𝑑𝑚𝑘 𝑑𝑛𝑙

in the Bose case, and

𝑖𝑑𝐿
𝑑𝑡 = ∑

𝑚,𝑛
∫ 𝐻𝑚,𝑛(𝑘1, … , 𝑘𝑚 ∣ 𝑙1, … , 𝑙𝑛) [(𝑎∗(𝑘1) − 𝛿

𝛿𝑎(𝑘1)) …

… (𝑎∗(𝑘𝑚) − 𝛿
𝛿𝑎(𝑘𝑚)) 𝛿

𝛿𝑎∗(𝑙1) … 𝛿
𝛿𝑎∗(𝑙𝑛)𝐿 − 𝐿 (− 𝛿

𝛿𝑎(𝑘1)) …

… (− 𝛿
𝛿𝑎(𝑘𝑚)) ( 𝛿

𝛿𝑎∗(𝑙1) − 𝑎(𝑙1)) … ( 𝛿
𝛿𝑎∗(𝑙𝑛) − 𝑎(𝑙𝑛))] 𝑑𝑚𝑘 𝑑𝑛𝑙

in the Fermi case.

The formulation of quantum theory by means of 𝐿-functionals is, of course,
equivalent to the usual one in the case where the latter is correct. However, in
quantum field theory, as a rule, the Hamiltonian 𝐻̂ is not a self-adjoint operator
in Hilbert space and can be interpreted only as a self-adjoint formal polynomial
in the creation and annihilation operators. This means that the operator 𝑒−𝑖𝑡𝐻̂ ,
giving the solution of the equation of motion 𝑖 𝑑Φ/𝑑𝑡 = 𝐻̂Φ, does not exist. At
the same time the equation of motion for the 𝐿-functional, written with the aid
of the formal expression for 𝐻̂, may turn out to be solvable, and the theory
constructed—

in terms of 𝐿-functionals, is correct; this is always so if the equations for the
Heisenberg operators are solvable.

As an example, let us consider a scalar field interacting with a source (2). In
the presence of a form factor the Hamiltonian 𝐻̂ is a self-adjoint operator in
𝐻𝑎, and the usual formulation of the theory is correct; however, in the case of
a point source this is not so. The solution of the equation of motion for the
𝐿-functional has the form

𝐿(𝛼∗, 𝛼, 𝑡) =
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= 𝐿(𝑒−𝑖𝜔𝑡𝛼∗, 𝑒𝑖𝜔𝑡𝛼, 0) exp [𝛼∗(𝑒−𝑖𝜔𝑡 − 1)𝜆𝑓/𝜔−3/2 − 𝛼(𝑒𝑖𝜔𝑡 − 1)𝜆𝑓/𝜔3/2]

and is quite correct also in the case of a point source, i.e., for 𝑓(𝑘) ≡ 1. In sub-
sequent publications more complicated models will be considered, in particular
the BCS model.

Let us consider the question of locality of the theory in the formulation by
means of 𝐿-functionals. In the Bose case we shall assume, in accordance with
the situation usually encountered, that the Hamiltonian is expressed through
Hermitian operators 𝜑̂𝑖(𝑥), ̂𝜋𝑖(𝑥), satisfying the commutation relations

[𝜑̂𝑖(𝑥), 𝜑̂𝑗(𝑥′)] = [ ̂𝜋𝑖(𝑥), ̂𝜋𝑗(𝑥′)] = 0, [𝜑̂𝑖(𝑥), ̂𝜋𝑗(𝑥′)] = 𝑖𝛿(𝑥 − 𝑥′)𝛿𝑗
𝑖

(here 𝑥 ranges over three-dimensional Euclidean space, and 𝑖 takes a finite num-
ber of values). With the aid of the operators 𝜑̂, ̂𝜋, for each state vector Φ we
construct the functional

𝐿(𝛼𝑖, 𝛽𝑖) = (exp[𝑖 ∑ 𝛼𝑖𝜑𝑖] exp[𝑖𝛽𝑖𝜋𝑖]Φ, Φ),

where 𝛼𝑖(𝑥), 𝛽𝑖(𝑥) are real functions on three-dimensional Euclidean space. The
functionals just introduced do not differ essentially from those defined above. If
𝐺 is a domain in three-dimensional space, we define the 𝐺-part of the functional
𝐿(𝛼𝑖, 𝛽𝑖) as the functional 𝐿(𝛼𝑖, 𝛽𝑖) considered only on functions 𝛼𝑖, 𝛽𝑗 with
supports in the domain 𝐺. Let the Hamiltonian

𝐻̂ = ∑
𝑚,𝑛

∫ 𝐻𝑚,𝑛(𝑥1, … , 𝑥𝑚 ∣ 𝑦1, … , 𝑦𝑛)𝜑̂(𝑥1) ⋯ 𝜑̂(𝑥𝑚) ̂𝜋(𝑦1) ⋯

⋯ ̂𝜋(𝑦𝑛) 𝑑3𝑚𝑥 𝑑3𝑛𝑦

be a local operator (i.e., the functions 𝐻𝑚,𝑛 are concentrated on sets of points
of the form (𝑥, … , 𝑥 ∣ 𝑥, … , 𝑥)). Then 𝑑𝐿𝐺/𝑑𝑡 is expressed through 𝐿𝐺 (if
the Hamiltonian is only 𝜀-local, i.e., 𝐻𝑚,𝑛 = 0 in the case when at least one
pair of arguments is separated by a distance > 𝜀, then 𝑑𝐿𝐺/𝑑𝑡 is expressed
through 𝐿𝑂𝜀(𝐺), where 𝑂𝜀(𝐺) is the 𝜀-neighborhood of the domain 𝐺). The
proof is based on the observation that, in the expression for 𝑑𝐿/𝑑𝑡, the terms
containing only variational derivatives mutually cancel. In the Fermi case one
can prove analogous results; here one should use the former definition of the
𝐿-functional.
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