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Abstract

A system of equations
n

do =" p,(x)dt’, (1)
i—1
is considered, where x and p,(x) are (n + 1)-dimensional vectors for which the
conditions of complete integrability are satisfied. It is assumed that the system
(1) possesses a closed trajectory «y. It is proved that at least one of the vectors
p;(x) is non-zero at all points of this closed trajectory.

In the neighborhood of ~, a system of local coordinates (z,s) is introduced,
where z is an n-dimensional vector and s is a scalar. It is shown that the con-
ditions of complete integrability are also satisfied for the system corresponding
to system (1) in these local coordinates. The simplest case is examined, where
the system (1) in local coordinates corresponds to a linear system

dz = z": B,(s)zdt' + A(s)zds, (2)

i=1

where B;(s) and A(s) are n x n matrices with period 1. For the case where
the Jordan normal form for the matrices B;(0) (i = 1,2,...,n — 1) is diagonal,
conditions are provided under which two systems of the form (1) possessing
closed trajectories are topologically equivalent in the neighborhoods of these
trajectories.

Bibliography: 8 items.

Full Text
Preamble
This work investigates the properties of systems of differential equations of the
form % = p;(z) for i = 1,...,n, following the foundational approaches estab-

lished in [?, ?, ?]. We consider the (n + 1)-dimensional system:

d
d—z =p,(x), i=1,2,...,n

where the functions p,(x) satisfy the commutativity condition:

Otz (ay = 20

for all 4,5 = 1,...,n. Here, x belongs to a domain D in (n + 1)-dimensional
space, and p,(x) are assumed to be of class C" (r > 1).
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Section 1. Structural Properties and Commutativity

Let @ be a subdomain where p,(x) # 0. For any z, € @, there exist functions
k;(z) such that p;(z) = k;(z)p;(z). From the commutativity conditions, it
follows that:
dk;(x)
dx

This implies that the coefficients k:](z) are constant along the trajectories of the
system. Consequently, in the domain @, the vectors pj(x) are proportional to
p;(x), which simplifies the integration of the system. If we consider a sequence
of subdomains Q, (s = 1,2,...,m), the relationship between the vector fields
can be expressed as p,,(z) = M(s)p,,(x), where M(s) is a transition matrix.

pi(x) =0

Section 2. Transformation and Integration

We consider the transformation of the system using the variables z and s. The
derivatives with respect to these variables are governed by the following rela-
tions:

0q;(z, s) _ % Ip; () 11, () 9p,,(z) d (1,(z)
=t =0 (2 - 2T e (5))

- B

By applying the conditions from (50) and (51), we establish the equivalence of
the mixed partial derivatives. The system can then be reduced to the form:

n—1
dz = Z B;(s)zdt, + A(s)zds

i=1

where B, (s) are n x n matrices. The consistency of this system requires that the
matrices satisfy the commutation relation CB,(0) = B,(0)C, where C' = Z(1)
is the fundamental matrix solution at s = 1.

Section 3. Global Solutions and Mapping

The general solution of the transformed system (52) can be expressed using the
exponential mapping. Specifically, if Z(s) is the solution to the initial value
problem dz/ds = A(s)z with Z(0) = E, then the state at any point can be
related to the initial state z, via:

z(s,t) = Z(s) exp (Z Bi(O)ti) Z

This formulation allows us to map the solutions across different regions of the
domain. We define a mapping p, : z — 2’ such that the components transform
as z; = sign(z;)|z;|X.
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Section 4. Convergence and Stability Conditions

We analyze the behavior of the system as z — oo or s — 0. The existence of a
stable solution depends on the signs of the coefficients «; and the magnitudes
of the eigenvalues of the matrices B;. Specifically, if []|c;|% = 1, the system
exhibits specific asymptotic properties.

For the case where & = n — 1, the conditions for the existence of a unique
solution simplify significantly. The mapping v(z, s) defined by:

v(z,8) = Z(8)u, Z (s)z

provides a continuous link between the states at s = 0 and s = 1. This ensures
that the structural properties of the differential equations are preserved under
the group of transformations defined by (52) and (57).
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DIFFERENTIAL EQUATIONS
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ON A SINGULAR SOLUTION OF ONE
INTEGRO-DIFFERENTIAL EQUATION
WITH A DEVIATING ARGUMENT OF NEUTRAL TYPE

V. P. MISNIK

Let P be a certain operator. The solution x(t, k) of the equation x(f) =
= P(x(t), A) is called singular, if x(t,\) > coas A — 0.
The ion of the exi: of singular solutions fit by many

ticians. For example, A. A. Tem]yakov[l] N.N. Nazarov [2], M. M. Smirnov [3],
P. P. Rybin [4], J. G. Yusif-zade [5] dealt with singular solutions of
integral equations, and the works of K. T. Ahmedova [6] and A. Iskenderova
[7, 8] are devoted to singular solutions of integro-differential equations.

In our work, we investigate the question of the existence of a singular
solution of a non-linear integro-differential equation with a deviating argu-
ment of neutral type in the case when the integrand functions are
polynomials relative to the unkn. For the sake of simplicity of exposition
we shall consider an equation of a particular form

1
x()=2 f(A,(r, $)x(s — 1) + Ay(t, 5) X(s — 7) + A3 (1, 5) x*(s)} ds +
0

1
+}~2/{Bl(1, 5)x(s) + By(t, 5) x(s — T) + Bs(t, ) x(s — 1) x(s — 7)} ds, (1)
[

Figure 1:

1274

1
x(t)=»: / {A1(2, 8)x(s — ) + Ao(t, ) (s — T) + A3(t, $)x*(s)} ds +
L0

+A? f {B(t, 5)x(5) + B(t, s) x(s — T) + B(t, s) x(s — t) X(s — 7)} ds, (1)
0

where x(s) =dx/ds; 0 <t <1—constant deviation; A — parameter;
A;(t, 5), Bi(t, s) — continuous functions of their arguments in the domain
0<t,s<1}.
We shall seek a solution x(t, A) of equation (1) for 0 < < 1in the class C
of continuous functions, having bounded derivatives, under the initial
condition

x(t, ) =(t, 1) on Eg = [, 0], @
where @(t, A) is continuous and has a bounded derivative.

Let us assume that the initial function ¢(t, 1) is representable in the
form of a series

o) =301+ A0, ®

wherﬁ Ao #: 0 is for the moment an unknown number, which will be deter-
mine

We shall seek the solution to problem (1), (2) in the form of a series

)= T"’-'(‘) F3Mw. @
k=0

Figure 1

V. P. MISNIK

Substituting the series (4) into equation (1) and comparing coefficients of

equal powers of
coefficients of series (4):

we obtain the following equations for deterrmining the

V- .(z)—h,jAs(t )21 () ds,

Yo1(®) = -1 (6) nn Eo,

(5-1)

Ve (0) =20 [ 243, ) V-1 (&) () dy + Fichoy Vo1, Yor -5 emt), (5)

* () = @) na Eo,

where

(*k=0,1,2,...),

1
Fo=10 [ [A1(t, V-1 (s = 1) + Ao (t, ) by (s — D) ds +
8

|
25 [ By (8, ) o1 (s — D) oy (s — 1) s,
5

1
Fi= 41t 9V (s = 1) + A2 (6 ) bo (s — D) + 436, ) V3(6))ds +
0

;
o [ [Bi(t YY) + Balty DY — D+ By, )Vt =D — D) +
d

Y15 =D Yo (s — D)1 ds,
,
= {9 =D+ A b =D +
§

k=1
+ A58 D W) Yeeina ) +

i=0

+ Byt )W )+ Balts a1 +
+ By (6 9)ho (-1 6 =9 Yo =9+ ba (= D Wica 5= ) +

k=2
+ Y WE— DG =)} ds
=

*k=2,3,...).
Let us pass from radiem (5_,) to the equivalent sodiem

VO = [ [ 43, 5) 421 () drdu+ o, 0),
00

6-1)

V-1 () =1 () on Eo.
Let Ao and 4y, ) be such, the sadiem (6. mes a edinctaernoue non-

trivucavial solution Y. (f) = C,

V10| <a,

|‘L|(1)I <a.

Figure 2: Figure 2
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ESTIMATES OF THE SOLVABILITY REGION FOR THE SYSTEM OF EQUATIONS 31§

f = niq, §— vector proportional to the external load; L, R, Q — square
matrices of differential operators:

£D} + D} 2D,D, D,

1 1
Reg| 2202 Di+—=Di D |
1 1
=0 =gl a
2D} + 2D} —25?D,D, —(1+s)D,
0= —2¢pD, 22D} + 82D} £D, ,
(1+9D, —¢D, £D} + D} + &

where B — angle between threads of two families (0 <B< %), c=cosP; s=

sinB; t =tgP; p = %; Np — initial force in the shell from internal

pressure; E;, — modulus of the material of the threads. -
_  The boundary value problem for system (1) under the condition that f(x)-
f(x) —is a periodic function with respect to x,:

Flxi+ 20, 1) = f(x1, %),

is posed as follows: in the strip
M={—oo<x <+, —L<x,<h, L>0}

find a solution & of system (1), satisfying the condition of periodicity with
respect to x;:

(xy + 24, x0) = H(x, %) @
and the null boundary condition with respect to x,:
4 =0. e

By virtue of condition (2), one can limit the search for a solution to the
posed problem in the domain

Q={x —h<n<h; —L<xn<h)

We introduce into consideration the spaceﬁ/2 of vector-functions #@(x),
defined and continuous together with their derivatives of the form

DU =DPDPE (a= (o, @), lal =0y +0,<P)
in the domain Q, satisfying conditions (2) and
DYD(— 1 +0, x;) = DDl — 0, ;) |of <7 @
The norm in li’l is defined as follows:

tal, ={Z 1w o<} ",

laf=r.

Figure 3: Figure 3
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where

[un)’ u(z)J = (@, ¥®) 4 (v, v®) + (WD, W)
and by (y, z) is denoted the scalar product
yzdnidzs,  u] = (u, v,
'

s
el = el oy = D (s )
i=1

Below it will be proved that for 0 < u < 1 and certain conditions on
B and p on the smallness of v = I/ for any function u € W} it will be

true inequality

O]

where § > 0 — a certain number depending on y; W} — space, considered

by S. L. Sobolev in [4];

Then the system of equations (1), according to M. L. Vishik (see L3]), isa
system of strongly elliptic type and for it are true theorems, obtained for
systems of this kind in the case of the first boundary value problem. In
particular, if inequality (5) is true and [|f|[? < oo, then the problem (1)—
(3) has a unique generalized solution in the sense of [4, 3] u € W} and for
is true the following a priori estimate, showing the continuous dependence

ofuon f:

(6)

M — a certain constant, not depending on f. In this, if f = fo + Dify

+ Daf, then in the right part (6) instead of ||f||* can be put

Besides that, if

With the aim of obtaining inequality (5) we will establish the necessary

for this auxiliary results.
Lemma 1. For any u € W, is true equality

where

Figure 4: Figure 4

1 1 2
Jz=“tD|u+Tng+Tw|| .

@
@®

sovietrxiv.org/items/ru-196701.02657

Machine Translation


https://sovietrxiv.org/items/ru-196701.02657

ESTIMATES OF THE SOLVABILITY REGION FOR A SYSTEM OF EQUATIONS 1317
Proof. We have:

—[Qu, 4] = — s*(Dly, w) + 1 (D}u, u) + 2(DyDyz, w) +

+(Dyw, u) + 202Dz 0) + 5 (Dho) +
+ (D%, v) + t-l, (Dgw, v) — (Dyu,v)—

1 1
- & w,w) - @ W) ®
Since for any y and z from Wj, integration by Lgama gives (Dyy,
z) = —(y, D12), (D2y, z) = — (y, Dyz), then, applying these equalities for
transferring one of the derivatives of the first factor in some terms of the
Teft side of (9) onto the second factor, it is easy to obtain

— [Qu, 4] = s*(IDye|* + [1EDyu|* + 2 (Dyu, Dew) +

1 2
+2(Du, w) +2 (D, Do) + | - Das|| + Dl +

1 1 1 2
+2(50m )+ ol
from which the validity of the lemmnus.
Lemma 2. For any u from W3, the equality holds

—lQu Wl ==& (h+ )+, (10)
where J; and J; are defined by formulas (8), and

I =" (Dl + |1 D) — 2 (w, D) +2 (w, Dgv). (1)
i=1

Proof. Writing out Pactinusaut — [Qu, u] and again applying interr-
gativation by parts, we find
—[Qu, u) = |cDaul* + IsD| + Dyl +
+ sty + 1 Dol + tDref
— |lew]? — 25*(Dyu, Dyv) — 25* (D, Dgu) =
—2(Dyu, w) — 262 (Dy, w) +2(1 — &) (Dy, w) =

=& (1 + J2) + 1 Dsul + | Dy|f* + | Dyl +
+ D] + | Daw|* + 1Dy — 2 Dy, w) +
+2(Dw, w) = = > (i +Jo) +J.

Figure 5: Figure 5

sovietrxiv.org/items/ru-196701.02657

Machine Translation


https://sovietrxiv.org/items/ru-196701.02657

1278 V. P. MISNIK

1 (=D (s =) + Yo (s = ) Yols — 7)) } v () ackedt +

I
— known numbers, depending of Cy.

Assuming Q, # 0, we will find two values C;; (i = I 2) for C,, moreever
Cyy # Gy, by virtue of the assumption Co, # Cp,. Thes

Yu() = Cyw () +u () i= 1, 2).
‘When condition (15) is fulfilled, equation (7,) will have the solution
() = Co (6) + uy (1),
where C, — is a new arbirtrary constant; u,() — is a particular solution of
equation (7). From the solvability collution of equation (7,)
2G+T,=0

we find Cy; (i = 1, 2). Continuing this process, we find the arbitirary con-
tant C,, entering into the solution y,(r) = C,(f) + u,(f) of equation (7,),

from the solvability condution
QC,+T,=0

of equation (7,,,), where
=00 @ [vOd + [ [ [ {410 s =)+ 4aa, ity s =)+

+ By (2, $)Vn-1(5) + B2 (2, ) Y1 (s — 1) + B3(z, 5) X
X [Ro (W1 (6 = Ditals—0) + Yot (6= Dt (6 = 7)) +

w1
+ 3 Wi =) Vmsor (5= ]} 0 () ddzdt +

' (=1
V() [2un ) () + Y, Vi)Yo )]
e 1l p
2k V=109
Thus, the coefficients (If the required series are determined secuedmen-

tally and upinning to the class C.
Unihorm condegence of the series

SHwn (=12
k=0

and their first derivatives with respect to f mises method of majorants.
Let us now consider the case, when Q, = 0. In this case, the solution to glem
(1), (2) can be sought in the form of the series

X N ="y () + —— z Yol) + ZA w.u) (16)

k=1

Izv. AS ArmSSR, Mathematics, vol. XVIII, No. 6, 1983

Figure 6: Figure 6

sovietrxiv.org/items/ru-196701.02657 Machine Translation


https://sovietrxiv.org/items/ru-196701.02657

1320 E. G. DYAKONOV, L. K. NIKOLABV

2 ' (—g—r 2
o= | — e — 5 15,
Ro= [~ ety Jiwr. as)
Thus, the following is proved
Lemma 4. For only @ € W3 the inequaility holds
— 128, @ > i [elilf), + Ru+ Ry + R}, (1)
3
where & > 0—is an arbsary number from the interval (0, min (1, 12)), and Ry, R,

R, are defined by formulas (13) — (15).
It remains to obtain coriitions for the validity of the inequailities

R,>0, R,>0, R,2>0,

and then, if these cenditions are met, (5) will talse by ise valid, since under
the condition (3)

=2 =12
Il > exli@ll,y, e >0.

Necessary yollutions for the non-negativhity of Ry, R, Ry, for arrowsonly
, v, w from the passmenependerd class of fynction will be:

t'p’u
l—et+tp=—‘PE 5, 17
& $2(1—p) +tpp un
2(1—p)—e>0, 0<e<], (18)
2 ne (A—g—1)?
- - >0. 19
£ #s(l—p) ¢ 9

Let us assume for new, that these yolutions are met. Torn it is clear, that
g momest bite > 0.

‘We will now use the fact, that for another slear fynction z, haweing dwo
continuous _dpcansodives with rospect to , and vauntilling at @, = +k,
the negativiity holds

I I

\
1
[@arin> o, [, =

[
p
I

If, moroever, z (;) — is an unnethad fynktion, then

Let w =2, en if z (23) — is ned with respect to 23, and in other clases w = 1.
Then jonive ycloutions for the i Ry, Ry, R, bygyt
(17)— (19) and

(1 —etitp—

2,

i 1
—_— ) = >
a*(l—u)+i’pu) 4y =0 0

Figure 7: Figure 7
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ESTIMATES OF THE SOLVABILITY REGION FOR A SYSTEM OF EQUATIONS 1321

g\
: (1+—)

Qg _\ £/
4y? 1—e

Since we are interested in the maximum value vy, for which rotored inr-
interested (20), (21) will hold true when (17)—(19) are fulfilled for any p >0
sufficiently small, it is clear, that we must take into p maximally large.

€ - .
Therefore, we set p = 1 — e Then (18) is satisfied as an equellity,

>0. @1

and (17) transforms into

2_gp
e )=l % MO 22
p(t & p) —petaE—o 22
Instead of (20), (21), we easily obtain inequasilities equivalent to them
B—¢

<L o0 ), )
(1—gar o
(T @

Obviouss, that
plt,e, )>14+2—2e—(P—e)=1—¢
and (17), (22) will be satesisemated, sincecy € < 1.
Let us donate the snowectce (g, g, #) for which g > 0 and (19) are fulfilled
as fiilled as E;, and let y(c, g, r) denonate the supremum of the values of y
satesistting lying (23), (24) for fixed €, g, r from E,.
Let's ﬁn({m
)= su e, g, )*%).
o= 5 &E,v( 4 1%
It is not difficult to veerify, that
)= s 0, g, r).
0= 38 O 47

From (19), (23), (24) with € = 0, we oblain

(+a)q*—2@-n g+ -0 <0, )
<t o, )
i
rde <2(+;q)’ i
ST =
PG w=1+7——HE

(A—ps+pe s

*) The debencance of y on j in some cases is omitted for brevity.

Figure 8: Figure 8
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ESTIMATES OF THE SOLVABILITY REGION FOR A SYSTEM OF EQUATIONS 1323

It is also useful to note that in case 2), of course, there will be
b=1— i > 0.
a

Thus, for fixed i and B (¢, 1) can be easily calculated by the formulas
indicated above.

(B, 1)

475

Pig. 2.

Now it is not difficult to checklthat the following is true
Theorem 1. Ifu < 1 and ;’ < 4(t, ), where (t, u) is defined by

formulas (30), (32), then there erists such a sucfictiently small § > 0, that
for any functions u € W2 the inequality will be valid

— (L, ] > pllulld-

In conclusion, we present several graphs of ~(t, p) for fixed p (Fig. 2),
from which it can be concluded that for u > 0 there is some deterioration
of the sufficient conditions for correctness compared to the graph of
(£, 0), but it should be noted that, first, this deterioration refers to the
case of those yu > 0 which have very little [gﬁ"actical significance, and,
second, this deterioration only concerns the sufficient conditions obtaine-
ned by the methodology adopted in the work, which, generally speaking,
can be refined.

Let us also note the following: although the system of equations for
determining displacements and forces in threads for the case yu = 0, given
in [1], cannot be obtained from system (1) by substituting p = 0, the graph of
y(t, j gives sufficient conditions %:)r the dismesions of the region, guaranteein
the uniqursness of the solution to the brandary value prc:-gﬁm for system [1
also in the case of inextensible threads.

Figure 9: Figure 9
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1324 E. G. DYAKONOV, L. K. NIKOLAEV

Indeed, if system [1] is written in the form

pst
where  is an unknown five-dimensional vector, three of which are
displacements, and the rest are forces; P — a matrix Sifforentt_differential
operator; f — a known five-dimensional vector, then, calcuclating
S

[Pd, @]y =) (p;, U, ), it can be verified that the forces in the threads will

drop out [Pu, u], and this functional iteIf will have a form that exactly matches
the one obtained from the right-hand side of formyla (12) after substituting
p=0.
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REPRESENTATION OF ELECTROMAGNETIC FIOLDS 1983

§ 3. Redresantation of vectors E and H through Macdonald intergals

Before writing out the main result of the present section, let us introduce
the following obenations:

r=p(cos@i+singj)+zk=
=ze,+p[cos(p—g)e, +sin(p—v)ey], [€R))]
ro(@) = po(cosai+sinaj) + zok =

=2z, + po [cos (@ — @) &; + sin (@ — 9) &s] (3.2)

(i, j. k — are unit vectors along the x, y, z axes); let us note that, according
to (1.8), it is truu that

R@—9)=|r—r(@)|. (3.3)

The marain result of the present section is as follows.

Theorem 2. Lyct ®,(B, 8) be a vector fynction, ongined by the ex-
pression

@, 8)={[e.' (CAS e]] —
_ aB, —9—aB n+¢) } x

9+38
2

2cos

Pik® Ly _[L =
avem = {310 gy o]
_ 2B —8—aB n+9)
9o+38

2

X

+

cos

2ppo

* R+

cos

3
22 (a0 3ap, — 5))} x
Pik
2Vppo Ro

Pik?
T (g s—3a(B, —
+ SRl g o 2B — )X

><Mo( 2V0 s 2D, kR +) +

R +9)
P [ ey 3a(—8)
e O )

HIY (kRy) +

2Vppe . 9+8
(g oy oo
(r—15(8)) (€psor T —ro(8))

Rie—9) '

. KR +9)). )
rdere

a@, 8= (3.5

Figure 11: Figure 11
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a @, (B, 8) is a vector-function, defined by the expression
Rob(B, —8) —R(p+8)b(B, n+¢) Pik HO _
®28,8) = et (kRo)

2R((p-0-5)t:os“’+o
Plk 2v/ppo o+38 ) _
P (b6 -0 o (L cox 212, ko + 0
_b5@.-9 ( 2vPpo_ ., @ +8 3.
R+ " \Rp+8 2 R +O)} 6O
where
[ep+s T —ro(8)]
b, 8) = ——"F—F—, 3.7)
®.o= Ty ¢
torda the electromagnetlc folds E(p, @, z)and H (P. @, 2) in the presence of
an ideally half-ploone, coted as shown in Fig. 1,

onterenined by the exprassions: in the chyare, the ﬁold generated by an elect-
tricenic dinole,

E(p, 0.2 = S (0(- 00— 00) = Bilo0= 20, =20}, (9
H(p, 0,2) = = 2 (03~ 00, — 00) ~ sl 20, 90— 20}, (B9

in the case, oghave,, when the fiold generated by a magnittic dinole,
E(,,2) = 1 (03— g0, —00) + Oyf00— 20 9= 20)), (B.10)
H(p, ¢,2) = ®1(= 90, = 90) + P1(@o — 2, 9o —2m).  (3.11)

For the docorate of theorem 2 will need to bont lemmas 4 and 5.

Lemma 4. If the vector-function YI(B, 8) is defined by formyla
(1.14), then it is true

(grad div + K)TIQ, 8) = £ Ve f {kGslk, R@) (¢ —
Y
—ro(@+¢)) (eatg+ps T —To(@+9)) + [— Gsplk, R(@) +

+KGyalk, R@)] eargs)ctg 2E§EE

o, =41/ L [ Gy, R@) feasaspy T
Y

— ol +9)] mg“*f”’ da. G.13)

da, (3.12)
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