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Abstract
A system of equations

𝑑𝑥 =
𝑛

∑
𝑖=1

𝑝𝑖(𝑥) 𝑑𝑡𝑖, (1)

is considered, where 𝑥 and 𝑝𝑖(𝑥) are (𝑛 + 1)-dimensional vectors for which the
conditions of complete integrability are satisfied. It is assumed that the system
(1) possesses a closed trajectory 𝛾. It is proved that at least one of the vectors
𝑝𝑖(𝑥) is non-zero at all points of this closed trajectory.

In the neighborhood of 𝛾, a system of local coordinates (𝑧, 𝑠) is introduced,
where 𝑧 is an 𝑛-dimensional vector and 𝑠 is a scalar. It is shown that the con-
ditions of complete integrability are also satisfied for the system corresponding
to system (1) in these local coordinates. The simplest case is examined, where
the system (1) in local coordinates corresponds to a linear system

𝑑𝑧 =
𝑛

∑
𝑖=1

𝐵𝑖(𝑠)𝑧 𝑑𝑡𝑖 + 𝐴(𝑠)𝑧 𝑑𝑠, (2)

where 𝐵𝑖(𝑠) and 𝐴(𝑠) are 𝑛 × 𝑛 matrices with period 1. For the case where
the Jordan normal form for the matrices 𝐵𝑖(0) (𝑖 = 1, 2, … , 𝑛 − 1) is diagonal,
conditions are provided under which two systems of the form (1) possessing
closed trajectories are topologically equivalent in the neighborhoods of these
trajectories.
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Full Text
Preamble
This work investigates the properties of systems of differential equations of the
form 𝑑𝑥

𝑑𝑡𝑖
= 𝑝𝑖(𝑥) for 𝑖 = 1, … , 𝑛, following the foundational approaches estab-

lished in [?, ?, ?]. We consider the (𝑛 + 1)-dimensional system:

𝑑𝑥
𝑑𝑡𝑖

= 𝑝𝑖(𝑥), 𝑖 = 1, 2, … , 𝑛

where the functions 𝑝𝑖(𝑥) satisfy the commutativity condition:

𝜕𝑝𝑖(𝑥)
𝜕𝑥 𝑝𝑗(𝑥) = 𝜕𝑝𝑗(𝑥)

𝜕𝑥 𝑝𝑖(𝑥)

for all 𝑖, 𝑗 = 1, … , 𝑛. Here, 𝑥 belongs to a domain 𝐷 in (𝑛 + 1)-dimensional
space, and 𝑝𝑖(𝑥) are assumed to be of class 𝐶𝑟 (𝑟 ≥ 1).
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Section 1. Structural Properties and Commutativity

Let 𝑄 be a subdomain where 𝑝𝑖(𝑥) ≠ 0. For any 𝑥0 ∈ 𝑄, there exist functions
𝑘𝑗(𝑥) such that 𝑝𝑗(𝑥) = 𝑘𝑗(𝑥)𝑝𝑖(𝑥). From the commutativity conditions, it
follows that:

𝑑𝑘𝑗(𝑥)
𝑑𝑥 𝑝𝑖(𝑥) = 0

This implies that the coefficients 𝑘𝑗(𝑥) are constant along the trajectories of the
system. Consequently, in the domain 𝑄, the vectors 𝑝𝑗(𝑥) are proportional to
𝑝𝑖(𝑥), which simplifies the integration of the system. If we consider a sequence
of subdomains 𝑄𝑠 (𝑠 = 1, 2, … , 𝑚), the relationship between the vector fields
can be expressed as 𝑝𝑖𝑠(𝑥) = 𝑀(𝑠)𝑝𝑖𝑠(𝑥), where 𝑀(𝑠) is a transition matrix.

Section 2. Transformation and Integration

We consider the transformation of the system using the variables 𝑧 and 𝑠. The
derivatives with respect to these variables are governed by the following rela-
tions:

𝜕𝑞𝑖(𝑧, 𝑠)
𝜕𝑧 𝑞𝑗(𝑧, 𝑠) = 𝜃∗(𝑠) (𝜕𝑝𝑖(𝑥)

𝜕𝑥 − Π𝑖(𝑥)
Π𝑛(𝑥)

𝜕𝑝𝑛(𝑥)
𝜕𝑥 − 𝑝𝑛(𝑥) 𝑑

𝑑𝑥 ( Π𝑖(𝑥)
Π𝑛(𝑥)))

× (𝑝𝑗(𝑥) − Π𝑗(𝑥)
Π𝑛(𝑥)𝑝𝑛(𝑥))

By applying the conditions from (50) and (51), we establish the equivalence of
the mixed partial derivatives. The system can then be reduced to the form:

𝑑𝑧 =
𝑛−1
∑
𝑖=1

𝐵𝑖(𝑠)𝑧 𝑑𝑡𝑖 + 𝐴(𝑠)𝑧 𝑑𝑠

where 𝐵𝑖(𝑠) are 𝑛×𝑛 matrices. The consistency of this system requires that the
matrices satisfy the commutation relation 𝐶𝐵𝑖(0) = 𝐵𝑖(0)𝐶, where 𝐶 = 𝑍(1)
is the fundamental matrix solution at 𝑠 = 1.

Section 3. Global Solutions and Mapping

The general solution of the transformed system (52) can be expressed using the
exponential mapping. Specifically, if 𝑍(𝑠) is the solution to the initial value
problem 𝑑𝑧/𝑑𝑠 = 𝐴(𝑠)𝑧 with 𝑍(0) = 𝐸, then the state at any point can be
related to the initial state 𝑧0 via:

𝑧(𝑠, 𝑡) = 𝑍(𝑠) exp (∑ 𝐵𝑖(0)𝑡𝑖) 𝑧0

This formulation allows us to map the solutions across different regions of the
domain. We define a mapping 𝜇𝑥 ∶ 𝑧 → 𝑧′ such that the components transform
as 𝑧′

𝑗 = sign(𝑧𝑗)|𝑧𝑗|𝜒.
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Section 4. Convergence and Stability Conditions

We analyze the behavior of the system as 𝑥 → ∞ or 𝑠 → 0. The existence of a
stable solution depends on the signs of the coefficients 𝛼𝑗 and the magnitudes
of the eigenvalues of the matrices 𝐵𝑖. Specifically, if ∏ |𝑐𝑗|𝛼𝑗 = 1, the system
exhibits specific asymptotic properties.

For the case where 𝑘 = 𝑛 − 1, the conditions for the existence of a unique
solution simplify significantly. The mapping 𝑣(𝑧, 𝑠) defined by:

𝑣(𝑧, 𝑠) = 𝑍(𝑠)𝜇𝑥𝑍−1(𝑠)𝑧

provides a continuous link between the states at 𝑠 = 0 and 𝑠 = 1. This ensures
that the structural properties of the differential equations are preserved under
the group of transformations defined by (52) and (57).
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