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The problem of nonlinear oscillations of a plate was studied in works (1=%),
where the system of equations

phwtt+DA2w:Z(xayat)+F w +F w —2F w

A’F = hE [w}, — w,,w,,] ° (1)

The contour I" bounds the domain  of the variables x and y. The differential
equations (1) are non-wave equations: their integration leads to instantaneous
propagation of disturbances, which contradicts the general dynamical equations
of the theory of elasticity. It should also be noted that the study of equations
(1) is connected with substantial mathematical difficulties, for example, in the
question of uniqueness of the solution.

In the present work the same problem will be studied with account of the ro-
tational inertia of the plate elements. Then we obtain the system of equations

(see (*%))

DAQ'U} - PyzAwtt + wtt = Z(.’E, y7 t) + mewyy + Fyywxm - 2nywzy7

A’F = hE [w2, —w,,w,,] . (2)

Consider equations (2) with boundary conditions (3) and (4)

wlp = dw/ov|p = 0; (3)

Flp =0F/ov|p =0 (4)

and initial conditions
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wli_g = wyli—g = 0. (5)

In the proposed work it will be proved: the existence of a generalized solution
of problem (2)—(5) in a certain energy space; the uniqueness of the solution
of problem (2)—(5) in the same space; with account of dissipative terms, a
qualitative study of the solution for “large” time will be carried out.

Let H be the space obtained by completing, in the norm (6), the set of smooth
functions defined in the cylinder @ = [0,T] x £ and satisfying conditions (3):

T
|wli?; = / / [wf + 2 grad” w, + D(Aw)ﬂ dQ dt. (6)
0o Ja

Analogously to ("), we introduce the concept of a generalized solution of prob-
lem (2)—(5) in the space H.

Consider the auxiliary problem

DA?w — 72 Aw,, +w,y, = f(x,y,1); (7)
w|p = 0w/v|p = 0; (8)
wli_g = wyl—g = 0. 9)

* In what follows we shall assume ph = 1.

It is easy to show, following (1), that for the generalized solution of problem (7)
—(9) the equality

T
/D(Aw)QdQ+W2/gradetdQ—k/wfdQ:2/ /wtfdﬂdt. (10)
0 Q

Q Q Q

is valid.

We now seek Bubnov-Galerkin approximations to the generalized solution of
problem (2)—(5) in the space H. We choose w™ in the form

w™ = 3" g (), ). (11)
k=1
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Here 1);, are the eigenfunctions of the biharmonic operator under conditions (3),
and F"™ is determined from the equation

AZF) = hE [(wi))? — wiwiy)] (12)

and the boundary conditions (4)

FM| = aF™ [ov| = 0.

T

Then for q,(gn) we obtain the system of ordinary differential equations

i + Zciqu( + ( 9" ) = Zy(1). (13)
1=1 k

Here

7, = / 2w,y 0y d ey = — / A -ty d;
Q Q

®,, is a positive definite functional

1 1
¢, =3 /(Aw<n>)2 dQ+ = /(AF(">)2 Q. (14)
2 Jo 2 Jo

By virtue of (13) and (14) we obtain the a priori equality

D/[Aw<")]2d§2+72/ [(wi)? + (wi))?] d9+/(w§"))2d9+
Q Q Q

1 T
+—/[AF(">]QdQ - 2/ /Zw§"> Qv dt (15)
Eh Q 0 Q

and, as a consequence of (15), the a priori estimate

[y < C.

It follows from this that the set of approximate solutions w™ is weakly compact
in H, and every weak limit of w™ in H is a generalized solution of problem (2)

—(5).

We now show that the generalized solution of problem (2)—(5) is unique in the
space H. Let w; and w, be two distinct solutions from the space H. Then
v = w; — wy solves problem (7)—(9) with right-hand side f
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f = Flatzwlyy + Flyywlzm - 2F1:cyw1ry - Ferway - F2yyw2zz + 2F2myw2:vy'

By virtue of (10) we obtain the inequality

T
D/@Mfdﬁ+7?/@i+miﬁM4:/@dQ:2/‘/ﬁJdQﬁ:
Q Q Q 0 Q

T
= 2/ / {Ut:r [wlyFlzcy - waFQQ:y - wla:Flyy + w2zF2yy] +
0 Q

+ vty [wlmFlmy - erFme - wlyFlmm + w2yF2rac] } dsydt <

2
< ;HUHHHvyHL4Q”F1wy“L4Q+
2
+;Mhﬂwwk¢ﬂfhy—FhﬂhQ+”“<(Wﬂ%~ (16)

In deriving inequality (16), the embedding theorems, the properties of equation
(2), and also the fact that the solutions w; and wy belong to the space H were
used essentially.

Integrating inequality (16) from 0 to T', we obtain

lolf < CTol;-

Hence it follows that v = 0, and the generalized solution in the space H is
unique.

If the effect of damping is taken into account, then system (2) is transformed
into the form

DA*w—~? Awyy 4wy 46w, —e9Aw;, = Z+ F,w,, +Fyw,, —2F, w,,: (17a)
A’F = hE[w2, — w,,w,,]; (17b)
w|p = 0w/ov|r = Flp = 0F /ov|r = 0. (17¢)

Introduce the notation

sovietrxiv.org/items/ru-196701.02519 Machine Translation


https://sovietrxiv.org/items/ru-196701.02519

[w]%q = /D(Aw)2 dQ + / 2 grad® w, dQ + / w? d€Y; (18)
Q Q o)

|mm%QT=L/ JewlZe d; (19)
0
[0l = max [l o (20)

The existence and uniqueness theorems in the space Hg are established for
system (17) analogously to what was set forth for system (2). Equalities of the
type (10) and (15) ensure that the solution belongs to the space H, .

Let us note that the Bubnov—Galerkin system for problem (17) has the form

(9<I>n(q§n>, qs,?))
dq;"

i red Y i e end™ + — 70 (21)
1=1 1=1

(see formulas (13) and (14)).

We now apply methods of ordinary differential equations (see (8)) for a further
investigation of system (17). Consider the function V,,

1 = (N 1 < «(n) .(n
Vo= 52(12 Pte, = B} > ewd "+
k=1 i,k=1

1 ~ (N n € . n n
> i e 2 Y ewaa” | - (22)
Here ¢, is a suitably chosen constant, ¢, = ¢q(g1,€5). For V,, the estimates

o™ Fe =V, = esw™ |-

Differentiate V,, with respect to ¢; by virtue of equations (21)
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o T & ZQk — &2 Z Cmqlm%

ik=1
L [Zq(m 8<I(> zn: 4= Z g™
k=1 q;. 1 j= 1,k=1
+qu Zk+c3§n:q < —a2V, + 0272

Here

Z¢ = max /Zz(x,y,t)dﬂ.

0<t<+o0 9

By virtue of (23) and (24), the function V,, is a Lyapunov-type function (see
(9)) for the system (21). With the aid of V,, it is established that the system
(21), and consequently (17), is generalized dissipative, namely: let ¢; and @,
be admissible initial conditions for the system (17),

w|t:0 = P11 wt|t:0 = P25

let w be a solution of system (17) under the indicated initial conditions. Then
for all admissible ¢, and ¢, one can indicate an R > 0 such that to each ad-
missible pair ¢4, ¢, there corresponds a ¢, beginning with which the inequality
Hw||%{Q < R? holds for almost all t € [t,, +00). We shall call the initial conditions
admissible if grad ¢, € Lyq, Ap; € Lyq. From the generalized dissipativity of
system (17) it follows:

Theorem. Under a periodic load Z(x,y,t +T) = Z(x,y,t), problem (17) has

in the space ﬁQT at least one periodic solution, and this solution can be found
by the Bubnov-Galerkin method.

Remark. In the case of a circular symmetrically loaded plate under a periodic
load Z(z,y,t + T) = Z(z,y,t), the system (17) is convergent for sufficiently
large € (¢ = min(ey,€5)), namely:

1. For all admissible initial conditions, in the space ﬁQOO there exists a gen-
eralized solution of problem (17).

2. Equations (17) have a unique T-periodic generalized solution w(t) €
HQT»
3. This solution is stable in the sense of Lyapunov in the metric ﬁQOO.

4. For any solution of problem (17) w(t) € ﬁQOO, the limiting relation
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lim Jw(t) —wo(t)] g, =0

t—+o00

holds.
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