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GEOPHYSICS

M. L. GERBER, V. M. MARKUSHEVICH

ON CHARACTERISTIC PROPERTIES OF
SEISMIC TRAVEL-TIME CURVES
(Presented by Academician M. A. Sadovsky, September 19, 1966)

Investigating the inverse problem of geometrical seismics for a spherically sym-
metric medium with a finite number of waveguides, in papers (1) and (in more
detail) (2) we considered questions of uniqueness in determining a velocity sec-
tion from travel-time curves of surface and deep sources. In this note we shall
formulate conditions under which a solution of the inverse problem exists.

I. 1. Let us recall the formulation of the problem (see Fig. 1a). At a point 𝐴 on
the circumference, at the moment 𝑡 = 0, an impulsive disturbance arises, which
propagates inside the disk 𝐶 along rays according to the laws of geometrical
optics with velocity 𝑣(𝑟). At every point where the impulse again emerges on
the circumference, the arrival time 𝑡 is recorded.

Fig. 1

Denote by ̃𝜃 the angular epicentral distance, and by 𝛼 the angle between the
ray and the radius at the source. Then in the plane 𝜃, 𝑡 we shall have the curve
Γ̃0{𝜃 = ̃𝜃(𝛼), 𝑡 = 𝑡(𝛼)}. It is required to determine from the curve Γ̃0 the
propagation velocity of the impulse 𝑣(𝑟), 𝑟 ∈ [0, 𝑅].

2. Assuming that not only the angle ̃𝜃 is known, but also the number 𝑘 of
revolutions of the ray about the center of the disk, we consider the curve
Γ0{𝜃 = Θ(𝛼), 𝑡 = 𝑡(𝛼)}, 𝛼 ∈ (0, 𝜋/2), where Θ(𝛼) = Θ̃(𝛼) + 2𝜋𝑘.

3. The transformation

𝑥 = 𝑅𝜃
𝑣(𝑅) , 𝑦 = 𝑅

𝑣(𝑅) ln 𝑅
𝑟 , 𝑢(𝑦) = 𝑣(𝑅𝑒−𝑣(𝑅)𝑦/𝑅)

𝑣(𝑅)𝑒−𝑣(𝑅)𝑦/𝑅

makes it possible to consider a simpler problem of the propagation of an impulse
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Fig. 2

Figure 2: Fig. 2

in the half-plane 𝑥, 𝑦, 𝑦 ≥ 0, with velocity 𝑢(𝑦), where 𝑢(0) = 1. The curves Γ̃0
and Γ0 are then transformed into curves in the 𝑥, 𝑡 plane

Γ̃{𝑥 = 2𝑋(𝑝), 𝑡 = 2𝑇 (𝑝)}, Γ{𝑥 = 2𝑋(𝑝), 𝑡 = 2𝑇 (𝑝)}, 𝑝 ∈ (0, 1),

where 𝑝 = sin 𝛼 is the ray parameter; 𝑋(𝑝) is the abscissa of the deepest point
of the ray with parameter 𝑝; 𝑇 (𝑝) is the time of motion to the deepest point;
𝑋(𝑝) ≡ 𝑋(𝑝) (mod 𝜋𝑅/𝑣(𝑅)), 0 ≤ 𝑋(𝑝) < 𝜋𝑅/𝑣(𝑅) (see Fig. 1b).

4. We shall not consider the problem of determining 𝑋(𝑝) and 𝑇 (𝑝) from
Γ (see (2)) and of the mapping Γ → Γ̃, but shall deal with questions of
existence in determining 𝑢(𝑦) from 𝑋(𝑝) and 𝑇 (𝑝).

II. 1. The functions 𝑋(𝑝) and 𝑇 (𝑝) are expressed in terms of 𝑢(𝑦) as follows:

𝑋(𝑝) = ∫
𝑌 (𝑝)

0

𝑝𝑢(𝑦) 𝑑𝑦
√1 − 𝑝2𝑢2(𝑦)

, 𝑇 (𝑝) = ∫
𝑌 (𝑝)

0

𝑑𝑦
𝑢(𝑦)√1 − 𝑝2𝑢2(𝑦)

, 𝑝 ∈ (0, 1),
(1)

where 𝑌 (𝑝) = inf{𝑦, 𝑝𝑢(𝑦) ⩾ 1} is the ordinate of the deepest point of the ray
with parameter 𝑝.

2. With respect to 𝑢(𝑦) we shall assume that it is a positive, piecewise twice
continuously differentiable function, bounded on every segment of the half-
axis 𝑦 ∈ [0, ∞) and unbounded on the whole half-axis; 𝑢(0) = 1.

In addition, let 𝑢(𝑦) form only a finite number of waveguides (for the exact
definition see in (1) or (2)). For definiteness we shall assume that the first
waveguide does not begin immediately at the surface. Figure 2 shows 𝑢(𝑦) with
two waveguides (𝑗1 and 𝑗2).

3. Given 𝑋(𝑝) and 𝑇 (𝑝), (1) may be regarded as a system of equations for
𝑢(𝑦). We already know (see (1) or (2)) that this system does not have a
unique solution. But it may also have no solutions at all. The question
arises: what restrictions must be imposed on the functions 𝑋(𝑝) and 𝑇 (𝑝)
so that some 𝑢(𝑦), satisfying the conditions II.2, would be a solution of
system (1).

4. The answer is

Theorem 1. In order that the curve Γ{2𝑋(𝑝), 2𝑇 (𝑝)}, 𝑝 ∈ (0, 1), be a travel-
time curve from a surface source for a velocity section 𝑢(𝑦), satisfying the condi-
tions II.2, it is necessary and sufficient that the following conditions be fulfilled:
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A. The functions 𝑋(𝑝) and 𝑇 (𝑝): 1) are positive; 2) are differentiable almost
everywhere; 3) 𝑇 ′(𝑝) − 𝑝𝑋′(𝑝) = 0 almost everywhere on (0, 1); 4) for all 𝑝
where 𝑇 (𝑝) and 𝑋(𝑝) are nondifferentiable (except, possibly, for a finite number
of them),

𝑋(𝑝 ± 0) = 𝑋(𝑝) = 𝑇 (𝑝 ± 0) = 𝑇 (𝑝) = ∞.

B. The function 𝜏(𝑝) = 𝑇 (𝑝)−𝑝𝑋(𝑝): 1) decreases monotonically; 2) 𝜏(1−0) =
0; 3) is continuous everywhere, except at the points 𝑝𝑖, 𝑝1 > 𝑝2 > ⋯ > 𝑝𝑛, where
it has jumps

𝜎𝑖 = 𝜏(𝑝𝑖 − 0) − 𝜏(𝑝𝑖 + 0).

C. The function

Φ(𝑞) = 2
𝜋 ∫

1

𝑞

𝑋(𝑝) 𝑑𝑝
√𝑝2 − 𝑞2

∶

1) is finite for all 𝑞 ∈ (0, 1); 2) does not increase; 3) Φ(+0) = +∞; 4) there
exists such a 𝐶 > 0 that everywhere on (𝑝𝑘+1, 𝑝𝑘), where Φ′(𝑞) is finite, the
inequality

Φ′(𝑞) < −𝐶𝑞/√𝑝2
𝑘 − 𝑞2, 1 ⩽ 𝑘 ⩽ 𝑛, 𝑝𝑛+1 = 0;

is satisfied; 5) the function 𝑔(𝑦), inverse to Φ(𝑞), is piecewise twice continuously
differentiable.

D. The function

𝜏(𝑝) + ∫
1

𝑝
√𝑧2 − 𝑝2 𝑑Φ(𝑧)

is continuously differentiable for 𝑝 ≠ 𝑝𝑖, 𝑖 = 1, 2, … , 𝑛.

5. Let us note some special features of the conditions II.4.

The function 𝜏(𝑝) = 𝑇 (𝑝) − 𝑝𝑋(𝑝) is given only on the set where 𝑋(𝑝) and
𝑇 (𝑝) are finite. But since this set is dense in (0, 1) and 𝜏(𝑝) is continuous
everywhere, except for a finite number of points where it has jumps, 𝜏(𝑝) is
defined everywhere on (0, 1).
The number of discontinuities of 𝜏(𝑝) is equal to the number of waveguides.

If a waveguide is located at the surface, then 𝑝1 = 1. In this case condition B.2)
becomes B.2′) 𝜏(1 − 0) = 𝜎1 > 0.
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Fig. 3

Figure 3: Fig. 3

Fig. 4

Figure 4: Fig. 4

6. Instead of the condition D, which is difficult to verify, let us introduce the
condition

D′. 𝑋(𝑝) = ∞ for no more than a countable set of values 𝑝 ∈ (0, 1). This
condition is not necessary; however, the totality of conditions A, B, C, and D′

is sufficient for Γ to be a hodograph.

7. From condition C the following consequence follows:

lim
𝑝→𝑝0−0

𝑋(𝑝) ≥ lim
𝑝→𝑝0+0

𝑋(𝑝) for any 𝑝0 ∈ (0, 1).

Therefore the curve in Fig. 3 is not a hodograph.

III.1. Let us pass to the hodograph from a deep source. Applying transformation
I.3, we may consider the problem immediately in the half-plane. Put

𝑓(𝑦) = (sup{𝑢(𝑦0), 0 ≤ 𝑦0 ≤ 𝑦})−1 .

Let the depth of the source be 𝑦 = 𝑑, and let 𝑓(𝑑 − 0) = 𝑃 , 𝑓(𝑑 + 0) = 𝑄; it is
clear that 𝑃 ≥ 𝑄.

Fig. 3

Fig. 4

The rays going to the right upward from the source give a part of the hodograph
Γ1{𝑋1(𝑝), 𝑇1(𝑝)}, where

𝑋1(𝑝) = ∫
𝑑

0

𝑝 𝑢(𝑦) 𝑑𝑦
√1 − 𝑝2𝑢2(𝑦)

,

𝑇1(𝑝) = ∫
𝑑

0

𝑑𝑦
𝑢(𝑦)√1 − 𝑝2𝑢2(𝑦)

,

𝑝 ∈ [0, 𝑃 ].

If 𝑋1(𝑄) < ∞, then Γ1 (see Fig. 4) is the arc 𝑂𝐼 (when 𝑄 = 𝑃 ) or 𝑂𝐽 (when
𝑄 < 𝑃 ).
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2. Introduce the function 𝐻(𝑟) = mes{𝑦, 𝑦 ≤ 𝑑, 𝑢(𝑦) ≤ 𝑟}; then

𝑋1(𝑝) = ∫
𝑃 −1

0

𝑝𝑟 𝑑𝐻(𝑟)
√1 − 𝑝2𝑟2

, 𝑇1(𝑝) = ∫
𝑃 −1

0

𝑑𝐻(𝑟)
𝑟√1 − 𝑝2𝑟2

, 𝑝 ∈ [0, 𝑃 ]. (2)

Equations (2) may be regarded as a system of equations with respect to 𝐻(𝑟).
Obviously, 𝐻(𝑟) is a nondecreasing function and 𝐻(0) = 0.

3. The uniqueness of the solution of (2) is proved in (2). But the question
arises: what properties must the functions 𝑋1(𝑝) and 𝑇1(𝑝) have in order
that a solution exist in the class of nondecreasing functions. It is easy
to see that this question is equivalent to the question of what conditions
must be imposed on the curve Γ1 so that it be part of a hodograph from
a deep source. However, the restrictions on the velocity section 𝑢(𝑦) in
this case are considerably weaker than in II.2. It is assumed that 𝑢(𝑦),
𝑦 ∈ (0, 𝑑), is positive, bounded, and measurable.

4. Introduce the quantities

𝛽𝑖 = ∫
1

0
𝑣𝑖𝑇

1 (𝑣𝑃 ) 𝑑𝑣, 𝑖 = 1, 2, … .

Define 𝑏𝑖, 𝑖 = 1, 2, …, from the triangular system of equations

𝛽2𝑘+1 = 𝑘!
(2𝑘 + 1)!

𝑘+1
∑
𝑖=1

(2𝑘 − 𝑖 + 1)!
(𝑘 − 𝑖 + 1)! 𝑏𝑖, 𝑘 = 0, 1, 2, … .

Put 𝑏0 = 𝑇1(0)/2.

Lemma. 𝑇1(𝑝) is representable in the form (2) with a nondecreasing function
𝐻(𝑟) if and only if the numbers 𝑏𝑖 (𝑖 = 0, 1, 2, …) are a sequence of moments for
the function

ℋ1(𝑧) = ∫
𝑧

1

𝑃𝑡
4
√

𝑡 − 1 𝑑𝐻(2
√

𝑡 − 1
𝑃𝑡 ) , 1 < 𝑧 < 2,

i.e.,

𝑏𝑖 = ∫
2

1
𝑧𝑖 𝑑ℋ1(𝑧). (3)

Theorem 2. In order that the curve Γ1{𝑋1(𝑝), 𝑇1(𝑝)}, 𝑝 ∈ [0, 𝑃 ), be part of
the traveltime curve from a deep source, it is necessary and sufficient that:
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A. For every 𝑚 the quadratic forms

𝑚
∑

0
𝑏𝑖+𝑗𝑥𝑖𝑥𝑗,

𝑚
∑

0
(3𝑏𝑖+𝑗+1 − 2𝑏𝑖+𝑗 − 𝑏𝑖+𝑗+2)𝑥𝑖𝑥𝑗

be nonnegative.

B. The functions 𝑋1(𝑝), 𝑇1(𝑝) be differentiable for 𝑝 ∈ [0, 𝑃 ).
C. 𝑇 ′

1(𝑝) − 𝑝𝑋′
1(𝑝) = 0.

D. 𝑋1(0) = 0.

Condition A is equivalent to condition A′ of nonnegativity of the forms

𝑚
∑

0
(𝑏𝑖+𝑗+1 − 𝑏𝑗+𝑖)𝑥𝑖𝑥𝑗,

𝑚
∑

0
(2𝑏𝑖+𝑗 − 𝑏𝑖+𝑗+1)𝑥𝑖𝑥𝑗

and expresses the fact (see (3)) that 𝑏𝑖 is a sequence of moments3.

5. Theorems 1 and 2 also give us necessary and sufficient conditions in order
that: a) a curve in the 𝑥, 𝑡 plane be the traveltime curve of a pulse reflected
from a boundary; b) a part Γ2 of the traveltime curve from a deep source
(see Fig. 4) correspond to some section 𝑢(𝑦).

Indeed, the traveltime curve of reflected waves is a curve Γ1, stretched by a
factor of 2 along both axes, for a source situated at the same depth as the
reflecting boundary (see (2)).

As for the curve Γ2{𝑋2(𝑝), 𝑇2(𝑝)}, 𝑝 ∈ (0, 𝑄), then, as shown in (2), the func-
tions 𝑋𝑑(𝑝) = [𝑋2(𝑝) − 𝑋1(𝑝)]/2 and 𝑇𝑑(𝑝) = [𝑇2(𝑝) − 𝑇1(𝑝)]/2 are analogous
to 𝑋(𝑝) and 𝑇 (𝑝), if the surface is transferred to the depth 𝑦 = 𝑑. Conse-
quently, they must satisfy the conditions II.4 with changes caused by the fact
that 𝑝 ∈ (0, 𝑄), and not (0, 1).
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