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As is known, there are various approaches to the study of the growth of entire
functions of several variables. One of them is the study of the growth of an
entire function f(z,...,z2,) by considering the function

Mf(rl,...,rn): max [f (21, s 20)]-

|z;|=r;, i=1,...,n

Various characteristics of the growth of the function f(zq,...,z2,), constructed
from the function M f(rl, ..o, T,,), were introduced and investigated by W. Val-
iron (1), M. M. Dzhrbashyan (), A. A. Gol' dberg (3), L. S. Maergoiz (%), the
author (°77), and others (see also (¥)). In this connection, Valiron’ s results
were based on the convexity, obtained by him, of the function In My(ry, ..., 7,)
with respect to Inry,...,Inr,, while the results of the other authors were ob-
tained with the aid of an easily established relation between the growth of the
function In M (ry, ..., 7,) and the behavior of the coefficients in the power-series
expansion of the function f(z,...,z2,). Let us note that in the theory of entire
functions there naturally arises the need to study the growth of certain other
special functions, for example the function

1 2m 2 4 4
Nf(r17...7rn):<27r)’fl/0 /O 1n‘f(7"167’(’01,.--,7”n6“‘0n>’ d<,01"'d<pn,

which characterizes the distribution of the zeros of the entire function
f(z1,.ey2,)% Tt is clear that the study of the growth of the function
Ny(ry,...,r,) cannot be based on the use of the power-series expansion of the
function f(zq,...,2,). At the same time, as is not difficult to see, the function
Ny(ry,...,,) is plurisubharmonic and, consequently (see, for example, (),
convex with respect to Inrq,...,Inr,. It turns out that this is sufficient to
extend to the function under consideration, and also to all functions possessing

the indicated convexity, not only Valiron’ s results, but also the results obtained
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in (3,4,7). Moreover, as will be seen below, results are obtained which are new

also for the function M(ry,...,7,).

Let 9 be the set of functions ®(rq,...,7,), defined for r; > 0,...,7, > 0,
convex with respect to Inrq,...,In7, and monotonically increasing in each of
the variables rq,...,7,**. We introduce the following growth characteristics of
such functions.

n

1. By the order of the function ®(ry,...,r,) € 9 with respect to the
totality of variables we shall mean the number pg defined by the equal-

ity
— In®(r,...,r)
C To e
* Some assertions on the growth of the function N(ry,...,r,) are given in (?).

** Otherwise, the set 9t may be characterized as the set of such functions
®(ry,...,r,) that the functions ®(|z|, |25, ..., |2, |) are plurisubharmonic.

2. The order of a function ®(r,...,r,) € M with respect to the variable
r; is the number p,;(®) < co defined by the equality

ﬁz(q)) = sup pi,@(rh"'7Ti—1ari+1""vrn)v

T1seesTi 15 41T

— In®(ry,...,7,)

; T1yeer sy 1,15 ey T = 111m
pz,<1>( 1 s Ti—1s1i+1> ) n) 1500 lnri

The type of a function ®(rq,...,r,) for order g, < oo with respect to the
variable r; is the number 7,(®) < oo defined by the equality

O'Z-(CI)) = sup O-i,@(’rla-~-ari71a’ri+l7'-~?rn)>
T2 15Tix159Tn

where
— 1
O (T 1y s Tty Tigdsy e s ) = T}ljnw oz D(ry, ., rpy)-
3. The hypersurface of conjugate orders of the function ®(rq,...,r,) €

O is the boundary S, of the set B, C R™ formed by the points (a4, ..., a,,)
for which, for some C = C(aq,...,q,) and all 7y > 0,...,r, > 0, the
inequality
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holds.

Numbers py, ..., p,, such that (py, ..., p,) € S, will be called conjugate orders

of the function ®(rq,...,7,).

The hypersurface of conjugate types for conjugate orders p,,...,p,, is
the boundary S, of the set B, C R"™, formed by the points (a4, ..., a,,) for which,
for some C' = C(aq,...,a,) and all r{ > 0, ...,7, > 0, the inequality

D(ry,...,r,) <C+ alr’l)l + -+ a,,n’r

is satisfied.

Numbers o4, ..., 0,, such that (oq,...,0,) € S, will be called a system of con-
jugate types for the conjugate orders p,,...,p,,.

Theorems 1 and 2, formulated below, were essentially already contained in (1).

Theorem 1. For any function ®(rq,...,r,,) € 9 the inequality

Po < P1(®) + -+ 5, (D)

holds.
Theorem 2. For any function ®(r,...,7,,) € MM the identity

pi,@(rla vy i1 Ty - 7rn) = ﬁz(q)>

holds.

The following theorems 3, 4, and 5 are analogous to the corresponding theorems
for entire functions (°~7), differing from them in proof.

Theorem 3. Let ®(ry,...,7,) € M and 7,(®) < oco. Then for all r; >
0,...,m, >0

Uz‘,@(ru s P10 Ty e i Tp) = 0;(®).

Theorem 4. Let S be some hypersurface lying in the hyperoctant {a, >
0, i=1,2,...,n}. Further, let S~! be the hypersurface obtained from S by the
transformation b, = 1/a;, ¢ = 1,...,n. Then

for the hypersurface S to be a hypersurface of conjugate orders for at least one
function ®(ry,...,7,) € M, it is necessary and sufficient that S—!, together with
the coordinate planes, form the boundary of some convex domain containing,
together with each of its points (b1, ..., b)), all points (b, ..., b,,) for which

0<bng;, i=1,...,n.
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Theorem 5. Let S be a hypersurface situated in the hyperoctant {a; > 0, i =
1,...,n}. Let, further, S; be the hypersurface obtained from S by the transfor-
mation b, = Ina;, ¢ = 1,2,...,n. Then, in order that the hypersurface S be a
hypersurface of conjugate types for at least one function ®(ry,...,r,) € M, it is
necessary and sufficient that the hypersurface S; be the boundary of some con-
vex domain containing, together with each of its points (ai, ..., a,,), the entire
hyperoctant {a; > a;, i =1,...,n}.

The proofs of these theorems are close and are based on the use of the inequality

D(tYsh . thsh) K AD(ty, ..., 1) + p®(sq, .0, 8,,) (1)

where A > 0, u >0, A+ p = 1, whose validity is ensured by the membership of
the function ®(rq,...,r,) in the class M. We shall give here only the proof of
Theorem 5.

First of all, let us note that sufficiency follows from the corresponding theorem
on entire functions (7,®), in which it is shown that for a hypersurface S having
the properties indicated in Theorem 5 there exists an entire function whose
hypersurface of conjugate types is S. To prove necessity, put

A
t, =T, exp ['u(lnbi — lnai)} , 8; = T; €Xp [(mai lnbi)] , i=1,..,n,

% )

where A >0, >0, A+ =1, (ay,...,a,) € B, and (by,...,b,) € B,. Then,
by inequality (1) and the definition of the set B, we have

D(ry,.,m,) = PAPsY N sh) S AD(ty, .., t,) + pP(5q, .0y 8,,) <

n

= (cl +zait;i) b (cﬁzbisgi) _
i1 i—1

1=

n n n
=C,4 —l—/\Za?bfrf"' —|—,uZaf‘bfrf” =C, +Za?bfrf"'.
i1 ) =1

It follows that for any A € [0, 1] the point (a}b, ..., a)bh) € B,. The theorem
is proved.

For functions ®(ry,...,r,) € 9 having finite order in the aggregate of variables,
the following theorems have been obtained:

Theorem 6. Let the function ®(r,...,r,) € M have order p < oo in the

r'n

aggregate of variables, and, with respect to the variable r,, order p, < oo.
Then, if for some r¥ > 0,...,70 | >0
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Un,@(r(l)v e ’7“271) <7,
then there exists a constant ¢ = ¢(r{,...,72_|) such that for all r > 0 the
inequality

Opa(Tyeeym) < yerP—Pn
holds.

Theorem 7. Let the function ®(ry,...,7,) € MM have order p < oo in the

r'n

aggregate of variables, and, with respect to the variable r,, order 5, < occ.

Then, if the integral

/OO O(ry,...,7,) .

+1 n
rfb"

0

converges for some values r; = 9 > 0,...,r = r,_4 > 0, then it also con-

n—1
verges for any v, > 0,...,7,_; > 0.

We note that Theorem 6, for the case of entire functions, gives an estimate of
the type o, 4(ry,...,7,) more precise than the one following from the result
recently obtained by us (*!). Theorem 7 has no analogue among the theorems
on entire functions known at the present time. We omit the proofs of these
theorems. We indicate only that the estimates needed for the proof, as in the
preceding cases, are based on inequality (1). In doing so we put

t; = ""ai/(kai+pfﬁi), §; = rﬂi/</\ai+llﬂi)7 i=1,...,n—1;
b= e/ OontuB) B/ B,
n ) n b)
~ B 1 P c(r)
where a,, = p,,—¢, =p, 2t =—m— ¢c(r)== Inr—1, A=
noonn " " a;  Inr, —c(r)  — € Inr,’
p=1—2X
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