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DIFFERENTIAL EQUATIONS 1967, VOLUME III, No. 3 BOUNDED SOLU-
TIONS OF SECOND-ORDER DIFFERENTIAL EQUATIONS A. I. PEROV

Let B be the Banach space of all complex-valued functions that are continuous
and bounded on the real line, endowed with the norm || f|| = sup, | f(#)]. It can
be shown (see, for example, [53-57]) that the differential equation

Lz(t) = & + a,& + asx = f(t) (1)

possesses a unique bounded solution for any f € 9 if and only if the character-
istic roots of the operator lie off the imaginary axis. In this case, the bounded
solution and its derivative are given by the following formulas:

2(t) = [ Glt— 5)f(s)ds, @)

() = [ Glt— 5)f(s)ds, (3)

where the Green’s function depends only on the operator. The integral operators
defined above act in the space denoted by G(Q) and G‘(Q), respectively. In
the following discussion, it is assumed that the characteristic numbers are real
and distinct. We distinguish between the real case, where the characteristic
numbers are real, and the complex case, where the characteristic numbers are
complex conjugates, denoted as A = a + if3.

The primary result of this article is the following assertion:

Theorem

Suppose the characteristic numbers of the operator lie on the imaginary axis.
Then the following relations hold:

1. The Real Case

In the case where the characteristic numbers are real, the following relations are
valid:

IG(L)] =

IA;| 71 — |\ (complex case) or |);| — || (real case),

IPL)] = 222/elAil,
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arctan (complex case). In formula (5), for the real case, the expression for the
norm of the integral operator is provided first for characteristic numbers of the
same sign, then for characteristic numbers of different signs, and finally for a
multiple characteristic number.

Before proceeding to the proof of the theorem, we make a general remark re-
garding integral operators with kernels depending on the difference of their argu-
ments. Let T'(¢) be a real measurable function that is integrable on (—oo, +00).
Then the integral operator K defined by the formula

Kf(t) = / T(t - 5)f(s)ds, (6)

acts in a Banach space and is a linear bounded operator, where

K] = / IT(a)]da. (7)

Indeed, from the obvious inequalities

[f (@) < [f],

[E(f) = E.(D)] < Bl fl/n,

it follows that the function is bounded and uniformly continuous. Furthermore,
IKf| < Cilfl (where we denote the right-hand side of relation (7) by C,).
Suppose an arbitrary € > 0. Let us choose a number R such that

€
97

/ IT(a)|da <
la|>R 3

By virtue of the absolute continuity of the integral, we can find a number 6 >
0 such that for any measurable set e with measure p(e) < 4, the inequality
L |T'(a)|da < § holds. Subsequently, applying Luzin’ s theorem [?], we construct
a continuous real-valued function 1(a) possessing the following properties: the
measure of the set where the function deviates from the sign of the original
function, specifically p{a : |a| < R,v¥(a) # sgn T'(a)}, is less than §. From this,
we obtain:

(8)

|/T(a)w(—a)da| >C,—¢

and, according to formulas (8), (9), and (10), we have:
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4 (2
71'/0 ‘;F(a) da — qT'(a) |(1 — a)T'(a)]

/ IT(a)d(—a) — |T(a)]|da < ¢

Thus, |A| > 0 because ||¢| > (k—e¢)|¢||. Combined with the previously obtained
inequality, this confirms the validity of the relation. Our assertion is proven. We
now proceed to the proof of the theorem. First, let us consider the real case.
Suppose the characteristic numbers are real, distinct, and of the same sign. For
the sake of definiteness, assume 0 < A; < A,. Then the formula takes the form

f_t - f(s)ds, and for the Green’ s function, we obtain the expression:

(12)
0 for a > 0.

Gla) = {()\1 — Xy) H(eM? —eP2?) for a <0,
Suppose the characteristic numbers are real, distinct, and of opposite signs. Let
us assume A, < 0 < A;. In this case, the formula takes the form fjozo f(s)ds,
and consequently, G(a) is defined for ¢ < 0 and a > 0. Now, suppose the char-
acteristic numbers coincide, i.e., \; = A\, = A. For definiteness, assume A > 0.
The formula then becomes | zo tf(s)ds, and we obtain the following expression
for the Green’ s function: G(a) for a < 0 and G(a) for a > 0. According to
the results in Section 2, the integrals of |G(a)| are calculated in an elementary
manner, yielding the expressions for the norms of the integral operators J(f).
Finally, let us consider the complex case. Suppose the characteristic numbers
lie in the right half-plane, where \; , = a £ 48 with a > 0. The formula then
takes the form:

;v(t):[ G(t—s)f(s)ds (17)

and, consequently, G(a) is defined for a > 0.

According to our rule for determining the norm of an integral operator, we
obtain |G(£)|. The desired expression for |G(€)| is derived through the following
sequence of calculations:

GO = \/2/ e~ sin faf2da
0

1 Introduction

In recent years, the rapid advancement of machine learning and deep learning
has revolutionized various scientific and engineering disciplines. These com-
putational frameworks have moved beyond simple data processing to become
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essential tools for modeling complex physical systems, optimizing industrial
processes, and uncovering hidden patterns in high-dimensional datasets. As
the complexity of these models increases, the demand for robust, scalable, and
interpretable algorithms has never been higher.

The integration of domain-specific knowledge into neural network architectures
represents a significant shift in the field. Rather than treating models as “black
boxes,” researchers are increasingly incorporating physical constraints, statisti-
cal priors, and structural symmetries to improve generalization and reliability.
This approach is particularly critical in fields where data may be sparse, noisy,
or expensive to collect, as it allows the model to leverage existing theoretical
foundations to guide the learning process.

[Figure 1: Neural network architecture with physical constraints]

Furthermore, the scalability of these algorithms remains a primary concern
for practical applications. While deep learning models have demonstrated re-
markable performance on benchmark datasets, their deployment in real-time
systems requires careful consideration of computational efficiency and memory
constraints. Recent developments in hardware acceleration and algorithmic opti-
mization have begun to bridge this gap, enabling the application of sophisticated
machine learning techniques to large-scale, real-world problems.

[Table 1: Performance comparison of different architectures]

In this paper, we explore the intersection of these methodologies, focusing on
the development of novel architectures that balance flexibility with theoretical
rigor. We provide a comprehensive analysis of current trends, identify key chal-
lenges in the field, and propose potential directions for future research. By
synthesizing insights from both classical statistics and modern deep learning,
we aim to provide a framework that enhances both the predictive power and
the interpretability of scientific models.

/e’as (sin s — [ cos Bs)ds

Furthermore, since G(a) = %eaa sin(Ba + d cos fa) for a < 0, we proceed with

the calculation of this integral as follows: we set ¢ = arctan g, where 0 < ¢ < 3,
and perform a change of variables using the formula 7 = a+ % We then obtain:

1G] = % / ¢ sin Brldr

and, consequently,

| A I (€)| = eP/V2HriIve
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| sin pT'|dT | sin ... arctan{ 7}?5{)) }. The case where the characteristic numbers lie

in the left half-plane is treated analogously. The theorem is proved. We now
consider a nonlinear second-order equation:

x(t) = ‘P(tvxvi) (22)

where o(t,z,y) is defined for |z|,|y] < +oo, is continuous in ¢, and satisfies
the Lipschitz condition with respect to the variables z and y: |p(t, zq,y;) —
p(t, e, ys)| < Ly|lxy — 29| + Ls|ly; — yo|- Furthermore, it is assumed that
¢(t,0,0) = 0.

Theorem (Perov). Suppose that under the assumptions made above, the char-
acteristic numbers of the operator lie on the imaginary axis and the inequality
|L1] - Ju(®)| < ... holds. Then the equation has a unique bounded solution. For
this solution, the following estimates are valid:

[zl < Clle(t,0,0)] (25)

The solution to the equation can be obtained using the method of successive
approximations:

x = [ G(t—s)p(s,z,(s),%,(s))ds
n(®) / (t— $)6(5, 2,(5), ()

for n =0,1,2,..., starting from an arbitrary element (¢, f). The proof is based
on reducing the problem of finding a bounded solution to an integral equation,
to which a generalized contraction mapping principle is then applied.

We make the following observation regarding this theorem: if ¢(t,z,y) pos-
sesses the property of w-periodicity, then the bounded solution is also w-periodic;
if ¢(t,x,y) is almost-periodic in ¢, then the bounded solution is also almost-
periodic. This is explained by the fact that the integral operators encountered
leave the subspaces of w-periodic functions and almost-periodic functions invari-
ant (a technique we have utilized previously [?]).

Equation (22) for ¢(t,z,y) = f(t) + a(t)z + b(t)y was studied in work [?]. In
that study, it was assumed that the characteristic numbers of the operator are
distinct (A; # A; for 4,5 = 1,2); the condition for the existence of a unique
bounded solution was written as:

(Ml + Dt Ja =0l - £ <1

It is easy to see that this condition is more restrictive than the inequality (24)
obtained in our work.
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