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ON A CERTAIN CLASS OF BOUNDARY-
VALUE PROBLEMS WITH UNKNOWN CO-
EFFICIENTS

(Presented by Academician A. N. Tikhonov, 16 I1X 1966)

In the present note we shall consider boundary-value problems in which, along
with the solution of differential equations, certain coefficients of these equations
are also unknown. The solvability of the problems considered is ensured by ad-
ditional boundary conditions. We prove the existence, uniqueness, and stability
of the solution of certain problems of this kind, and also estimate the rate of
convergence of the method of successive approximations for solving these prob-
lems. Earlier, similar boundary-value problems with one unknown coefficient
were considered by other methods (173).

§ 1. A problem of parabolic type.

1°. Suppose it is required to find a triple of functions {a(t), c(t), u(x,t)} from
the conditions

a(t)u,, —c(t)u —u, = H(z,t,a(t),c(t)), O0<ax<l, 0<t<T; (1)

w(0,t) = fi(t), u(l,t) = fo(t), 0<t<T; (2)
u(z,0) = (x), »(0)=11(0), ¢1)=/(0), 0<z<L (3)
—a(t)u, (0,t) = g(t), g(t)>0, 0<t<T; (4)
—a(tyu, (1,t) = c(t)p(t), (t)>0, 0<t<T, (5)

where H(x,t,a,c) is defined, continuous, and bounded in ITI{0 < 2z <1, 0 <t <
T,0<a<A, 0<c<C(C}, and the functions f,(t), fo(t), ©(x), g(t), and ¥(t)
are also continuous in their domains of definition.
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Definition 1. A triple of functions {a(t), ¢(¢), u(x,t)} will be called a solution of
problem (1)—(5) if these functions satisfy the following requirements: 1) a(t) > 0
and ¢(t) > 0 are continuous for 0 < t < T; 2) u(w,t) is continuous in D{0 <
x <1, 0<t<T}, while u,(x,t), uy,(x,t), u,(z,t) are defined and continuous
in D{O <zr<l,0<t< T}, and the limits lim, o, o u,(z,t) = u,(0+ 0,1),
lim, ;_, uz(ac,t) =u,(1—0,t) exist; 3) all relations (1)—(5) are satisfied.

2°. The following existence theorem is valid:

Theorem 1. Let the following conditions be fulfilled:
) 0 < fmln — fl() - f(t> g fma)m fQ(t) = 0, (p(.’[) 2 07 @z(x) S Oa
9:(0) <0, () = 0;

b) 0 < H(Otac) + () < vy = vminglt), H(z,tac) < 0,
H, (z,t,a,c) < 0, H(1,t,a,¢) = 0, where v is any number from the
interval 0 < v < 2;

¢) 9(0) = f1(0), p(1) = f2(0) = 0; a(0)p,,(0) — ¢(0)p(0) — f,(0) =
H(0,0,a(0),¢(0));

¢") @(0)Py44(0) = €(0)p,,(0) —7,(0, ) = H,,(0,0,a(0), ¢(0)),

where a(0) = —g(0)[¢,(0)]

T (07 0) = [Ht (07 07 a(O), C(O))+C(O>ft (O>+ftt (O)] [(Z(O)]71+ [Ha (07 Oa a(0>7 C<0))+H(Oa O, a(O),

+£,(0) = c(0)£(0)][a(0)]?a,(0) + [H.(0,0,a(0),¢(0)) + £(0)][a(0)] " ¢,(0),
a,(0) = g,(0)[2,,(0)] " +9(0) [12,,(0)]{a(0)e—c(0)p,,(0)—H,,(0,0,a(0), ¢(0)) };

¢(0) ={9:(0),, (1) + 9(0)[a(0)p 1, (1) — c(0)ip,, (1) — H, (1,0,
[£(0)9, (071 = g(0)p, (1){(0)¢2,,(0) + ¥(0)[a(0 90:<E:v)w
— c(0)¢,(0) = H,(0,0,a(0), c(0)]}[¢(0)¢, (0)] 7%
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d) H, ¢, and u, are differentiable up to the fourth order with respect to z, and

also Ht<xa t7 a, 0)7 Ha<$, t7 a, C)a HC(J}, t7 a, C)7 f(t)7 ft(t>a ftt(t)a g(t), gt(t>a
¥(t), ¥, (t) are continuous and bounded in their domains of definition.

Then there exists a solution of problem (1)—(5) possessing the following differ-
ential properties:

a(t) € C[0, T, c(t) € C0,T], u(x,t) € Cy,(D).

The proof is carried out by the method of successive approximations according
to the scheme

—a= (Ul (0,8) = g(t),  g(t)>0, 0<t<T; 9)

—a U (1,6) = @R, Pt >0,  0<E<T. (10)

Here the following lemmas are used:
Lemma 1. Let the following conditions be satisfied:
a’) 0 S fmin S f(t) S fmax7 @(x) 2 07 sz(x) S 07 (pzx(x) 2 07 SOI(O) < O;

b) ay(t) € C1[0,T], ¢1(t) € C1]0,T], 0 < ay = const < a,(t) < A = const,
0 < ¢ (t) < C = const;

¢) —a1(0)¢,(0) = 9(0), —a;(0)p, (1) = ¢ (0)¥(0);
d) a; (t)fmax 2 S (t)wminv ’(/}min = mint 1/1@) > 0;

e) 0< H(0,t,a,¢) + f(t) < Vg, Where v is any number from the interval
0<v<2 H(x,ta,c) <0, H,(x,ta,c) <0, H1,t,a,¢c) =0

f) a1(0)¢,,(0) = ¢1(0)¢(0) — £,(0) = H(0,0,a(0), ¢(0)), ¢, (1) = 0;

g) H H,,H,,., v, s, Puzs |, [ are continuous and bounded in their domains
of definition.
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Then the solution of the problem
ay ()t — ¢y (H)u—uy, = H(z, 1,0y, ¢p), 0<z <1, 0<t<T; (11)
up(0,t) = f(t), u(1,t) =0, 0<t<Ts (12)

uy(z,0) = p(z), 0<z<1, ©(0) = f(0), ¢(1) =0, (13)

exists continuously and has continuous derivatives u,,, U;,,, and uy;, in D{0 <
x < 1,0 <t < T}, and the following estimates hold:

0 <uy(2,t) < Q= fryay + T max |HJ; (14)
II

0 <ty (2,1) < B =max @, () + flatmin + T max [Hy, |+ vgpnors (15)

min
II

0<fming_um(07t) SB/:fmax—"_27137 Oé_ua:(lﬂt) Sfmax' (16)

Lemma 2. Under the conditions of Theorem 1, a'*)(t) € C,[0,T], c*)(t) €

C4[0,T], and a\* (#), ¢!*(¢) are uniformly bounded for all s = 0,1,2, ... and all
tL0<t<T.

With the help of Lemmas 1 and 2, the compactness in C of the families a(®(t),
) (t), ul® (z,t), us(z,t), us,(x,t), and ui(z,t), and the existence of a solution
{a(t),c(t),u(z,t)} of problem (1)—(5) are established directly; moreover a(t) €
C[0,T], c(t) € C[0,T], u(x,t) € 0271(5).

3°. Let, alongside problem (1)—(5), there be given the problem (1)—(5), dif-
fering from problem (1)—(5) in that a,c,u, H, ¢, f1, f2,9,% are replaced by
a757ﬂ7H7¢7f17f2aga'¢}' PUt

51:H—H7 52:@—% 53:f1_f1a 54:f2—f2,

b5 = g(t) —g(t), 06 =1 —1; (17)

z2(x,t) = u(z, t) —ulz,t), At)=a(t)—a(t), wpt)=-c(t)—-c(t). (18)
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We shall assume that 9,, i = 1,2, ..., 6, are continuous together with the deriva-
tives gy, 0940, 034, 04y; Such perturbations of the data of the problem will be
called admissible.

Definition 2. If for every £ > 0 there exists a 6 = d(¢) > 0 such that, for any
admissible §,, i =1, ..., 6, satisfying the conditions

1

6,0 <6, i=1,..,6, [6y]<S, /|52M|dx<5, 16,,] <8, i=34,
0

(19)

the inequalities

(e, <ein D, O] < [u(b) <= on [0,T] (20)
hold, then we shall say that the solution of problem (1)—(5) is stable with
respect to admissible perturbations of its data.

Definition 3. We shall say that the solution of problem (1)—(5) belongs to the

class Cy 51 if a(t) € C[0,T], c(t) € C[0,T], u(z,t) € Cy 1 (D).

Theorem 2. If H,H,, H, are continuous in II, then the solution of problem
(1)—(5) is unique and stable with respect to admissible perturbations of its data
in the class of solutions C ¢ 5 -

From the uniqueness of the solution of problem (1)—(5) it follows that the entire
sequence {a'®)(t),c®)(t),u'®) (z,t)} converges to its solution.

Theorem 3. If, in addition to the conditions of Theorem 1, the conditions

|H,,.| <const < 400, |H,,,|<const< +oo, (21)

are also satisfied, then the sequence {a'®)(t),c®)(t),u'®) (x,t)} converges to the
solution {a(t),c(t),u(x,t)} of problem (1)—(5) at the rate of a geometric pro-
gression.

§ 2. Problem for an ordinary differential equation.

1°. Suppose it is required to find the numbers a, ¢ and the function u(z) from
the conditions

aull) — cu(z) = H(z,a,¢), 0<xz <1 u(0) = f1, w(l) = fo; (22

—au,(0+0) =g, ¢>0; —au,(1—0)=cyp, >0,
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where H(z,a,c) is a given continuous function in ﬁl{O <z <1, 0<La<
A, 0<c<C}, and f1, f5,9, and ¢ are given constants.

Definition 4. The triple of quantities {a, ¢, u(z)} will be called a solution of
problem (1)—(4) if: 1) @ > 0, ¢ > 0; 2) u(z) is defined and continuous in
D{0 < z < 1}, u,(x),u,,(z) are continuous in D{0 < = < 1}, and the limits

lim, o, 0u,(2) = u,(0+0), lim,_;_yu,(z) =u,(1—0) exist; 3) all conditions
(1)—(4) are satisfied.

2°. The following existence theorem is valid:
Theorem 4. Let the conditions be satisfied:

a) f1 = f >0, fo, =0, H(z,a,¢c) <0, H,,(z,a,c) < 0, H(,a,c) =
0, H(1l,a,c) = 0, maxy |H| < vg, f < vy, where v > 0 is any num-
ber satisfying the inequality 1 — v — 4712 > 0, ie. 0 < v < 0.8; b)

H H, H, 6 H, H, are continuous and bounded.

Then the solution {a,c,u(x)} of problem (1)—(4) exists.

The proof of the theorem is carried out by the method of successive approxima-
tions according to the scheme

a®us (z) —c®u)(z) = H® = H(z,a'®,c®)), 0<z<1;
ul(0) = f, ul(1) = fo (23)
—aul(0) =g, g>0; —aul)(1) =y, p>0.

In doing so, the following lemma is used:
Lemma 3. Let 0 < a; <a; < A, 0< ¢y <C, and suppose a; f > ¢, and let:

a) fi =f >0, fy =0, Hz,a,¢) < 0, H,, (z,a,¢c) < 0, H(O,a,¢c) =
H(l,a,c) =0;

b) H, H,, H,,, H,, H, be continuous and bounded. Then for the solution

of the problem
A Uyge — CLU = H(z,ay,¢,); u(0) = f, wuy(1)=0 (24)
the estimates
0<uy(2) <Q<2f+ A max |H(z,a,00)l; 0 < uy,(2) <B=
m

(25)
:afl CQ+I%E?X|HII($,G1,61)| )

0<f<-—u,(0)<B=f+27'B; 0<—u,(l) < f.
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hold.

4°. Suppose that, along with problem (1)—(4), a problem (1)—(4) is given,
differing from problem (1)—(4) only in that the quantities a,c,u, H, f1, fs,9,%
are replaced by the quantities a, c,u, H, fi, f5,g,%. Put

51=H—H7 62:f1_fa 53:.];2_f3a o4=9—9 O5=0¢—1,
z(z) =u(z) —u(x), A=a—a, p=c—c.

We shall assume that §; is a continuous function of all its arguments.
Definition 5. If for every £ > 0 there exists a § = d(¢) > 0 such that, for all
0;, i = 1,2,...,5, satisfying the inequality |0;| < J, the inequalities |z(z)| < &
for 0 <z <1, |\ <e¢g, |p| < e hold, then the solution {a,c,u(x)} of problem
(1)—(4) is called stable with respect to perturbations of its data.

Theorem 5. Under the conditions of Theorem 4 and the additional condition

1 1
max {/ |H, — u,,|dz, / |H, — ul dm} < min(f,271) (27)
o 0

the solution of problem (1)—(4) is unique and stable.

From the proved uniqueness of the solution of problem (1)—(4) it follows that
the entire sequence {a'®), c¢!®), ul®)(x)} converges to the solution {a,c,u(z)} of
problem (1)—(4).

Theorem 6. If, in addition to the conditions of Theorem 4, condition (27)
is also fulfilled, then the sequence {a'®), c(®) u(*)(x)} converges to the solution
{a,c,u(z)} of problem (1)—(4) with the rate of a geometric progression.
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