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Let u(x,vy, z,t), for t > 0, (z,9,2) € D(—0c0 < @,y < 0o, h < z < 0), h <0, be
a solution of the Laplace equation

Au = 9%u/0x? + 0%u/0y? + 0%u/0z? = 0, (1)
satisfying the conditions

@_’_ @__iaj for z=0
o2 "oz T p, ot -

dufdz| _, =0, u|t28 = Ou/0t|,_ =0, (2)

where P(z,y,t) = |Py(z,y)|e’t, Py(x,y) is a differentiable finite function equal
to zero outside the domain ; g > 0, p, > 0, w > 0 are constants.

Problem (1)—(2) has a simple physical meaning. Let D be the domain filled by
an ideal incompressible homogeneous fluid with density pg, g the acceleration
due to gravity, and P the pressure applied to the surface of the fluid z = 0.
Then problem (1)—(2) is the Cauchy—Poisson problem, and its solution is the
velocity potential of the motion of the fluid.

We shall be interested in the behavior of the solution of problem (1)—(2) as
t — oo0.*

Let us first discuss the unique solvability of problem (1)—(2). Denote by H
the set of functions u that for any ¢ > 0 are square-integrable in the do-
main D, ie. u € £,(D), and for which u, € £,(D), Vu € Ly(D) (V =
0/0x,0/0y,0/0z).

Theorem 1. The solution of problem (1)—(2) is unique in H.
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Theorem 2. In H there exists a solution u(z,y, z,t) of problem (1)—(2) such
that: a) for all t > 0 and (z,y,z) € D it is bounded; b) for all z € [0,h] and
t€[0,7), T >0 arbitrary, u= O(1/p), p = /22 + 32 — 0.

We shall seek the solution of problem (1)—(2) in the form

1
u(x,y,z,t) = Tm/w(xayaza)‘)eAt d)‘a (3)
S

where S is the contour ReA = A; > 0 in the complex A-plane, and w is the
solution of equation (1) satisfying the conditions

ow N flz,y)
2 T g T A iw

for z =0, 6w/82’zzh =0 (4)

(here f(x,y) = —iwPy/pyg). Then the following lemma holds for w, by means
of which Theorem 2 is proved.

* This problem, for very special cases, is considered in (1).

Lemma 1. For Re A # 0 there exists a constant C' > 0, depending on f, such
that

Wl S C/NE, e, < C/NE, IVl ) < C/IAR,
and, uniformly in z <0,

||w”L2(7oo<r,y<oo) < C/‘)‘P? vaHL2(700<m,y<oo) < C/|/\|2

We note that the Fourier transform w@w(¢,n, z, A) of the function w with respect
to the variables x, y is represented in the form

T = fgK(r,2,h) /(A —iw) (A + rgA(r)), ()

where f is the Fourier transform of the function f, r = \/£2 + n?;

K(r,z,h) = (7 + &) /(14 2h), A(r) = (1— ) /(14 ),

And since, by assumption, f is smooth and finite, f, rf, r@f/@r belong to
Ly(—00 < z,y < 00) (?), while f, rf, and K(r,z, h) are bounded. Hence, using
formula (5), it is not difficult to obtain Lemma 1.
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Theorem 3. There exists a function v(z, y, z) and a constant C' > 0, depending
on f, such that for all z € [0,h] and ¢ > 0

lu —ve™t| < C\/p/t
uniformly for p < t.

The function v is called the limiting amplitude; it is the limit of the function
ue™* as t — oo and can be written out explicitly. Moreover, it can also be

defined independently of the function w.

Theorem 4. The function v is the unique solution of equation (1) satisfying
the conditions

W2
vz—?v:f for z =0, V], = 0; (6)

lim \/p (v, +ir,v) =0, (7)

p—ro0

where the number 7, is a solution of the equation rgA(r) = w?.

The fact that v is a solution of equation (1) and satisfies condition (6) follows
from the fact that v = lim,_,;,(A—iw)w, and the Sommerfeld radiation condition
(7)= for the function v is a consequence of Lemma 2.

Lemma 2. For the functions v(z,y,2) and dv/dp, as p — oo the following
asymptotic representations hold:

2 — ) ) . 1
v o _19 Ty, K(Tw, 2, h)efz(rwpfw/él) X// f(avﬁ)ez(acos%rﬂsm@) da d6+0(*> ,
p Q p
(8)
2 — . . . 1
@ > g Ty, K(T'UN z, h)efz(rwpfﬂ'/zl))(// f(a”g>ez(acose+ﬁsm6) do dﬂ+0(*> ,
dp p o p
where

peosb=xz,  psinf=y, p=+22+y2,  f(a,8) = ——PFyla,B),
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In our case the function v has the form

25,2 // f(@, B)GY dadp,

where

dr
1 = K _—
Go(a,ﬁ,x,y, Zat) g[r (T’Z’h>J0(TR) rgA(?“) _w2’

*We note that the radiation condition is sometimes, following (%), called the outgoing-phase condition.

R=/(z —a)2+ (y — B)2, Jy(rR) is the Bessel function. The contour of inte-
gration [ in Go passes along the real line from zero to the point r,, — ¢ and from
the point r,, + ¢ to infinity; it bypasses the point r = r, along the upper semicir-
cle of radius € with center at the point » = r,, where € > 0 is any number from
(0,9), 6 = w/4|h|. Using the asymptotic representation of the Bessel function
as R — 0o, one can obtain asymptotic representations for G, and 9G}/OR, by
means of which Lemma 2 is proved.

The uniqueness of the function v(z,y, z) is proved with the aid of its expansion
v(x,y, 2 ka )Co(z,y) 9)
in the eigenfunctions v (z) of the operator
vi(2) = Aug(2) =0,

dv,  w? dvy,

— — —, =0 f =0 =0
gvk or z , P ,

z=h

dz

where A, is determined by the equation

In our case the system {v,} is complete and orthonormal, and therefore the
representation (9) for v(x,y,z) is unique. In (9) the functions Cy(z,y) are
solutions of the equation

0?Cy(x,y) /022 + 02°Cyy(z,y) 0y? + NiCy(z,y) =0, k=0,1,..., (10)
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in which Ay =7, > 0 and A2 = —(Im \;)? < 0, if k # 0.

This means that Cy(z,y) is determined by equation (10) and condition (7)
uniquely (on this point see, for example, (4)). If k # 0, then, as is known,
the functions Cy(z,y) can be determined uniquely by equation (10) and the
boundedness condition at infinity. But, in view of (5), v = O(1/,/p); this
means that for k # 0 C)(z,y) are indeed bounded at infinity.

Thus, if f =0, then C;, =0, £k =0,1, ..., and hence v = 0.

Remark 1. If h = —o0, then all the results obtained remain valid; only in this
case K = €™, A(r) = 1, and the number 7, in condition (7) is equal to w?/g.

Remark 2. If the motion of the fluid is regarded as steady, then (8) gives an
asymptotic representation for the velocity potential for large p; from this it is
not difficult to obtain the form of the perturbed surface, the amplitude of the
waves that arise, and the energy expended on the formation of these waves.

The asymptotics of such waves in the special case when € is a rectangle with
sides parallel to the coordinate axes and P, is constant were obtained in (6).
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